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experimental information is consistent with pure V , A, V ′ and A′ interactions. Possible deviations, which in the
four-component neutrino framework involve quadratic expressions in gi, g′i(i = S, T, P ) are expected to be very small
and can therefore be treated at the tree level. The products of these small deviations with (α/2π)f(x) and (α/2π)g(x)
are of second order in the small quantities and, therefore, are not considered significant.
At present, very precise measurements of ρ, δ, ξ and η are carried out in the TWIST experiment at TRIUMPH

(Bayes et al., 2011), and a very accurate determination of τµ has been made by the Mulan collaboration at PSI
(Webber et al., 2011).

C. The V -A Theory

The discovery of parity non-conservation led to another very important development: by greatly increasing the
number of observables available for experimental and theoretical study, it opened the way for the determination of
the basic phenomenological interaction. This led Sudarshan and Marshak (1957, 1958) and Feynman and Gell-Mann
(1958) to propose a universal V -A Fermi Interaction for charged current processes, such as muon decay, β decay and
the semileptonic decays of hyperons.
In the case of muon decay, this theory implies the validity of Eqs.(9,10) and furthermore states that

gA = −gV . (22)

Using the Fierz transformations (Fierz, 1937), Eqs.(9,10,22) lead to the following coupling constants g̃i, g̃′i in the
charge-exchange order:

g̃S = g̃′S = g̃T = g̃′T = g̃P = g̃′P = 0, (23)

g̃V = −g̃A = gV = −g̃′V = g̃′A . (24)

Defining Gµ ≡
√
2gV , Eqs.(9,10,22,23,24) lead to

L = −
Gµ√
2
[ψ̄νµγ

µ(1− γ5)ψµ][ψ̄eγµ(1 − γ5)ψνe ] + h.c. , (25)

= −
Gµ√
2
[ψ̄eγ

µ(1 − γ5)ψµ][ψ̄νµγµ(1 − γ5)ψνe ] + h.c. . (26)

Thus, the interaction Lagrangian for muon decay in the V -A theory has a very simple and elegant form that in-
volves a single coupling constant and is preserved in passing from the charge-retention to the charge-exchange order.
Eqs.(9,10,22) lead also to the sharp predictions:

ρ = δ = 3/4 , (27)

η = 0 , (28)

ξ = 1 , (29)

as can be readily verified by inserting Eq.(22) into Eqs.(12,13).
With the neglect of strong interaction effects, in the original version of the V -A theory other four-fermion interaction

processes were described by Lagrangian densities of the same form as Eq.(25). For example, for n → p+ e− + ν̄e, the
basic process for β decay, the Lagrangian density was postulated to be of the form.

Lβ−decay = −
GV√
2
[ψ̄pγ

µ(1− γ5)ψn][ψ̄eγµ(1 − γ5)ψνe ] + h.c. , (30)

where GV is the vector coupling constant in β-decay.

D. Radiative Corrections to Muon Decay in the V -A Theory and the Fermi Constant

Taking into account Eqs.(22,27,28,29), we see that in the V -A theory, the energy-angle distributions of e−(e+) in
muon decay are simply obtained by setting |gA| = gV = Gµ/

√
2, η = 0, ξ = 1 in the two-component theory expression

(Eq.(14)). In particular, the O(α) corrections are still governed by the functions f(x) and g(x). Furthermore, using
the transformation ψe → ψ′

e = γ5ψe, me → −me discussed in Section II.A, it can be shown that in the V -A theory
there are no contributions to the differential decay rate (Eq.(14)) that involve odd powers of me (Roos and Sirlin,
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1971). This implies that corrections of O((α/π)me/mµ) are absent and that the leading mass-dependent corrections
to the differential decay rate are of O((α/π)m2

e/m
2
µ ln(m

2
µ/m

2
e)). On the other hand, in the calculation of integrated

observables such as the total decay rate, the integration over the electron or positron momentum does give rise to
corrections of O(α) proportional to (me/mµ)3, as well as even powers of me/mµ (van Ritbergen and Stuart, 1999a).

Radiative corrections of O(α2) to the electron spectrum were evaluated by Anastasiou, Melnikov, and Petriello
(2007); Arbuzov (2003); Arbuzov, Czarnecki, and Gaponenko (2002); Arbuzov and Melnikov (2002).
Recently, the TWIST collaboration (Bayes et al., 2011) reported very accurate measurements of the parameters

ρ, δ and Pπ
µ ξ in the four-component neutrino framework of the general Fermi theory (Pπ

µ is the initial degree of
polarization of the muon from π decay):

ρ = 0.74977± 0.00012 (stat.)± 0.00023 (syst.) ; (31)

δ = 0.75049± 0.00021 (stat.)± 0.00027 (syst.) ; (32)

Pπ
µ ξ = 1.00084± 0.00029 (stat.)+0.00165

−0.00063 (syst.) . (33)

These results are in very good agreement with the predictions of the V -A theory, Eqs.(27, 29) and Pπ
µ = 1, at a high

level of precision. As mentioned before, the radiative corrections (RC) play a crucial role in the analysis. The authors
also use these results to derive interesting bounds for the combinations |(gR/gL)ζ| and (gL/gR)m2 in the generalized
left-right symmetry model (gL and gR are the gauge couplings of WL and WR, ζ the mixing angle when WL and WR

are expressed in terms of the mass eigenstates W1 and W2, and m2 the mass of W2).
The radiative corrections to the muon lifetime τµ have been the subject of great interest and detailed studies. In

fact, the argument given at the end of Section II.A can be generalized: it has been shown that to leading order in
Gµ, but all orders in α, the radiative corrections to muon decay in the V -A theory are finite after mass and charge
renormalization (Berman and Sirlin, 1962). The detailed calculations reach now the two-loop level and lead to:

1

τµ
=

G2
µm

5
µ

192π3
F (x)[1 + δµ], (34)

where x = m2
e/m

2
µ, F (x) = 1 − 8x − 12x2 lnx + 8x3 − x4 is a tree-level phase-space factor and δµ is the radiative

correction.
Neglecting very small terms proportional to powers of me/mµ, we have

δµ =
α

2π

!

