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KBF « Gravity preliminaries «

The properties of torsion-free spacetime are essentially described by:
® the affine connection: I'iﬂ

® the metric tensor: gy,

Antonio Racioppi IPA 2022, Vienna, 05.09.2022 Slow-roll inflation in Palatini F(R) gravity



KBF « Gravity preliminaries «

The properties of torsion-free spacetime are essentially described by:
® the affine connection: réﬁ

® the metric tensor: g,

Fé/g describes the parallel transport of tensor
fields along a given curve. If the spacetime is
curved, parallel transport around a closed path,
after a full cycle, results in a finite mismatch.
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KBF « Gravity preliminaries «

The properties of torsion-free spacetime are essentially described by:
® the affine connection: Fgﬂ

® the metric tensor: gy,

g allows us to introduce the notion of distance.
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KBF « Gravity preliminaries «

The properties of torsion-free spacetime are essentially described by:
® the affine connection: rgﬁ — parallel transport

® the metric tensor: g, — distance

The connection coefficients and metric tensor are fundamentally independent
quantities. They exhibit no a priori known relationship. If they are to have any
relationship, it must derive from

® additional constraints (metric formalism Vagu., = 0)

® EoM (Palatini formalism)
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e |nflation with R? term in the Palatini formalism, Enckell et al. 1810.05536
1
S - / d'xV g [2 (Ry+aR3) - fgj 8)66,4 - V(¢)] Mp =1

® Main results:
o universal asymptotically flat Einstein-frame scalar potential
0 e e VG ey [
T 1+8aV  1+8all 8
..% means the same quantity but for a =0
o simple inflationary preditions:

N, ~ A
A = A
0
ns = ng
. _ I a—>oco 1
T 1+ 1212 ATP O 1220 AT

o a>»> 1= r—0 regardless of the initial V
* Q's: What makes F(R) = R + aR? special? Is there any F(R) = r — 0?
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® we start with Palatini F(R) action alone
s4/f d“x\/—_gJ%F(RJ(r))
® we rewrite the F(R) term using the auxiliary field ¢
= [ &8 [3F ORI - i)

VJ(C) _F2(<) + CF;(C) FI — _g%

® we move to the Einstein frame:

g:fy:/:/gdy }é{ giyzgfy//:/ ) \/_g_J:,/__gE/(F/)z

re=r/ R.,=RE, = R/=FRe

se = [ dxvrgE - ve(©)]

_FO ¢
2F/(()? " 2F'(Q)

VE(C)

® N.B. ( stays auxiliary!
Not dynamical like in metric gravity (cf. Starobinsky model)
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® ('s EoM: V£(¢) =0 — a bit of albegra:
6(0) = 3 [2F(©) - ¢F'(©)] =0
¢=¢ = F(¢)=5CFEC)

® inserting ¢ =" in Ve we obtain

o CF(¢) ¢ 1 ¢
Vele) = 3Fcy T AR TaF()

i.,e. a CC

e therefore pure Palatini F(R) is equivalent to GR + CC
® completely different from metric gravity!
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® We add a scalar field to the previous setup
[ axvma[3FR) + £(6)
1 v
L) = —3K(0)8*0u60,0- V(6)

® again introducing ¢ and moving to the Einstein frame

se= [tz [ B - Zat omd- Ui 0]

% = Ii(’(é)) (canonically normalized scalar)
U0) = Ve(©) + SE0)
Ve(Q) =- F©O) i S

2F7(¢)*  2F(C)

® N.B. ( stays auxiliary! Not dynamical like in metric gravity
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® The full EoM for ( is
G() = (&) 9" 60,6 F'(C) + V(9)

with
6(0) =7 [2F(©) - ¢F'(©)]

® The standard procedure would be now to solve the EoM and determine
C(¢, 0" 0, ¢) and insert it back into the action.

