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Introduction

• Connection formulas related with rigid systems of Fuchsian differential

equations (the one satisfied by the generalized hypergeomeric function

n+1Fn and the Even-Odd family in Simpson’s list) and related with

Lauricella’s FD, FA, FB (n variable version of Appell’s F1, F2, F3).

• Intersection numbers for twisted cycles.



1 rigid systems of Fuchsian differential equations

Rigid local system

# of irreducible rigid Fuchsian differential systems with 3 singularities on P1

order 2 3 4 5 6 7 8 9 10 11 12 13 14

# 1 1 3 5 13 20 45 74 142 212 421 588 1004

# of irreducible rigid Fuchsian differential systems on P1

order 2 3 4 5 6 7 8 9 10 11 12 13 14

# 1 2 6 11 28 44 96 157 306 441 857 1117 2032

Simpson’s list
rank spectral type

GHDE n 1n ; 1n ; n− 1, 1

Even family 2m 12m ; m,m− 1, 1 ; m,m

Odd family 2m+ 1 12m+1 ; m,m, 1 ; m+ 1,m

Extra case 6 16 ; 23 ; 4, 2



1.1 The differential equation n+1En

The generalized hypergeometric function n+1Fn is tha analytic

continuation of the generalized hypergeometric series

n+1Fn

(
α1, α2, . . . , αn+1

β1, . . . . . . , βn
; x

)
=

∞∑
k=0

(α1)k(α2)k · · · (αn+1)k
(β1)k · · · · · · (βn)k k!

xk.

This satisfies

(n+1En)

{ ∏
1≤i≤n+1

(θx + βi − 1)− x
∏

1≤i≤n+1

(θx + αi)

}
F = 0,

where βn+1 = 1 and θx = xd/dx.

• The rank of n+1En is n+ 1.



• The characteristic exponents are

1− β1, 1− β2, . . . , 1− βn, 0, at x = 0,

0, 1, . . . , n− 1,

n∑
i=1

βi −
n+1∑
i=1

αi at x = 1,

α1, α2, . . . , αn+1 at x = ∞.

• Connection formulas are

f
(∞)
i (z) =

n+1∑
j=1

∏
s ̸=i

Γ(αi − αs + 1)

Γ(βj − αs)

∏
s ̸=j

Γ(βj − βs)

Γ(αi − βs + 1)
× f

(0)
j (z) ,

f
(1)
1 (z) =

n+1∑
j=1

∏
s ̸=i

Γ(1 +
∑n

s=1 βs −
∑n+1

s=1 αs)
∏

1≤s≤n+1
s ̸=i

Γ(βj − βs)∏
1≤s≤n+1 Γ(βj − αs)

× f
(0)
j (z) ,

where f
(∞)
i (z) = (−z)−αi (1 +O(z−1)), f

(0)
j (z) = (−z)1−βj (1 +O(z)) and

f
(1)
1 (z) = (1− z)

∑n
i=1 βi−

∑n+1
i=1 αi (1 +O(1− z)).



Derivation by use of the intersection numbers

H lf
n (T,L) or Hn(T,L), where L is determined by

u(t) =

n∏
i=1

t
αi+1−βi

i

n+1∏
i=1

(ti−ti−1)
βi−αi−1, （βn+1 = 1, t0 = 1, tn+1 = z)

on
T = Cn\ ∪n

i=1 { ti = 0 } ∪ ∪n+1
i=1 { ti − ti−1 = 0 }.

• rankH lf
n (T,L) = rankHn(T,L) = n+ 1.

In what follows, z is fixed to be ∞ < z < 0.



n = 1

z 0 1 ∞∞

n = 2

t1 = 0 t1 = 1

t2 = z

t2 = 0

t2 − t1 = 0



• Integral representations of f
(0)
i (z) and f

(∞)
i (z):∫

D
(0)
i

u
D

(0)
i

(t) dt1 · · · dtn =
∏

1≤s≤n+1
s̸=i

B(αs − βi + 1, βs − αs)× f
(0)
i (z),

∫
D

(∞)
i

u
D

(∞)
i

(t) dt1 · · · dtn =
∏

1≤s≤n+1
s̸=i

B(αi − βs + 1, βs − αs)× f
(∞)
i (z),

where uD(t) =
∏

i(ϵi fi(t))
αi with ϵi = ± being determined so that

ϵi fi(t) > 0 on D for u(t) =
∏

i fi(t)
αi .