25

4
− π2

"#

1 +
2α

3π
ln

!

mµ

me

"$

+ 6.700
%α

π

&2
+ · · · . (35)

The O(α) term has been known since the end of the 1950’s (Berman, 1958; Kinoshita and Sirlin, 1959a), the logarith-
mic term of O(α2) was derived in 1971 (Roos and Sirlin, 1971), and the last term in 1999 (van Ritbergen and Stuart,
1999a,b; Steinhauser and Seidensticker, 1999), about 40 years after the one-loop correction! The two terms of O(α2)
nearly cancel each other. Including very small one and two-loop contributions proportional to powers of me/mµ

(Pak and Czarnecki, 2008; van Ritbergen and Stuart, 1999a), we have

δµ = −4.19948× 10−3 + 1.06× 10−6 , (36)

where the first and second terms stand for the one and two-loop contributions, respectively. This reveals that when the
corrections are expressed in terms of α, as in Eq.(35), the O(α2) effects are very small, and the originalO(α) calculation
turns out to be very accurate. Alternatively, δµ is frequently written in the form (van Ritbergen and Stuart, 1999a,b;
Steinhauser and Seidensticker, 1999)

δµ =
α(mµ)

2π

!

25

4
− π2

"

+ 6.700

!

α(mµ)

π

"2

+ C(x) + · · · , (37)

where α(mµ) = 1/135.9026283 . . . is the running α(µ) parameter at the mµ scale. In this second form the logarithmic
term of O(α2) has been absorbed in the O(α(mµ)) contribution, and the O(α2(mµ)) effects are ≈ 3.6 × 10−5,
considerably larger than in Eq.(36). The correction δµ has been also studied using optimization methods that select
the optimal scale in α(µ), permit to analyze the scheme dependence of the calculations and estimate the unknown
terms of O(α3(mµ)) (Ferroglia, Ossola, and Sirlin, 1999). This analysis leads to an estimated error of ≈ 2.6 × 10−7

in δµ due to the truncation of the perturbative series.
C(x) in Eq.(37) denotes very small RC proportional to powers of x. Specifically,

C(x) =
α(mµ)

π

'

x(−12 lnx− 9− 4π2 + 16π2x1/2) +O(x2)
(

−
!

α(mµ)

π

"2

0.0784 + · · · . (38)

8
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2
µ/m
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where α(mµ) = 1/135.9026283 . . . is the running α(µ) parameter at the mµ scale. In this second form the logarithmic
term of O(α2) has been absorbed in the O(α(mµ)) contribution, and the O(α2(mµ)) effects are ≈ 3.6 × 10−5,
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x(−12 lnx− 9− 4π2 + 16π2x1/2) +O(x2)
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−
!
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π

"2

0.0784 + · · · . (38)

Tree-level phase space:
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The terms of O(α(mµ)xl/π) (l = 1, 3/2) were derived by van Ritbergen and Stuart (1999a). Their expression differs
from that in Eq.(38) because of the factorization of F (x) in our Eq.(36), which was not employed by those authors.
For clarity, we point out that to the stated level of accuracy, our result for 1/τµ based on Eqs.(34, 37, 38) through the
terms of O(α(mµ)xl/π) , is equivalent to that obtained in their 1999 paper. The contribution of O((α(mµ)/π)2) was
derived years later (Pak and Czarnecki, 2008) and amounts to −4.3× 10−7. An interesting feature is that its leading
contribution is linear in me/mµ: − (α(mµ)/π)

2 (5/4)π2x1/2 = −3.27× 10−7.
Because of the high precision of the τµ measurement (Webber et al., 2011) and the theoretical clarity of Eqs.(34,35,

37,38), GF , the universal Fermi constant of the weak interactions, is identified with Gµ. Inserting the experimental
value τµ = 2196980.3(2.2) ps, Eqs.(34, 37, 38) lead to δµ = −4.19818× 10−3 and

GF = Gµ = 1.1663788(7)× 10−5 GeV−2 , (39)

an important 0.6 ppm determination (Webber et al., 2011).
We note that the evaluation of δµ in the α and α(mµ) schemes, namely δµ = −4.19842 × 10−3 (Eq.(36)) and

δµ = −4.19818 × 10−3, respectively, differ by −2.4 × 10−7. This difference is consistent with the estimate of the
third order coefficient in the α(mµ) expansion on the basis of the optimization methods, namely (c3)est. ≈ −20
(Ferroglia, Ossola, and Sirlin, 1999). The effect of this difference on the determination of GF (Eq.(39)), is also small
in comparison with the current experimental error.

We also note that, in some theoretical discussions of 1/τµ, a factor (1 + 3m2
µ/M

2
W ) that represents the tree level

correction from the W -boson propagator, is applied in the r. h. s. of Eq.(34). Since this factor does not arise in
the Fermi theory framework, it is not included in our Eq.(34). It has been pointed out by van Ritbergen and Stuart
(1999a) that, in ST calculations, it can be more naturally included in the electroweak correction ∆r (cf. Eq.(54)).
More generally, it can be included in the expressions of the form GF (1 − EWC) where EWC denotes a generic
electroweak correction such as ∆r̂,∆r̂W , and ∆reff (cf. Eqs.(57, 58, 66)). On the other hand, it is useful to observe
that this factor would amount to an addition of only ≈ 5× 10−7 to such electroweak correction, which is negligible at
the current level of accuracy.

E. The Universality of the Weak Interactions and the Conserved Vector Current Hypothesis

The principle of universality of the weak interactions is a concept of enduring significance. In fact, it has motivated,
at least in part, several important developments in particle physics.
The origin of the idea can be traced to 1947–49, when several authors (Klein, 1948; Lee, Rosenbluth, and Yang, 1949;

Pontecorvo, 1947; Puppi, 1948, 1949; Tiomno and Wheeler, 1949) noted that the basic processes µ− → e− + νµ + ν̄e,
n → p+ e− + ν̄e, and µ− + p → n+ νµ are characterized approximately by the same coupling constant, of magnitude
≈ 10−5 GeV−2. On this basis they proposed a universal weak interaction among the doublets (νe, e), (νµ, µ) and (p, n).
In 1951, Enrico Fermi stated that this similarity is probably not accidental and has a deep meaning not understood
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In their 1958 paper, Feynman and Gell-Mann (1958) compared Gµ with GV , the vector coupling in β-decay ex-

tracted from 14O decay, a superallowed (0+ → 0+) Fermi transition in which only the vector current contributes to
zeroth order in α. They found GV = Gµ within roughly 1%. The result was very surprising, since even if one assumed
GV = Gµ at the Lagrangian level as a manifestation of universality, a close equality was not expected because nucleons
in β-decay are affected by strong interactions, while this is not the case for the leptons in muon decay. This prompted
Feynman and Gell-Mann (1958) to invoke the conserved vector current (CVC) hypothesis, previously discussed by
Gershtein and Zeldovich (1955). Specifically, the hadronic vector current in β decay is assumed to be conserved in the
presence of the strong interactions. Since conservation laws are generally associated with symmetries of the theory,
they further identified it with the ∆I3 = 1 isospin current. The near equality GV ≈ Gµ could then be understood on
the basis of two concepts: the principle of universality that states GV = Gµ at the Lagrangian level, and CVC that
implies that the strong interactions do not renormalize GV at q2 = 0 in the limit of isospin invariance.
CVC, in turn, had another important consequence. If the strangeness conserving (∆S = 0) vector cur-