® However not always solvable for any F(R) = SR approximation =

G(Q) = V(e)

= still not always solvable for any F(R)

® On the other hand it is still possible to perform inflationary computations.
The trick is to use the auxiliary field ¢ as a computational variable and
G =V as a constraint.
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e firstofall V- Gin U:

V(o)) _F(Q) ¢
F(¢)?  2F(Q)?  2F(C)
G(©)  F(©) ¢

FI(Q)2  2F(C)? " 2F1(C)

) FOL\ kT F(9/+ ¢
2F(C 4F(C) 2FT(Q)? T 2F(Q)
1 ¢

REEGRR

U(XaC) =

* valid for any F(R) and V(¢)

® what changes is the actual solution for ¢

® also valid for the pure F(R) case (L(¢) =0)

* F(R)=R+aR?is the only F(R) = universally flat (# 0) U for a > 1
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® SR computations — we need derivatives of U
® we start with the 1st derivative:

%U(C) = % %U(() < we need this!

* G(¢)=V(¢p) = ¢=V(G), the inverse function of V()

o _ 96407
ox  Oxo0¢
’ F'(¢) 1
- k(V_l(G)) %3\/—1 = g(C)
9¢ 90G

® This allows us to easily express higher derivatives:

82 0 ou v 21
53U O3 (e0 5 ) = eV 20"

where primes denote derivatives w.r.t. .

® we have a method for computing SR parameters
Antonio Racioppi
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KBF1 « Inflationary observables «

® SR parameters

«©) - 5(HL2) - 2%

62U/8X2 . gglU/ +g2U"
V) V)

6U/6X) 1 2(u')2

n(¢) =

® observables

xv U v U
Ne = [ dxs [
xr OU[Ox X ¢ g2 ¢

(@ = 1600 -0 )

ne(C) = 1+2n(()—6e(§)=1+%(g'U'U+gU"U—3gU'2)

u U
24m2¢(¢)  12m2g2U”2

As(€) =

® N.B. U contains info from F(R), while V-info is in g
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® We checked R+ aR* - OK! — backup slides

® We study the test scenario n + 2:

2
m

F(RY=R+aR", k(¢)=1, V(¢)=7¢2
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KBFI « Analytic solution «

We can compute the phenomenological parameters:

N - [C("_("_l))zﬁ(lvnil:nfl:(n—z)acﬂ)]%

8’ ¢=¢r
ne(Cw) = 1_2’521@52;223(”");43&)5&-1
ALY = 2 &

384m2m? 1+ (2 - n)¢Rt
where we used the hypergeometric function
(a)n(b)n 2"
2F1(2 b [oN Z)
kz;J (c)n nt