• Bases of H lf
n (T,L):{

D
(0)
1 , D

(0)
2 , . . . , D

(0)
n+1

∣∣∣∣ D(0)
i =

(
∞ < z < tn < · · · < ti < 0
1 < t1 < · · · < ti−1 < ∞

)}
,

{
D

(∞)
1 , D

(∞)
2 , . . . , D

(∞)
n+1

∣∣∣∣ D(∞)
i =

(
∞ < ti < · · · < tn < z
0 < ti−1 < · · · < t1 < 1

)}
.

=⇒ ∃ cij such that

D
(∞)
i =

∑
1≤j≤n+1

cij D
(0)
j .



Master decomposition formula for cycles:

If {C1, . . . , Cν} is a basis of H lf
n (T,L),

C =
∑

1≤j,k≤ν

C • Ck((Cp • Cq)
−1
1≤p,q≤ν)kjCj

for ∀C ∈ H lf
n (T,L).

=⇒

D
(∞)
i =

∑
1≤j≤n+1

cij D
(0)
j ,

where

cij =
n+1∑
k=1

D
(∞)
i •D(0)

k

(
(D(0)

p •D(0)
q )−1

1≤p,q≤n+1

)
kj

.



Intersection numbers

The intersection form • : H lf
m(T,L)×H lf

m(T,L) −→ C is the Hermitian form

defined by

(C,C′) 7−→ C • C′ =
∑
ρ, σ

aρ a′
σ

∑
t∈ρ∩σ

It(ρ, σ)vρ(t)v′σ(t)/|u|2,

for C, C′ ∈ H lf
m(T,L), if reg C =

∑
ρ aρ ρ⊗ vρ, C

′ =
∑

σ a′
σ σ ⊗ v′σ, where

aρ, a
′
σ ∈ C, each ρ or σ is an m-simplex, vρ or v′σ a section of L on ρ or σ, −

the complex conjugation, It(ρ, σ) the topological intersection number of ρ and

σ at t and the map reg : H lf
m(T,L) −→ Hm(T,L) is defined as an inverse

of the natural map ι : Hm(T,L) −→ H lf
m(T,L).

The value C • C′ of the intersection form for C,C′ ∈ H lf
m(T,L) is called the

intersection number of C and C′.



An example of regularization. T = C\{0, 1}, u(t) = tα(1− t)β .

−−−→
(0, 1) ⇒ reg

−−−→
(0, 1) =

{
1

dα
S(0 ; ϵ) +

−−−−−→
[ϵ, 1− ϵ]− 1

dβ
S(1 ; 1− ϵ)

}

0 1

⇒

0 1

Here da = e(a)− 1, e(a) = exp(2π
√
−1a). The symbol S(z ; a) stands for the

positively oriented circle centered at the point z with starting and ending point

a, ϵ is a small positive number and the argument of each factor of u(t) on the

oriented circle S(0 ; ϵ) or S(1 ; 1− ϵ) is defined so that arg t takes value from 0

to 2π on S(0 ; ϵ), and arg(1− t) from 0 to 2π on S(1− ϵ ; 1).

z

a



Examples of intersection numbers. T = C\{0, 1}, u(t) = tα(1− t)β .

−−−→
(0, 1) •

−−−→
(0, 1) = −

1

dα
− 1 +

−1

dβ

= −
dα+β

dαdβ
= −

s(α+ β)

s(α)s(β)
,

where s(a) = sin(πa).
0 1

(0, 1) reg (0, 1)

(α) (β)

−−−→
(0, 1) •

−−−−→
(1,∞) =

e(β/2)

e(β)− 1
.

