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Introduction

e Connection formulas related with rigid systems of Fuchsian differential
equations (the one satisfied by the generalized hypergeomeric function
ni1Fy and the Even-Odd family in Simpson's list) and related with
Lauricella’s Fp, Fa, F'g (n variable version of Appell's Iy, F5, F3).

e Intersection numbers for twisted cycles.



1 ngid systems of Fuchsian differential equations

Rigid local system

# of irreducible rigid Fuchsian differential systems with 3 singularities on P*

order | 2 | 3 | 4 | 5 6 7 38 9 10 11 12 13 14
7 1 | 1|3 (5|13 |20 | 45 | 74 | 142 | 212 | 421 | 588 | 1004
# of irreducible rigid Fuchsian differential systems on P*
order | 2 | 3 | 4 5 6 7 8 ) 10 11 12 13 14
+ 1|12 |6 |11 | 28 | 44 | 96 | 157 | 306 | 441 | 857 | 1117 | 2032
Simpson’s list
rank spectral type
GHDE n 1™, 1" n-—-1,1
Even family 2m 12" mm-—1,1; m,m
Odd family | 2m+1 | 127t mm,1; m+1,m
Extra case 6 16: 23:. 4,2




1.1 The differential equation , 1 E,

The generalized hypergeometric function ,, 11 F}, is tha analytic
continuation of the generalized hypergeometric series

Q1,02 .oy Ongl B — (0)r(@2)r - (Qnt1)s &
et (e ) = L s

This satisfies

piaB) 4 TI @rs-n-2 J[ @+a)br=o

1<i<n+1 1<i<n+1

where 5,4+1 = 1 and 0, = xd/dx.
e The rank of ,,41FE, isn + 1.



e [ he characteristic exponents are

1—61,1—082, ..., 1—08,, 0, at x=0,
n n—+1

0, 1,...,n—1,26¢—2ai at x =1,
=1 =1

a1, a2, ..., Qnt1 at x = o0.

e Connection formulas are

£ (2) = ”f ] e e + 1) H DB —Be) 40,y

=1 5 (B — as) F(az Bs +1)
1) n4+1 F(l + Zgzl Bs — Zn+1 Oés) H1<s;n—i—1 F(ﬂ 53) ()
1 . SF£1 '0
1 (Z) _ Jz::lg H1§S§n+1 F(ﬁj _Ols) X fj (Z)a

where £{°)(z) = (- )_O‘i(l—l—O(z_l)) £ (2) = (=2)' =P (1 + O(2)) and
D(z) = (1 = )Zi=1 AZi5 @ (14 0(1 - 2)).



Derivation by use of the intersection numbers

HY(T, L) or H,(T, L), where L is determined by

n+1
Hto%l & H (ti—t;i_1)P 7 (Bay1 = 1,to = 1, tpy1 = 2)
1=1

on
T=C"\U, {t; =0} uuU ¢, - =0}.

o rankH (T, £) = rankH, (T, L) = n + 1.

In what follows, z is fixed to be co < z < 0.
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¢ Integral representations of fi(o)(z) and fi(oo)(z):

i 1<s<n-+1
SF#1
/ upea(®)dtdty = [ Blaw =B+ 1,8 — ) x £77(2),
D; ' 1<s<n+1
SF#1

where up(t) = ][, (e fi(t))** with ¢; = £ being determined so that
e; fi(t) > 0on D for u(t) =[], fi(t)*".



e Bases of H(T, L):

(0) (0) (0) 0) o<zt < - <t; <0

{Dl 7D2 7-.-7Dn—|—1 DZ _< 1<t1<"‘<ti_1<oo 9
(00) (o) (o0) (oc0) __ 0o <ty < - <ty < 2

{Dl Bz Py | D _<o<t7;_1<---<t1<1 |

— o ¢;; such that

D™ = Z cij DI
(/ {/ J .
1<j<n+1



Master decomposition formula for cycles:
If {C1,...,C,} is a basis of HX (T, L),

for VO € HY(T, L).

—

o0 0
Df ): Z CijD§ ),

1<j<n+1

where
n-+1

00 0)
— ZD( ) D( )((D(O).D<O))1<pq<n—l—l)k' :
k=1



Intersection numbers

The intersection form e : Hy. (T, L) x Hy. (T, L) — C is the Hermitian form
defined by

(C,C)— CeC' = apa, ¥ IL(p,0)ve(t)v5(8)/Iul”,

p, O tepno

for C, C' € Hi (T, L), if reg C = >, 0p PRV, C' =37 a5 0 ®v,, where
a,,a, € C, each p or o is an m-simplex, v, or v, a section of £ on p or o, ~
the complex conjugation, I:(p, o) the topological intersection number of p and
o at t and the map reg : H, (T, L) — H,.(T, L) is defined as an inverse
of the natural map ¢ : H,.(T,L) — H, (T, L).