with r( )
g+n
(@)n = W

the (rising) Pochhammer symbol
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N

~~~~~~
Ss

Figure: G(¢) (left) and V(@) = ¢* (right) for F(R) = R+ R" with n=3/2
(continuous) and n = 5/2 (dashed).

n=3/2 For each ¢, even though we cannot compute it analytically,

we can always find a ¢ so that G(¢) = V(¢) = limit:
n=>5/2 For each ¢, we cannot always find a { so that G(¢) = V(¢)

— effective description: inflation before (max = limit:
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More readable expressions considering the limit {y — oo i.e.

In such a limit we can approximate the number of e-folds as

n
Ne"‘8 QCN
obtaining
8(2-n
r(Cn) = (N )
3-n
ns(n) =~ 1- N

As(Cn) = l (E) (&)

N.B. Valid only for
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B
r r
0.15 Q45" T
e =0
0.10 \ . 0.10-
mn=2
0.05 i
: . 0.05 | - %
i 7
- m n=
0-0% 0975 0.980 0.085 %900 a g
mn=;
a
: m - Ne = 50
8 : N ; . .
10 0.000014 - M. - 60
[ N=
108 0.000012
104 0.000010; - Planck &
8.x1070- BICEP
10 : H 6.x100 ..
a

0.955 0.960 0.965 0.970 0.975 0.980 0.98%s
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® rough upper limit for a = & when (n = (max-
® The limit is only rough because 1 has a pole at ¢ = {(max meaning the loss
of validity of the slow-roll approximation.
® Therefore the actual upper limit & takes place for {y not equal, but
slightly smaller than (max.
® we can still provide useful estimates by using (n = Cmax-
n(a(n-2)n) w1
38472 (n—-1)As
~ (&(n—2)n)m1 48m°(n-1)A [,,+ (1_,,)2,:1(17i; n ! 1)] N
n— _

n 1 n n

— we can use it as a definition for &

mz =

(-2 (E(n-2m) ™
67m2(n-1)As
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B

2
9
r
=3
n=3
0.00 ns 0.00 : n=3
1945 0.950 0.955 0.960 0.965 0.970 0.975 0.980 395 107 10°  10'1  10© 105
-- N.=50
m Ne = 60
9.x107¢
8.x107°
7.x10% =7 9,00 CN = Cmax
6.x10% e
5.x10% R :
4210 . . m Planck &
3.x10° e ° BICEP

185 . : 5 2.x10%
945 0.950 0.955 0.960 0.965 0.970 0.975 0.98 10 100 10t 108 108
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® We studied single field inflation embedded in Palatini F(R) gravity
* We explained why Palatini R + R? is so unique

® We found a method to perform inflationary computations even though
the EoM of ( is not solvable.

® We tested the method on a couple of examples

® Unexpected outcome/future outlook:

® n =2 quite unstable configuration
® R+ R", n>2is problematic = hint for a Palatini UV theory of
gravity?

Antonio Racioppi IPA 2022, Vienna, 05.09.2022 Slow-roll inflation in Palatini F(R) gravity



Grazie! - Thank you! - Aitah!
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INFLATION

QUANTUM
SPACE-TIME

THE ENTIRE

OBSERVABLE

Antonio Racioppi

UNIVERSE!
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Solution for:
¢ horizon problem
o flatness problem

Realizable with a constant A:
M2
V-gL=\/-¢ [TPR t /\“]
|

A2
EoM — a(t) ~eMr

PROBLEM: it never stops!
SOLVED: ¢ with a quasi-flat V/

assumptions: GUT, SUGRA, ...
— V/(¢) — predictions

our starting point:
] Palatini F(R) gravity‘

Slow-roll inflation in Palatini F(R) gravity
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Assuming SR, the inflationary dynamics is described by the SR parameters and
the N.. Assuming that we solved EoM ((¢) and field redef. ¢(x), the SR
parameters are

€

S gy e
=5 > "N
and the number of e-folds as

-1
N:fXNdXU(%) ,
XF dx

where the field value at the end of inflation, xr, is defined via e(xr) = 1. The
field value x; at the time a given scale left the horizon is given by the
corresponding N. To reproduce the correct As, the potential has to satisfy

In(101°A,) = 3.044 £0.014  where A, = — Jbw)
2472 e(xn)

and the other two main observables, i.e. the spectral index and the
tensor-to-scalar ratio are expressed as

2

ns =~ 1+42n-6¢
r =~ 16e
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X

0.10 0.15
T