rent is conserved, it would be natural to assume that the strangeness non-conserving (∆S = 1) vector cur-
rent in semileptonic decays is also conserved in some suitable limit. This was one of the main motivations for
the search for higher partial symmetries of the Strong Interactions. A number of possibilities were considered
(Behrends, Dretlein, Fronsdal, and Lee, 1962), culminating with the phenomenologically successful SU(3)flavor sym-
metry (Gell-Mann, 1962; Gell-Mann and Ne’eman, 1964). Gell-Mann also noted that a normalization of the hadronic
currents is necessary in order to define precisely the concept of universality. This was an important motivation for
Current Algebra (Gell-Mann, 1964a). In fact, the non-linearity of the basic Current Algebra relation

[Ja
0 (x), J

b
0(y)]x0=y0

= i fabcJc
0(x)δ

3(x⃗− y⃗) , (40)

τμ = 2196980.3(2.2)ps

GF = Gμ = 1.1663788(7) × 10−5GeV−2

Precise measurement of muon lifetime:

Precise determination of Fermi constant:
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experimental information is consistent with pure V , A, V ′ and A′ interactions. Possible deviations, which in the
four-component neutrino framework involve quadratic expressions in gi, g′i(i = S, T, P ) are expected to be very small
and can therefore be treated at the tree level. The products of these small deviations with (α/2π)f(x) and (α/2π)g(x)
are of second order in the small quantities and, therefore, are not considered significant.
At present, very precise measurements of ρ, δ, ξ and η are carried out in the TWIST experiment at TRIUMPH

(Bayes et al., 2011), and a very accurate determination of τµ has been made by the Mulan collaboration at PSI
(Webber et al., 2011).

C. The V -A Theory

The discovery of parity non-conservation led to another very important development: by greatly increasing the
number of observables available for experimental and theoretical study, it opened the way for the determination of
the basic phenomenological interaction. This led Sudarshan and Marshak (1957, 1958) and Feynman and Gell-Mann
(1958) to propose a universal V -A Fermi Interaction for charged current processes, such as muon decay, β decay and
the semileptonic decays of hyperons.
In the case of muon decay, this theory implies the validity of Eqs.(9,10) and furthermore states that

gA = −gV . (22)

Using the Fierz transformations (Fierz, 1937), Eqs.(9,10,22) lead to the following coupling constants g̃i, g̃′i in the
charge-exchange order:

g̃S = g̃′S = g̃T = g̃′T = g̃P = g̃′P = 0, (23)

g̃V = −g̃A = gV = −g̃′V = g̃′A . (24)

Defining Gµ ≡
√
2gV , Eqs.(9,10,22,23,24) lead to

L = −
Gµ√
2
[ψ̄νµγ

µ(1− γ5)ψµ][ψ̄eγµ(1 − γ5)ψνe ] + h.c. , (25)

= −
Gµ√
2
[ψ̄eγ

µ(1 − γ5)ψµ][ψ̄νµγµ(1 − γ5)ψνe ] + h.c. . (26)

Thus, the interaction Lagrangian for muon decay in the V -A theory has a very simple and elegant form that in-
volves a single coupling constant and is preserved in passing from the charge-retention to the charge-exchange order.
Eqs.(9,10,22) lead also to the sharp predictions:

ρ = δ = 3/4 , (27)

η = 0 , (28)

ξ = 1 , (29)

as can be readily verified by inserting Eq.(22) into Eqs.(12,13).
With the neglect of strong interaction effects, in the original version of the V -A theory other four-fermion interaction

processes were described by Lagrangian densities of the same form as Eq.(25). For example, for n → p+ e− + ν̄e, the
basic process for β decay, the Lagrangian density was postulated to be of the form.

Lβ−decay = −
GV√
2
[ψ̄pγ

µ(1− γ5)ψn][ψ̄eγµ(1 − γ5)ψνe ] + h.c. , (30)

where GV is the vector coupling constant in β-decay.

D. Radiative Corrections to Muon Decay in the V -A Theory and the Fermi Constant

Taking into account Eqs.(22,27,28,29), we see that in the V -A theory, the energy-angle distributions of e−(e+) in
muon decay are simply obtained by setting |gA| = gV = Gµ/

√
2, η = 0, ξ = 1 in the two-component theory expression

(Eq.(14)). In particular, the O(α) corrections are still governed by the functions f(x) and g(x). Furthermore, using
the transformation ψe → ψ′

e = γ5ψe, me → −me discussed in Section II.A, it can be shown that in the V -A theory
there are no contributions to the differential decay rate (Eq.(14)) that involve odd powers of me (Roos and Sirlin,

Together with the finding that  cast doubts of universality of weak interaction! 
Strong interaction effects?

GV < Gμ
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where fabc(a, b, c = 1 . . . 8) are the SU(3) structure constants, determines the normalization of the hadronic currents.
SU(3)flavor also led to the fundamental concept of quarks (Gell-Mann, 1964b; Zweig, 1964) and the quark model of
hadrons.

F. Radiative Corrections to β Decay in the V -A Theory

When the CVC hypothesis was formulated, it was natural to suspect that the ≈ 1% difference between GV and Gµ

was due to electromagnetic corrections. Here, we have in mind electromagnetic corrections not contained in Fermi’s
Coulomb-function which is automatically included in the theory of β-decay. However, when the O(α) corrections to
the decay probability of neutron β-decay were calculated by Berman (1958) and Kinoshita and Sirlin (1959a) in the
V -A theory (cf. Eq.(30)), a striking result was found: contrary to the case of muon decay, the O(α) corrections to
β-decay were logarithmically divergent! In particular, the detailed expression found by Kinoshita and Sirlin (1959a)
for the O(α) corrections to the electron or positron spectrum is given by

∆Pd3p =
α

2π
P 0d3p

!
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+ g(E,Em) +
9
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, (41)
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$&
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%

2(1 + β2) +
(Em − E)2

6E2
− 4 tanh−1 β

&

, (42)

where p and E are the momentum and energy of the electron or positron, Em is the end-point energy, β = p/E, mp

the proton mass, Λ the ultraviolet cutoff, and

P 0d3p =
8G2

V

(2π)4
(Em − E)2d3p (43)

is the uncorrected spectrum. In deriving Eq.(41), strong interactions have been neglected, so these results represent
the corrections to the β-decay of “bare nucleons” devoid of hadronic structure. Very small contributions of O(E/mp)
have been also neglected.