The value C o C’ of the intersection form for C,C’ € H}: (T, L) is called the

intersection number of C and C’.



An example of regularization. T = C\{0, 1}, u(t) = t¥(1 — t)”.

ﬁ = reg(0,1) = {dlS(() e)+[el—ej—%5(1 1—6)}

O
0 1 0 1

Here d, = e(a) — 1, e(a) = exp(2mv/—1a). The symbol S(z;a) stands for the
positively oriented circle centered at the point z with starting and ending point

a, € is a small positive number and the argument of each factor of u(t) on the
oriented circle S(0;€) or S(1;1 — €) is defined so that argt takes value from 0

to 2w on S(0;¢), and arg(1l —t) from O to 2w on S(1 —€;1).

a
@




Examples of intersection numbers. T = C\{0, 1}, u(t) = t*(1 — t)~.

. . (0,1)
(07 15 - (07 15 - _|_ 7 reg

_ _Jatp _ S(O‘ T 5 g\\/@

dadg  s(a)s(B
where s(a) = sin(7a).

reg (0, 1) ) (1, 00)
(0,1) @ (1, 00) = efz(ﬁﬁ)/—Q)l' @ g U\ g
0 1 14e€



t1 =0 t1 =1



D;” ¢ DY = 6,

&)

Sin(ﬁs — 5])

[1

sin(Bs — as) sin(as — B5)’

1<s<n+1
=4
D ¢ p© _ (Y=IV" 1 I 1
’ 2 2 sin(B; — o) i sin(fBs — as)
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n+1
(00) (i —as +1) I'(8; — Bs) (0)
p— . — X .
e ; g LBy —as) o Tloa =P+ 1) /



1.2 The Even family and the Odd family

e The characteristic exponents of the Even-family:
0,1,....m—1, a;,a1 +1,...,a1 +m—2, aa at 2z =0,
0,1,....m—1,b,0+1,...,04+m—1, at z=1,
C1,C2,...,Cop, at 2 = OQ.

e A connection formula of the Even-Odd family:

(0)(2) _ " I'(1—a1 +as2,1+as) ['(cs — ¢j) 9 f(oo)(z)
! 3:21 I'l—b—cj,1—cj) 1§1:[§nf’(2—a1—b—cj—cs) )
SF#J

where fl(o)(z) = (—2)*2(1 4+ O(»)), f;oo)(z) = (—2)"%(1+0(2z71)) and n = 2m
in the case of the Even family and n = 2m + 1 in the case of the Odd family.



2 Lauricella’s differential equations

Lauricella’s hypergeometric functions Fp, F'y, F'g are the analytic
continuation of Lauricella's hypergeometric series

.FD(Q,Blw--,Bn,W;$1P--,xn)

_ Z (a)m1+"'+mn (Bl)ml U (/Bn)mn m1 mo,

x ...CC
1
n>0 (7)m1+...+mnm1!"'mn!

FA(C“7517°°'75717717---77%;:817"'733%)

_ oy @mietma B B s

x ooox
M yeney My >0 (71)m1 ”’(VH)mnmll"'mn! !

Fplat,...,an, 81,y Bn,Y;T1, ..., %n)

_ (Ofl)ml “'(an)mn(ﬁl)ml (Bn)mn mi1 My
- Z (7)m1+...+mnm1!---mn! :Ul v

M1,y >0
where (o) = a(a+1)---(a+k—1) and (a)g = 1.
e When n =2, Fp, Fa, Fp are Appell's F1, F5, F3.
e Whenn =1, all Fp, Fa, Fip are Gauss HF 2 F}.



Lauricella’s F'p, F'y, F'g satisfy

(Ep) { O, By + -+ + 0z, +7 — 1)F = (00, + B:)(0ay + - + s, + ) F,
Ti(0z; + Bi)0z, F' = x;(0z; + B;)0x, F,

(BEa) 0s, (02, +7i — 1)F = 240z, + Bi)(0zy + - + s, + )F,

(EB) xi(0x; + ai)(0z; + Bi)F =04, (02, + -+ 0z, +v—1)F,

where 1 <i,j <n and 0., = x;0/0x;.

e Each rank of Ep, EFa, Ep isn+ 1,2™, 2",
e Whenn =2, Ep,FEa,Ep are F1, E>, E3.
e Whenn =1, all Ep,E4, Ep are GHE 2 F;.



2.1 Lauricella's Ep

(1) () =Fp(a,B1,...,Bn, 1 +a—~y+> " Bi1—x1,...,1 —xy,) is the
holomorph| solution aroud (1,...,1).