0 1 ∞

reg (0, 1) (1,∞)

1 + ϵ

(α) (β)



n = 1

z 0 1 ∞∞

D
(∞)
1 D

(∞)
2D

(0)
1 D

(0)
2

n = 2

D
(0)
3

D
(0)
2

D
(∞)
3

D
(∞)
2

D
(0)
1

D
(∞)
1

t1 = 0 t1 = 1

t2 = z

t2 = 0

t2 − t1 = 0



D
(0)
i •D(0)

j = δij

(√
−1

2

)n ∏
1≤s≤n+1

s ̸=j

sin(βs − βj)

sin(βs − αs) sin(αs − βj)
,

D
(∞)
i •D(0)

j =

(√
−1

2

)n
1

sin(βj − αi)

∏
1≤s≤n+1

s ̸=i,j

1

sin(βs − αs)
.

=⇒ cij =
D

(∞)
i •D(0)

j

D
(0)
j •D(0)

j

=
sin(βi − αi)

sin(βj − αi)

∏
1≤s≤n+1

s ̸=j

sin(αs − βj)

sin(βs − βj)

=⇒ f
(∞)
i (z) =

n+1∑
j=1

∏
s ̸=i

Γ(αi − αs + 1)

Γ(βj − αs)

∏
s ̸=j

Γ(βj − βs)

Γ(αi − βs + 1)
× f

(0)
j (z)



1.2 The Even family and the Odd family

• The characteristic exponents of the Even-family:

0, 1, . . . ,m− 1, a1, a1 + 1, . . . , a1 +m− 2, a2 at z = 0,

0, 1, . . . ,m− 1, b, b+ 1, . . . , b+m− 1, at z = 1,

c1, c2, . . . , c2m, at z = ∞.

• A connection formula of the Even-Odd family:

f
(0)
1 (z) =

n∑
j=1

Γ(1− a1 + a2, 1 + a2)

Γ(1− b− cj , 1− cj)

∏
1≤s≤n

s̸=j

Γ(cs − cj)

Γ(2− a1 − b− cj − cs)
× f

(∞)
j (z),

where f
(0)
1 (z) = (−z)a2 (1 +O(z)), f

(∞)
j (z) = (−z)−cj (1 +O(z−1)) and n = 2m

in the case of the Even family and n = 2m+ 1 in the case of the Odd family.



2 Lauricella’s differential equations

Lauricella’s hypergeometric functions FD, FA, FB are the analytic
continuation of Lauricella’s hypergeometric series

FD(α, β1, . . . , βn, γ;x1, . . . , xn)

=
∑

m1,...,mn≥0

(α)m1+···+mn (β1)m1 · · · (βn)mn

(γ)m1+···+mnm1! · · ·mn!
xm1
1 · · ·xmn

n ,

FA(α, β1, . . . , βn, γ1, . . . , γn;x1, . . . , xn)

=
∑

m1,...,mn≥0

(α)m1+···+mn (β1)m1 · · · (βn)mn

(γ1)m1 · · · (γn)mnm1! · · ·mn!
xm1
1 · · ·xmn

n ,

FB(α1, . . . , αn, β1, . . . , βn, γ;x1, . . . , xn)

=
∑

m1,...,mn≥0

(α1)m1 · · · (αn)mn (β1)m1 · · · (βn)mn

(γ)m1+···+mnm1! · · ·mn!
xm1
1 · · ·xmn

n ,

where (α)k = α(α+ 1) · · · (α+ k − 1) and (α)0 = 1.

• When n = 2, FD, FA, FB are Appell’s F1, F2, F3.

• When n = 1, all FD, FA, FB are Gauss HF 2F1.



Lauricella’s FD, FA, FB satisfy

(ED)

{
θxi(θx1 + · · ·+ θxn + γ − 1)F = xi(θxi + βi)(θx1 + · · ·+ θxn + α)F,

xi(θxi + βi)θxjF = xj(θxj + βj)θxiF,

(EA) θxi(θxi + γi − 1)F = xi(θxi + βi)(θx1 + · · ·+ θxn + α)F,

(EB) xi(θxi + αi)(θxi + βi)F = θxi(θx1 + · · ·+ θxn + γ − 1)F,

where 1 ≤ i, j ≤ n and θxj = xj∂/∂xj．

• Each rank of ED, EA, EB is n+ 1, 2n, 2n.