The reason why the corrections to β decay are divergent in the V -A theory while those for muon decay are finite,
can be understood in two ways:

i) In contrast to the muon decay case, starting with the interaction Lagrangian of Eq.(30) appropriate to β-decay,
it is not possible to bring the two charged particles into the same covariant while retaining only V and A
interactions. Thus, the analogy with QED discussed in Section II.A is lost in the case of β-decay and the
corrections are divergent.

ii) Using a current algebra formulation, it can be shown that in the V -A theory the divergent part of the corrections
to Fermi transitions is of the form

α

2π
P 0d3p 3[1 + 2Q̄] ln(Λ/M) , (44)

where Q̄ is the average charge of the underlying hadronic fields in the process and M a relevant mass. In the
case of Eq.(30), the underlying fields are the neutron and proton so that Q̄ = 1/2 and the divergent part is
(α/2π)P 0d3p 6 ln(Λ/M), in agreement with Eq.(41). In the case of muon decay, the roles of p and n are played
by νµ and µ−, so that Q̄ = −1/2 and Eq.(44) vanishes, consistent with the fact that the corrections to muon
decay are finite in the V -A theory. It is interesting to note that in the corrections proportional to |MF |2, where
MF is the Fermi matrix element, the terms 3 ln(Λ/M) and 6Q̄ ln(Λ/M) in Eq.(44) arise from the vector and
axial vector currents, respectively. Similarly, in Eq.(41) 3 ln(Λ/mp) + g(E,Em) is the contribution from the
vector current while the remaining 3 ln(Λ/mp) + 9/4 emerges from the axial vector current. Thus, although the
axial vector current does not contribute to the Fermi matrix element at the tree-level, it plays a very important
role in O(α).

The finding that the radiative corrections to β-decay in the V -A theory are divergent, while those to muon-decay
are convergent, created a serious theoretical problem since both processes are fundamental observables. Originally,
Feynman, Berman, Kinoshita and Sirlin thought that this conundrum was due to the fact that strong interactions had
been ignored in the calculations of the β-decay corrections. In fact, it was easy to imagine that strong interactions
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where p and E are the momentum and energy of the electron or positron, Em is the end-point energy, β = p/E, mp

the proton mass, Λ the ultraviolet cutoff, and
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is the uncorrected spectrum. In deriving Eq.(41), strong interactions have been neglected, so these results represent
the corrections to the β-decay of “bare nucleons” devoid of hadronic structure. Very small contributions of O(E/mp)
have been also neglected.
The reason why the corrections to β decay are divergent in the V -A theory while those for muon decay are finite,

can be understood in two ways:

i) In contrast to the muon decay case, starting with the interaction Lagrangian of Eq.(30) appropriate to β-decay,
it is not possible to bring the two charged particles into the same covariant while retaining only V and A
interactions. Thus, the analogy with QED discussed in Section II.A is lost in the case of β-decay and the
corrections are divergent.

ii) Using a current algebra formulation, it can be shown that in the V -A theory the divergent part of the corrections
to Fermi transitions is of the form
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where Q̄ is the average charge of the underlying hadronic fields in the process and M a relevant mass. In the
case of Eq.(30), the underlying fields are the neutron and proton so that Q̄ = 1/2 and the divergent part is
(α/2π)P 0d3p 6 ln(Λ/M), in agreement with Eq.(41). In the case of muon decay, the roles of p and n are played
by νµ and µ−, so that Q̄ = −1/2 and Eq.(44) vanishes, consistent with the fact that the corrections to muon
decay are finite in the V -A theory. It is interesting to note that in the corrections proportional to |MF |2, where
MF is the Fermi matrix element, the terms 3 ln(Λ/M) and 6Q̄ ln(Λ/M) in Eq.(44) arise from the vector and
axial vector currents, respectively. Similarly, in Eq.(41) 3 ln(Λ/mp) + g(E,Em) is the contribution from the
vector current while the remaining 3 ln(Λ/mp) + 9/4 emerges from the axial vector current. Thus, although the
axial vector current does not contribute to the Fermi matrix element at the tree-level, it plays a very important
role in O(α).

The finding that the radiative corrections to β-decay in the V -A theory are divergent, while those to muon-decay
are convergent, created a serious theoretical problem since both processes are fundamental observables. Originally,
Feynman, Berman, Kinoshita and Sirlin thought that this conundrum was due to the fact that strong interactions had
been ignored in the calculations of the β-decay corrections. In fact, it was easy to imagine that strong interactions
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where fabc(a, b, c = 1 . . . 8) are the SU(3) structure constants, determines the normalization of the hadronic currents.
SU(3)flavor also led to the fundamental concept of quarks (Gell-Mann, 1964b; Zweig, 1964) and the quark model of
hadrons.

F. Radiative Corrections to β Decay in the V -A Theory

When the CVC hypothesis was formulated, it was natural to suspect that the ≈ 1% difference between GV and Gµ

was due to electromagnetic corrections. Here, we have in mind electromagnetic corrections not contained in Fermi’s
Coulomb-function which is automatically included in the theory of β-decay. However, when the O(α) corrections to
the decay probability of neutron β-decay were calculated by Berman (1958) and Kinoshita and Sirlin (1959a) in the
V -A theory (cf. Eq.(30)), a striking result was found: contrary to the case of muon decay, the O(α) corrections to
β-decay were logarithmically divergent! In particular, the detailed expression found by Kinoshita and Sirlin (1959a)
for the O(α) corrections to the electron or positron spectrum is given by

∆Pd3p =
α

2π
P 0d3p

!

6 ln

"

Λ

mp

#

+ g(E,Em) +
9

4

$

, (41)

g(E,Em) = 3 ln

"

mp

me

#

−
3

4
−

4

β
Li2

"

2β

1 + β

#

+ 4

%

tanh−1 β

β
− 1

& %

(Em − E)

3E
−

3

2
+ ln

!