J {f;o)(x) |j=1,...,n+ 1} is a fundamental set of solutions around (0, ...,0) for
O<xz1 << xp, <1. Here f( () = Fp(e, 61,...,Bn,fy;x1,...,xn) and

(0) 1=y 4220 41 Bi — B
f; (&) =z, ’ imjt1 % XFp g\ L=y + 22,881, Bj—1, 1+
B a 7% A
O{_77ﬁj—l—17“°76n72_fy—|—zz J_|_1BZ7 I ?Uj 7ajj7xjj_17"'7ﬁ>7and
FD,j(g7617"°75nalax17" $n):
M0 20 T (3) g o mms g bbb Ml mal 01 In ", where

(A)py, =T'(A+ m)/T'(a) for any integer m € Z.



e A connection formula is
1
fr,sjzl(w)
F(aaﬂjal _/7—1_2?:1 Bz)

j=1

x £;% (@)
Pl —v,1+a—y+> ", Bi) (0)
Fl+a—7v,1—v+> " 106:) < Fntr (@),

where T'(Ay, ..., A;) = [T, T(4;).

_|_



Derivation by use of the intersection numbers:

HY(T, L) or H((T, L), where L is determined by

U(t)—tﬁl—i_ -|—/3n7 ’7061Ht_x3

= tho(t — 1P+t | [ (¢ — @)™
j=1

on T'=C\{xgp, 21, ,Tnt1}-
o rankH (T, L) = rankH, (T, L) = n + 1.

In what follows, xg < 1 <--- < x,11 =1 are fixed.

Bj



elntegral representations:

Forl=1,...,n+ 1,

J e (8) dt = (const) x ) (z)
({wo ..... ZUl_l},CCl)

0
and/ U(—o0o0,0)(t) dt = (const.) X 721421@)

— O



{ {xo,...,zi1}, ) |[l=1,...,n+ 1} : a basis of H(T},, L),

where

({330, ceey xl_l},xl)

1

dootn001~--l—1

2

\

S(@0;T1—1 + €) @ Uy, .2;) ) + [Ti1 + € 51) @ Uy, .2;) ()




{ {zo,---, xi_1},z) |l=1,...,n+ 1} : a basis of HI!(Ty, L)

U

n—+1

3 €C st (=00,0) = > q ({20, ., Ti—1}, ).
=1



{ {zo,---szi_1}, 7)) |l=1,...,n+ 1} : a basis of Hi!(Ty, L)

U

n+1
dg; € C st. (—00,0) = Z q ({xo,.--, x1_1},xp).
=1

e Intersection numbers:

1
(—00,0) @ ({xg,...,Tm—1},Tm) = CormD) ,

doi...m

({370, 0 0 o 7xl—1}7xl) ® ({ZO7 o -7Zm—1}7zm) — _5l,md °
01---m—1dm



{ {zo,---szi_1}, 7)) |l=1,...,n+ 1} : a basis of Hi!(Ty, L)

U

n+1
3 € C st (—00,0) ®@uo—c(t) = > q ({zo, .., ;i—1}, 7).
=1

e Intersection numbers:

1
(—00,0) @ ({xg,...,Tm—1},Tm) = :
<€01---m—1>
do1...m
({33(), 0 0 ¢ 7$l—1}7 ml) ® ({207 ° 0 g Zm—1}7 Z’WL) — _5l,m .
dOl---m—ldm
J
€
S )

(€01...1)



The regularization or the compactification of ({zg,..., T;_1},x;) :

1
reg({zo,..., xj—1}, ;) = S(xo;T1—1 +€) @ ugy_;+()
do1...1—1
> 1
+zi—1+ 6z — €] @uay_4€(t) — d_S(CUUﬂ?l —€) ® uz;—e(t).
z

Ly

The cycle reg({xo0, ..., x;_1},x1)



The self-intersection number of ({zg,..., z;_1}, ;) :

({LEQ, ceey xl_l},xl) ® ({mo, c ey a:l_l},acl)




{(—00,0) ®ug—c} ® ({xo,..., Tj_1},21) =

<601...l_1>’
> ‘o)
L]
and moreover
d01...l
({x(), ceey xl—l}; :Cl) o ({330, . a:'m_l}, ajm) = _5l,m

do1...1—1d;



2.2 Lauricella's E 4

1‘“"‘2?:1573

R (S L

7571 .

p=1

X
S

:Uil,...,xip,le,...,qu>,

Pl-a+>7" . 8) 1900 -1
:7;0 7;1<Z<z'r PA—a+ 2, (vi, — 1) H LB H :

o= (Vip = )i 14 Biy — Yirs- o L+ By — Vi, B - -
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e For any cycle C,
n
JRCED SEMRE § [ SR O R SRR
gives a solution of £ 4 (Mimachi-Noumi (2016)).

¢ ﬁ /Bj F(’yj) ) A( ajﬁl,...,ﬁn ;$17"'7‘/'En>

(v Viso oY

J=1

:/0 1)n 1_23%” « T ¢t —t)iPictadty - dty

1<:<n
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