• When n = 2, ED, EA, EB are E1, E2, E3.

• When n = 1, all ED, EA, EB are GHE 2E1.



2.1 Lauricella’s ED

•f (1)
n+1(x) = FD(α, β1, . . . , βn, 1 + α− γ +

∑n
i=1 βi; 1− x1, . . . , 1− xn) is the

holomorphi solution aroud (1, . . . , 1).

• {f (0)
j (x) | j = 1, . . . , n+ 1} is a fundamental set of solutions around (0, . . . , 0) for

0 < x1 < · · · < xn < 1. Here f
(0)
n+1(x) = FD(α, β1, . . . , βn, γ;x1, . . . , xn) and

f
(0)
j (x) = x

1−γ+
∑n

i=j+1 βi

j

∏n
i=j+1 x

−βi
i ×FD,j

(
1− γ +

∑n
i=j βi, β1, · · · , βj−1, 1+

α− γ, βj+1, . . . , βn, 2− γ +
∑n

i=j+1 βi ;
x1
xj

, . . . ,
xj−1

xj
, xj ,

xj

xj+1
, . . . ,

xj

xn

)
, and

FD,j(α, β1, . . . , βn, γ;x1, . . . , xn) =∑
m1,...,mn≥0

(α)−m1−···−mj−1+mj+···+mn (β1)m1
···(βn)mn

(γ)−m1−···−mj−1+mj+···+mnm1!···mn!
xm1
1 · · ·xmn

n , where

(A)m = Γ(A+m)/Γ(a) for any integer m ∈ Z.



• A connection formula is

f
(1)
n+1(x)

=

n∑
j=1

Γ(−1 + γ −
∑n

i=j+1 βi, 1− γ +
∑n

i=j βi, 1 + α− γ +
∑n

i=1 βi)

Γ(α, βj , 1− γ +
∑n

i=1 βi)

× f
(0)
j (x)

+
Γ(1− γ, 1 + α− γ +

∑n
i=1 βi)

Γ(1 + α− γ, 1− γ +
∑n

i=1 βi)
× f

(0)
n+1(x),

where Γ(A1, . . . , Al) =
∏l

j=1 Γ(Aj).



Derivation by use of the intersection numbers:

H lf
1 (T,L) or H1(T,L), where L is determined by

u(t) = tβ1+···+βn−γ(t− 1)γ−α−1
n∏

j=1

(t− xj)
−βj

= tµ0(t− 1)µn+1

n∏
j=1

(t− xj)
µj

on T = C\{x0, x1, · · · , xn+1}.
• rankH lf

1 (T,L) = rankH1(T,L) = n+ 1.

In what follows, x0 < x1 < · · · < xn+1 = 1 are fixed.



•Integral representations:

For l = 1, . . . , n+ 1,∫
({x0,...,xl−1},xl)

u(xl−1,xl)(t) dt = (const.)× f
(0)
l (x)

and

∫ 0

−∞
u(−∞,0)(t) dt = (const.)× f

(1)
n+1(x).



{ ({x0, . . . , xl−1}, xl) | l = 1, . . . , n+ 1} : a basis of H lf
1 (Tx,L),

where

({x0, . . . , xl−1}, xl)

=
1

dootno01···l−1
S(x0;xl−1 + ϵ)⊗ u(xl−1,xl)

(t) +
−−−−−−−−−→
[xl−1 + ϵ, xl)⊗ u(xl−1,xl)

(t)

=
1

d01···l−1


x0 xl−1

. . .


⊗ u(xl−1,xl)

(t)

+ {
xlxl−1 + ϵ

} ⊗ u(xl−1,xl)
(t),

where µij···k = µi + µj + · · ·+ µk and dij···k = e(µij···k)− 1.



{ ({x0, . . . , xl−1}, xl) | l = 1, . . . , n+ 1} : a basis of Hlf
1 (Tx,L)

⇓

∃ql ∈ C s.t. (−∞, 0) =

n+1∑
l=1

ql ({x0, . . . , xl−1}, xl).