2(Em − E)

me

$&

+
tanh−1 β

β

%

2(1 + β2) +
(Em − E)2

6E2
− 4 tanh−1 β

&

, (42)

where p and E are the momentum and energy of the electron or positron, Em is the end-point energy, β = p/E, mp

the proton mass, Λ the ultraviolet cutoff, and
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i) In contrast to the muon decay case, starting with the interaction Lagrangian of Eq.(30) appropriate to β-decay,
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where Q̄ is the average charge of the underlying hadronic fields in the process and M a relevant mass. In the
case of Eq.(30), the underlying fields are the neutron and proton so that Q̄ = 1/2 and the divergent part is
(α/2π)P 0d3p 6 ln(Λ/M), in agreement with Eq.(41). In the case of muon decay, the roles of p and n are played
by νµ and µ−, so that Q̄ = −1/2 and Eq.(44) vanishes, consistent with the fact that the corrections to muon
decay are finite in the V -A theory. It is interesting to note that in the corrections proportional to |MF |2, where
MF is the Fermi matrix element, the terms 3 ln(Λ/M) and 6Q̄ ln(Λ/M) in Eq.(44) arise from the vector and
axial vector currents, respectively. Similarly, in Eq.(41) 3 ln(Λ/mp) + g(E,Em) is the contribution from the
vector current while the remaining 3 ln(Λ/mp) + 9/4 emerges from the axial vector current. Thus, although the
axial vector current does not contribute to the Fermi matrix element at the tree-level, it plays a very important
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The finding that the radiative corrections to β-decay in the V -A theory are divergent, while those to muon-decay
are convergent, created a serious theoretical problem since both processes are fundamental observables. Originally,
Feynman, Berman, Kinoshita and Sirlin thought that this conundrum was due to the fact that strong interactions had
been ignored in the calculations of the β-decay corrections. In fact, it was easy to imagine that strong interactions
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could give rise to form factors that would cut off the high-energy contributions of the virtual photons. If so, Λ in
Eqs.(41,44) was expected to be of the order of magnitude of the nucleon mass MN ≈ 1 GeV. The same point of view
was strongly advocated by (Källén, 1967). A further complication at the time was that for Λ ∼> 1 GeV the radiative
corrections increased the difference between GV and Gµ! The situation, as it existed in 1960, was summarized by
(Feynman, 1960).
The statement of universality was significantly changed when Cabibbo (1963) proposed his theory of semileptonic

decays, constructed on the basis of SU(3)flavor currents. Rather than stating GV (∆S = 0) = Gµ, the principle of
universality was expressed as

GV (∆S = 0) = Gµ cos θc; GV (∆S = 1) = Gµ sin θc , (45)

where θc is the Cabibbo angle. Thus, in the new framework we had

G2
µ = G2

V (∆S = 0) +G2
V (∆S = 1) . (46)

Eq.(45) had two important consequences: by adjusting appropriately sin θc, it successfully described the fact that
∆S = 1 semileptonic decays are significantly suppressed relative to ∆S = 0 processes and, furthermore, the radiative
corrections with Λ ∼> 1 GeV had an effect that was at least in the right direction to comply with Eqs.(45,46).
In the 1960’s there were other developments that also contributed significantly to the analysis of universality.

Behrends and Sirlin (1960) showed that if the conservation of SU(2) vector currents (such as the isospin currents) is
broken by mass splittings, their matrix elements at zero momentum transfer are not renormalized to first order in
the symmetry-breaking parameters. They also conjectured the generalization of this theorem to higher symmetries.
The results were confirmed by Terent’ev (1963) on the basis of a different argument. Ademollo and Gatto (1964)
independently derived the analogous theorem for SU(3) vector currents. This non-renormalization theorem plays an
important role in the analysis of universality: in the SU(2) case it applies to β decay, while in the SU(3) context it is
relevant for the ∆S = 1 semileptonic decays.
In 1966, there was another very important and surprising development. Bjorken (1966), using current algebra

methods, reached the conclusion that the strong interactions do not tame the logarithmic divergence of the radiative
corrections to the Fermi transitions in β decay. Thus, according to this approach, the cutoff Λ did not arise from
the strong interactions! The analysis was extended by Abers, Norton, and Dicus (1967), who studied the divergent
part of the corrections to the Fermi amplitude arising from the axial vector current. In their work, they applied
the Bjorken-Johnson-Low limit (Bjorken, 1966; Johnson and Low, 1966) with a simplified, canonical evaluation of
the relevant commutators. Sirlin (1967a), using a very different approach, showed that the function g(E,Em), which
describes the corrections to the electron or positron spectrum in β decay (cf. Eq.(42)), is valid in the presence of the
strong interactions, provided one neglects small contributions of O(αE/M), where M is a relevant hadronic mass.
The approach employed in Sirlin (1967a), the so-called 1/k method, consists in separating out, in a gauge-invariant
manner, the contributions that behave as 1/k as k → 0 in the hadronic parts of the Feynman integrals, where k is
the virtual photon four-momentum. Such contributions are not affected by the strong interactions and lead to the
function g(E,Em). The remaining contributions are shown to fall into two classes: constant amplitudes, independent
of E and Em, which are affected by the strong interactions, but can be absorbed by suitable redefinitions of the vector
and axial vector coupling constants gV and gA, and very small terms of O(αE/M) which are neglected. This method
was extended to treat other observables such as the longitudinal polarization of electrons or positrons (Sirlin, 1967a)
and the asymmetry from polarized nuclei in β decay (Garcia and Maya, 1978; Gluck and Toth, 1992; Shann, 1971;
Yokoo, Suzuki, and Morita, 1973). The current algebra formulation and the 1/k method finally overlapped when, in a
subsequent paper, Abers, Dicus, Norton, and Quinn (1968) were able to obtain not only the divergent parts, but also
the corrections to the energy spectrum described by the function g(E,Em). In fact, the current algebra formulation
led to the important conclusion that, neglecting very small contributions of O(αE/M), the O(α) corrections to the
Fermi amplitude arising from the vector current are not affected by the strong interactions, and it appeared that
the divergent contributions involving the axial vector current were also known. Although other methods to evaluate
the radiative corrections to β-decay were pursued, most notably by Källén (1967), the current algebra formulation
became the prevalent approach.
Thus, in 1967 the situation regarding the radiative corrections to β-decay was both interesting and perplexing. On