Tensor-to-scalar ratio (79.002)

0.05

e [ [T

TT,TE,EE+lowE+lensing
TT,TE,EE+lowE+lensing

+BK15

TT,TE,EE+lowE+lensing

+BK15+BAO
Natural inflation
Hilltop quartic model
« attractors
Power-law inflation
R? inflation

V x ¢?
Voo /3
Vo
Voo ¢?/3

Low scale SB SUSY
N,=50

N,=60

0.00

® FLAT potentials are strongly FAVORED!!!
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0.96
Primordial tilt ()

IPA 2022, Vienna, 05.09.2022

1.00
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ﬁ%gl e Metric vs Palatini formulation e

Einstein-Hilbert action: \/—gELf = \/—gE [%RE]

Metric Palatini

No torsion = Fiﬂ = Féa No torsion = FQB = Féa

= T=LleviCvital =T ~ Val/Eguw] =0

=X

1 A
Fap = EgAp (Oagsp + 088pa — Op8ap) rig =Tag

® In non-minimally coupled theories, metric and Palatini formalism give
different physical theories. (Koivisto & Kurki-Suonio: arXiv:0509422)
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5%5' e Metric vs Palatini formulation e

Jordan frame: \/-g/2’ = /-g/ [%F(Rj) - %(5@)2 - V(¢)]
V& [5FOR - 3067 - V(9,0)]

Metric Palatini
Vagh, =0 =T = Levi-Civita =T s EoM: Vo[f({)v/~g’g1.]1=0
_ 1 _
Fog = ngp (0agpp + 0p8pa — OpBas) M2 = Tas + 8205w + 630at = gapdw

w(@) =), gu=) g, Q=) =F()

Einstein frame: \/7gE£E =+/-gF [%RE -K(¢,¢) - U(¢7C)]

Metric (T'e =Tg) Palatini (T'z =Tg)

K(¢,{) — 2 dyn. fields: ¢ & ¢ K($,¢) = K(¢) > ¢ dyn. & ¢ aux.
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G(0) = 3 [2F(©) - CF (O] = V(#)

* For ¢ — +oo, if F(¢) = " = G() = (2- n)C"
= withn>2= G- -

® Problem: V(o) - oo = no real values for ¢

® Solutions:

n<2 = G(+00) > +o0 = OKI

n>2 G(0") ~¢ = G is a first a crescent function which reaches a local

max and then decreases towards —oco

= we need to ensure that inflation happens within { =0 and
¢ =local max. (in order to avoid also the bijectivity problem)
= the model is only an effective description

Slow-roll inflation in Palatini F(R) gravity
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KBF « Reproduce R? results «

F(R)=R+aR? k(¢)=1
Let's check: G(¢) = V(o)

6O = 3[2FQ-¢F(©O]=7[2¢+20¢ ¢1+200)]

= %CzV((ﬁ):UO < no ol

® Einstein frame scalar potential:

sl ¢ ¢ v°

= = — |
4F () 4+8aC 1+8all OK

® g function

= /(C) 76 =v1+ 2a( V-1

a¢ 8G ¢

® inflationary observables

vV (1 Vs, 1 s
r() = 8g(u) ‘(a\afgl) ?(1+2a§):1+8aU°_)OK!

0

analogously we get N. = N2, A, = A2 and ns = n
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After some manipulations, the full Einstein frame EoMs read:

$+3H¢+ V’(¢) _ QbCF"(C) 1 k,((b) (2'52

F(Ok(g) — F () 2 k()

2 18
H = S B <)+ U(:0)

- SPF(OK(6) +2V(9) - 26(¢) =0

These can be used to also derive

. 1 ¢
= 2P
e = H _12V(6) - 6F(Q) +3¢F(O)
H> — 6V(9) - 3F(C) + 20F()
‘- 3HGF'(Ok(9) +3V' ()

2G'(¢) + 22F(C)k(9)

N.B. Even though ( is only auxiliary, it has an implicit time dependence via ¢
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43 44 45 46 47

40

30

20
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§
e T |
T =
-2 0 2 4 6 8 0.0 0.1 0.2
¢x 108 £x 108

4 ¢3> 0 — mirror with respect to x-axis

n=3/2, a=8710,
m=1.15-107°

~foranyl1<n<2
H>0, ¢ <0 branch
F' <0 orno ('s EoM

dark - ey <1

Ne =50,
ns = 0.967, r = 0.096

H < 0 — switch the direction of the flow. not reached smoothly when 1 ¢

® ¢ >0: trajectory sharp turns into SR slow-roll

* ¢ <0: trajectory enters SR in ¢ > 0 branch

IPA 2022, Vienna, 05.09.2022
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- n=3,a=2.32-10",
m=6.40-10"°

_ ~ for any n>2

] . - H>0,<i><0branch
4 )

| B ® no ('s EoM

N 2

% m dark - ey <1

o N, =50,
ns =0.952, r=0.116

S B T 00 01
Ix 108 £x 108
- - { - oo: trajectories diverging from there. cannot be crossed
left: G’ <0 — in SR only if ¢ not too big
right: F”" <0 — crazy isolated inflationary region on the left
® SR is not an attractor of EoM

® illness of the n > 2 case
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