{ ({x0, . . . , xl−1}, xl) | l = 1, . . . , n+ 1} : a basis of Hlf
1 (Tx,L)

⇓

∃ql ∈ C s.t. (−∞, 0) =

n+1∑
l=1

ql ({x0, . . . , xl−1}, xl).

• Intersection numbers:

(−∞, 0) • ({x0, . . . , xm−1}, xm) =
1

⟨e01···m−1⟩
,

({x0, . . . , xl−1}, xl) • ({z0, . . . , zm−1}, zm) = −δl,m
d01···m

d01···m−1dm
.



{ ({x0, . . . , xl−1}, xl) | l = 1, . . . , n+ 1} : a basis of Hlf
1 (Tx,L)

⇓

∃ql ∈ C s.t. (−∞, 0)⊗ u0−ϵ(t) =

n+1∑
l=1

ql ({x0, . . . , xl−1}, xl).

• Intersection numbers:

(−∞, 0) • ({x0, . . . , xm−1}, xm) =
1

⟨e01···m−1⟩
,

({x0, . . . , xl−1}, xl) • ({z0, . . . , zm−1}, zm) = −δl,m
d01···m

d01···m−1dm
.

⇓

ql = −
⟨el⟩

⟨e01···l⟩



The regularization or the compactification of ({x0, . . . , xl−1}, xl) :

reg({x0, . . . , xl−1}, xl) =
1

d01···l−1
S(x0;xl−1 + ϵ)⊗ uxl−1+ϵ(t)

+
−−−−−−−−−−−−→
[xl−1 + ϵ, xl − ϵ]⊗ uxl−1+ϵ(t)−

1

dl
S(xl;xl − ϵ)⊗ uxl−ϵ(t).

x0 xl−1 xl

. . .

The cycle reg({x0, . . . , xl−1}, xl)



The self-intersection number of ({x0, . . . , xl−1}, xl) :

({x0, . . . , xl−1}, xl) • ({x0, . . . , xl−1}, xl)

= −
1

d01···l−1
− 1 +

−1

dl
= −

d01···l
d01···l−1dl

.

x0 xl−1 xl

. . .

.



{(−∞, 0)⊗ u0−ϵ} • ({x0, . . . , xl−1}, xl) =
1

⟨e01···l−1⟩
,

x0 xl−1 xl

. . .

and moreover

({x0, . . . , xl−1}, xl) • ({x0, . . . , xm−1}, xm) = −δl,m
d01···l

d01···l−1dl
.



2.2 Lauricella’s EA

n∏
i=1

(−xi)
−βiFB

(
1 + β1 − γ1, . . . , 1 + βn − γn ; β1, . . . , βn

1− α+
∑n

i=1 βi
;

1

x1
, . . . ,

1

xn

)

=
n∑

r=0

∑
i1<···<ir

j1<···<jn−r

Γ(1− α+
∑n

i=1 βi)

Γ(1− α+
∑r

p=1(γip − 1))

r∏
p=1

Γ(γip − 1)

Γ(βip)

n−r∏
q=1

Γ(γjq − 1)

Γ(1 + βjq − γjq )

×
r∏

p=1

(−xip)
1−cip

×FA

(
α−

∑r
p=1(γip − 1); 1 + βi1 − γi1 , . . . , 1 + βir − γir , βj1 , . . . , βjn−r

2− γi1 , . . . , 2− γip , γj1 , . . . , γjn−r

xi1 , . . . , xip , xj1 , . . . , xjq

)
,

where {i1 < · · · < ir} ∪ {j1 < · · · < jn−r} = {1, . . . , n}.



• For any cycle C,∫
C
(1−

n∑
j=1

xjtj)
−α

∏
1≤i≤n

t
βi−1
i (1− ti)

γi−βi−1 dt1 · · · dtn

gives a solution of EA （Mimachi-Noumi (2016)).

•
n∏

j=1

Γ(βj)Γ(γj − βj)

Γ(γj)
FA

(
α, β1, . . . , βn

γ1, . . . , γn
; x1, . . . , xn

)

=

∫
(0,1)n

(1−
n∑

j=1

xjtj)
−α

∏
1≤i≤n

t
βi−1
i (1− ti)

γi−βi−1 dt1 · · · dtn.
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