the one-hand, the current algebra approach had been the basis of great technical progress. On the other hand, there was
the great difficulty that in the V -A local Fermi theory the corrections are divergent! At the time, two different solutions
to this serious problem were suggested: i) Cabibbo, Maiani, and Preparata (1967a,b) and Johnson, Low, and Suura
(1967) proposed to modify the space-space commutators of the current algebra of hadronic currents in such a way that
the radiative corrections to β-decay become convergent ii) Sirlin (1967b) proposed that the solution to the dilemma lies
instead in an extension of the Fermi theory involving charged intermediate bosons W±. The argument was that in this
framework the leading divergent contributions to muon and β-decay are the same, so that they can be absorbed in a
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the relevant commutators. Sirlin (1967a), using a very different approach, showed that the function g(E,Em), which
describes the corrections to the electron or positron spectrum in β decay (cf. Eq.(42)), is valid in the presence of the
strong interactions, provided one neglects small contributions of O(αE/M), where M is a relevant hadronic mass.
The approach employed in Sirlin (1967a), the so-called 1/k method, consists in separating out, in a gauge-invariant
manner, the contributions that behave as 1/k as k → 0 in the hadronic parts of the Feynman integrals, where k is
the virtual photon four-momentum. Such contributions are not affected by the strong interactions and lead to the
function g(E,Em). The remaining contributions are shown to fall into two classes: constant amplitudes, independent
of E and Em, which are affected by the strong interactions, but can be absorbed by suitable redefinitions of the vector
and axial vector coupling constants gV and gA, and very small terms of O(αE/M) which are neglected. This method
was extended to treat other observables such as the longitudinal polarization of electrons or positrons (Sirlin, 1967a)
and the asymmetry from polarized nuclei in β decay (Garcia and Maya, 1978; Gluck and Toth, 1992; Shann, 1971;
Yokoo, Suzuki, and Morita, 1973). The current algebra formulation and the 1/k method finally overlapped when, in a
subsequent paper, Abers, Dicus, Norton, and Quinn (1968) were able to obtain not only the divergent parts, but also
the corrections to the energy spectrum described by the function g(E,Em). In fact, the current algebra formulation
led to the important conclusion that, neglecting very small contributions of O(αE/M), the O(α) corrections to the
Fermi amplitude arising from the vector current are not affected by the strong interactions, and it appeared that
the divergent contributions involving the axial vector current were also known. Although other methods to evaluate
the radiative corrections to β-decay were pursued, most notably by Källén (1967), the current algebra formulation
became the prevalent approach.
Thus, in 1967 the situation regarding the radiative corrections to β-decay was both interesting and perplexing. On

the one-hand, the current algebra approach had been the basis of great technical progress. On the other hand, there was
the great difficulty that in the V -A local Fermi theory the corrections are divergent! At the time, two different solutions
to this serious problem were suggested: i) Cabibbo, Maiani, and Preparata (1967a,b) and Johnson, Low, and Suura
(1967) proposed to modify the space-space commutators of the current algebra of hadronic currents in such a way that
the radiative corrections to β-decay become convergent ii) Sirlin (1967b) proposed that the solution to the dilemma lies
instead in an extension of the Fermi theory involving charged intermediate bosons W±. The argument was that in this
framework the leading divergent contributions to muon and β-decay are the same, so that they can be absorbed in a

3

UV cut-off

Current algebra: UV div. part 
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where fabc(a, b, c = 1 . . . 8) are the SU(3) structure constants, determines the normalization of the hadronic currents.
SU(3)flavor also led to the fundamental concept of quarks (Gell-Mann, 1964b; Zweig, 1964) and the quark model of
hadrons.

F. Radiative Corrections to β Decay in the V -A Theory

When the CVC hypothesis was formulated, it was natural to suspect that the ≈ 1% difference between GV and Gµ

was due to electromagnetic corrections. Here, we have in mind electromagnetic corrections not contained in Fermi’s
Coulomb-function which is automatically included in the theory of β-decay. However, when the O(α) corrections to
the decay probability of neutron β-decay were calculated by Berman (1958) and Kinoshita and Sirlin (1959a) in the
V -A theory (cf. Eq.(30)), a striking result was found: contrary to the case of muon decay, the O(α) corrections to
β-decay were logarithmically divergent! In particular, the detailed expression found by Kinoshita and Sirlin (1959a)
for the O(α) corrections to the electron or positron spectrum is given by

∆Pd3p =
α

2π
P 0d3p

!

6 ln

"

Λ

mp

#

+ g(E,Em) +
9

4

$

, (41)

g(E,Em) = 3 ln

"

mp

me

#

−
3

4
−

4

β
Li2

"

2β

1 + β

#

+ 4

%

tanh−1 β

β
− 1

& %

(Em − E)

3E
−

3

2
+ ln

!

2(Em − E)

me

$&

+
tanh−1 β

β

%

2(1 + β2) +
(Em − E)2

6E2
− 4 tanh−1 β

&

, (42)

where p and E are the momentum and energy of the electron or positron, Em is the end-point energy, β = p/E, mp

the proton mass, Λ the ultraviolet cutoff, and

P 0d3p =
8G2

V

(2π)4
(Em − E)2d3p (43)

is the uncorrected spectrum. In deriving Eq.(41), strong interactions have been neglected, so these results represent
the corrections to the β-decay of “bare nucleons” devoid of hadronic structure. Very small contributions of O(E/mp)
have been also neglected.
The reason why the corrections to β decay are divergent in the V -A theory while those for muon decay are finite,

can be understood in two ways:

i) In contrast to the muon decay case, starting with the interaction Lagrangian of Eq.(30) appropriate to β-decay,
it is not possible to bring the two charged particles into the same covariant while retaining only V and A
interactions. Thus, the analogy with QED discussed in Section II.A is lost in the case of β-decay and the
corrections are divergent.

ii) Using a current algebra formulation, it can be shown that in the V -A theory the divergent part of the corrections
to Fermi transitions is of the form

α

2π
P 0d3p 3[1 + 2Q̄] ln(Λ/M) , (44)

where Q̄ is the average charge of the underlying hadronic fields in the process and M a relevant mass. In the
case of Eq.(30), the underlying fields are the neutron and proton so that Q̄ = 1/2 and the divergent part is
(α/2π)P 0d3p 6 ln(Λ/M), in agreement with Eq.(41). In the case of muon decay, the roles of p and n are played
by νµ and µ−, so that Q̄ = −1/2 and Eq.(44) vanishes, consistent with the fact that the corrections to muon
decay are finite in the V -A theory. It is interesting to note that in the corrections proportional to |MF |2, where
MF is the Fermi matrix element, the terms 3 ln(Λ/M) and 6Q̄ ln(Λ/M) in Eq.(44) arise from the vector and
axial vector currents, respectively. Similarly, in Eq.(41) 3 ln(Λ/mp) + g(E,Em) is the contribution from the
vector current while the remaining 3 ln(Λ/mp) + 9/4 emerges from the axial vector current. Thus, although the
axial vector current does not contribute to the Fermi matrix element at the tree-level, it plays a very important
role in O(α).

The finding that the radiative corrections to β-decay in the V -A theory are divergent, while those to muon-decay
are convergent, created a serious theoretical problem since both processes are fundamental observables. Originally,
Feynman, Berman, Kinoshita and Sirlin thought that this conundrum was due to the fact that strong interactions had
been ignored in the calculations of the β-decay corrections. In fact, it was easy to imagine that strong interactions

 average charge of fields involved:  but Q̄ : 1 + 2Q̄μ,νμ
= 0 1 + 2Q̄n,p = 2



Precision determination of Vud

Standard Model
3 interactions, 3 generations of quarks and leptons, Higgs

Charged current interaction - β-decay (μ, π±, n)

π±

μ±

ν (anti-ν)

μ-
e-

νμ 

-νe 
n

e-

-νe 

p

CKM - Determines the relative strength of the  
weak CC interaction of quarks vs. that of leptons

CKM unitarity - measure of completeness of the SM:  |Vud|2+ |Vus|2+ |Vub|2=1

W coupling to leptons and hadrons very close but not exactly the same:  
quark mixing - Cabbibo-Kabayashi-Maskawa matrix

4

1960’s: electroweak theory - SU(2)L x U(1)Y, massive W, Z bosons, EW mixing, …



Vud and CKM unitarity in early 2018 
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CKM unitarity: Vud the main contributor  
to the sum and to the uncertainty

|Vud|2 = 0.94906± 0.00041

|Vub|2 = 0.00002

|Vus|2 = 0.05031± 0.00022

0+-0+ nuclear decays

Kl3 and Kl2 average

B decays

|Vud|2 + |Vus|2 + |Vub|2 = 0.9994± 0.0005
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|Vud |2 =
5099.34s

τn(1 + 3g2
A)(1+ΔR)

|Vud |2 =
2984.43s

ℱt(1+ΔV
R)

From neutron decay

From superallowed decays



Why are superallowed decays special?
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Superallowed 0+-0+ nuclear decays:  
- only conserved vector current (unlike the neutron decay and other mirror decays) 
- many decays (unlike pion decay) 
- all decay rates should be the same modulo phase space

Experiment: f - phase space (Q value) and t - partial half-life (t1/2, branching ratio)

����

��
�
	

��
�
�
��
�
��
��
���

��

��

��

��

���	
�����
���������
�� �� �� �� ����

����

�����

�
	�

����

�
�
���

���� � !�!������������� 
�!"������� �

��#$�%&'()�*+
� ���������� ��

���
����

��,�

����

����
����

��-�

����

����

����

����

����

��,�

��-�

���.��� /��

����0� �0���.����� /���1�.� �1�� /��� � ��
2

��3 �.����� /4 �

�

���,�5&6*6�78�)���19&:'*6�;*&6'+*%
�# <���;#+*�5&6*6�=�>��?�@+*5868#A
78�)� >�>��1�>�?�@+*5868#A

���B����8A%898%'&:�;*&6'+*;*A�6
78�)�5#;@&�8�:*�@+*5868#A
��

C&+%D�E��#7A*+
����-����������.����/
'@%&�*%��#�����

��

��-�

����

����

����

����

��,�

���
��� ��;!:

���: �,;2
���5

��4
���A

���#

�������(

��!+

��3&�,�&

����

��
�
	

��
�
�
��
�
��
��
���

��

��

��

��

���	
�����
���������
�� �� �� �� ����

����

�����

�
	�

����

�
�
���

���� � !�!������������� 
�!"������� �

��#$�%&'()�*+
� ���������� ��

���
����

��,�

����

����
����

��-�

����

����

����

����

����

��,�

��-�

���.��� /��

����0� �0���.����� /���1�.� �1�� /��� � ��
2

��3 �.����� /4 �

�

���,�5&6*6�78�)���19&:'*6�;*&6'+*%
�# <���;#+*�5&6*6�=�>��?�@+*5868#A
78�)� >�>��1�>�?�@+*5868#A

���B����8A%898%'&:�;*&6'+*;*A�6
78�)�5#;@&�8�:*�@+*5868#A
��

C&+%D�E��#7A*+
����-����������.����/
'@%&�*%��#�����

��

��-�

����

����

����

����

��,�

���
��� ��;!:

���: �,;2
���5

��4
���A

���#

�������(

��!+

��3&�,�&

����

��
�
	

��
�
�
��
�
��
��
���

��

��

��

��

���	
�����
���������
�� �� �� �� ����

����

�����

�
	�

����

�
�
���

���� � !�!������������� 
�!"������� �

��#$�%&'()�*+
� ���������� ��

���
����

��,�

����

����
����

��-�

����

����

����

����

����

��,�

��-�

���.��� /��

����0� �0���.����� /���1�.� �1�� /��� � ��
2

��3 �.����� /4 �

�

���,�5&6*6�78�)���19&:'*6�;*&6'+*%
�# <���;#+*�5&6*6�=�>��?�@+*5868#A
78�)� >�>��1�>�?�@+*5868#A

���B����8A%898%'&:�;*&6'+*;*A�6
78�)�5#;@&�8�:*�@+*5868#A
��

C&+%D�E��#7A*+
����-����������.����/
'@%&�*%��#�����

��

��-�

����

����

����

����

��,�

���
��� ��;!:

���: �,;2
���5

��4
���A

���#

�������(

��!+

��3&�,�&

ft values: same within ~2% but not exactly! 
Reason: SU(2) slightly broken 
a. RC (e.m. interaction does not conserve isospin) 
b. Nuclear WF are not SU(2) symmetric  
      (proton and neutron distribution not the same)
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Modified ft-values to include these effects

Ft = ft(1 + �0R)[1� (�C � �NS)]

Ft = 3072.1± 0.7

Average
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δ’R - “outer” correction (depends on e-energy) - QED

• Pioneering work by Sirlin (Phys.Rev. 164, 1767 (1967) , before the 
establishment of SM) was to separate RC into two pieces:

1. “Outer” correction: depends critically on the electron spectrum 
but not on the details of strong and weak interaction

2. “Inner” correction: depends on the details of strong and weak 
interaction but not so much on the electron spectrum

• The “outer” contributions are obtained by retaining only the IR-
singular pieces in the loop diagrams

• Bremsstrahlung diagrams are also needed to cancel IR divergence

Radiative Corrections:Pre-SM

5
Diagrams taken from Ando et al, PLB 595 (2004) 250
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δC - SU(2) breaking in the nuclear matrix elements 
- mismatch of radial WF in parent-daughter 
- mixing of different isospin states
δNS - RC depending on the nuclear structure 
δC,δNS - energy independent

Hardy, Towner 1973 - 2018
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.
Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].

In this Letter, we introduce a new approach for eval-
uating �V

R based on dispersion relations which relate
it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)
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Contributions of these diagrams are either exactly known (by CA) or depend only on UV 
physics which can be computed perturbatively

Radiative Corrections: Modern Treatment
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The only piece that depends on physics at hadronic scale is the V*A term in the Wγ−box 
diagram:

Its contribution to Rec (“m.d”: model-dependent) is:

where the forward Compton amplitude is defined as:

q q

Radiative Corrections: Modern Treatment

W,Z-exchange:  
UV-sensitive, pQCD;  
model-independent
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1. “Outer” correction: depends critically on the electron spectrum 
but not on the details of strong and weak interaction

2. “Inner” correction: depends on the details of strong and weak 
interaction but not so much on the electron spectrum

• The “outer” contributions are obtained by retaining only the IR-
singular pieces in the loop diagrams

• Bremsstrahlung diagrams are also needed to cancel IR divergence
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Outer (depend on e-energy): retain only IR divergent pieces 

Inner (energy-independent - take E=0)

When 𝛾 involved:  
sensitive to long range physics; 
model-dependent!
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3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.
Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.
The master formula relating the CKM matrix element

|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].

In this Letter, we introduce a new approach for eval-
uating �V

R based on dispersion relations which relate
it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)

Until recently: best determination Marciano & Sirlin 2006
8

Separation due to scale hierarchy: me = 0.511 MeV, Q = Mn - Mp = 1.3 MeV; 
Q/me not small, need to account for exactly.  
Coulomb distortion: resummation of (Z𝛼)n —> Dirac equation in the Coulomb field 
IR finite piece: can set me=0 —> if energy-dependent ~ (𝛼/2𝜋) x (E/Λhad)  
Hadronic structure: relevant scale ~ mπ = 140 MeV - on top of α/2𝜋 ∼ 10-3 —> 10-5 effect <<

V x V correlator protected by CVC - no hadronic uncertainty 
Axial vector not conserved —> A x V correlator from 𝛾W box sensitive to hadron structure

ΔV
R = 2□A×V

γW + model independent



Vud and CKM unitarity in early 2018 
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CKM unitarity: Vud the main contributor  
to the sum and to the uncertainty

|Vud|2 = 0.94906± 0.00041

|Vub|2 = 0.00002

|Vus|2 = 0.05031± 0.00022

0+-0+ nuclear decays

Kl3 and Kl2 average

B decays

|Vud|2 + |Vus|2 + |Vub|2 = 0.9994± 0.0005
� ���� ���� ��������	
����������� �� ��
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|Vud |2 =
5099.34s

τn(1 + 3g2
A)(1+ΔR)

|Vud |2 =
2984.43s

ℱt(1+ΔV
R)



Vud and CKM unitarity in Fall 2018 
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CKM unitarity: Vud und Vus contribute  
equally to the uncertainty

0+-0+ nuclear decays

Kl3 decays
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��Vud = 0 . 97366 ± 0 . 00015

Seng, MG, Patel, Ramsey-Musolf, 1807.10197

|Vud |2 = 0.94801 ± 0.00029|Vud |2 + |Vus |2 + |Vub |2 = 0.9979 ± 0.0004

|Vus |2 = 0.04987 ± 0.00027

Bazavov et al. (FNAL/MILC), 1809.02827



Vud and CKM unitarity in December 2018 
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PERKEO-III 
Märkisch et al., 1812.04666

gA = − 1.2723(23)

PDG2018

gA = − 1.2764(6)

Vud from free neutron decay

Major improvement in exp. determination of gA

Revision of nuclear corrections to 0+- 0+-beta decay
Seng, MG, Ramsey-Musolf, 1812.03352; MG 1812.04229

Vud = 0.97366(10)Ft(10)RC Vud = 0.97366(32)Ft(10)RC

Free neutron decay becomes competitive; 
Limitation: the lifetime (also, beam vs. bottle) 

Scrutiny of nuclear corrections with new methods

Vud = 0.9763(5)τn
(15)gA

(2)RC Vud = 0.9735(5)τn
(3)gA

(1)RC

Δu = − (0.0016 − 0.0021) ± 0.0006
Top-row unitarity: 2,5-3,5  deficitσ

(depending on Vus)



𝛾W-box from Dispersion Relations
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FIG. 1: The �W -box diagram relevant for the �
� neutron decay.

III. DISPERSION REPRESENTATION OF THE ”INNER” �W -BOX CORRECTION TO gV .

The �W -box correction is shown in Fig. 1, and is defined as

T�W =
p
2e2GFVud

Z
d4q

(2⇡)4
ūe�µ(k/� q/+me)�⌫(1� �5)v⌫

q2[(k � q)2 �m2
e]

M2
W

q2 �M2
W

T �W
µ⌫ , (6)

where k is the outgoing momentum of the electron. The forward generalized Compton tensor for the �� decay process
W+n ! �p (W�p ! �n for the �+ process relevant for nuclei) represented by the lower blob in Fig. 1 is given by

Tµ⌫
�W =

Z
dxeiqxhp|T [Jµ

em(x)J⌫
W (0)]|ni (7)

with the following definitions of the electromagnetic and charged weak current:

Jµ
em =

2

3
ū�µu�

1

3
d̄�µd

Jµ
W = ūL�

µdL. (8)

Notice that the definition of Tµ⌫
�W above follows that in Ref. [6], which has a di↵erence of factor i comparing to more

common definitions in the analysis of deep-inelastic processes.
As the box diagram contains only one heavy boson propagator, it receives contribution from the loop momentum

q of all scales, ranging from infrared (i.e. q ⇠ me) to ultraviolet. The infrared-singular piece in T�W , together with
the electron and proton wavefunction renormalization as well as the real-photon bremsstrahlung diagrams, give rise
to the Fermi function F (�) and the outer-corrections �(1,2) which are known analytically. In the meantime, most
parts of the inner corrections from T�W to gV are either exactly known due to current algebra or depend only on
physics at high-scale and so are perturbatively calculable. The only piece that depends on the physics at the hadron
scale involves the vector-axial vector correlator in Tµ⌫

�W . Following a notation similar to that in Ref. [2], we define its
correction to the tree-level W -exchange amplitude as:

TW + TV A
�W = �

p
2GFVud

�
1 +⇤V A

�W

�
ūep/(1� �5)v⌫ , (9)

and so its connection to the older notation in [5] is just ⇤V A
�W = (↵/2⇡) (Re c)V A

�W . The explicit expression of ⇤V A
�W is

given by:

⇤V A
�W = 4⇡↵Re

Z
d4q

(2⇡)4
M2

W

M2
W +Q2

Q2 + ⌫2

Q4

T3(⌫, Q2)

M⌫
(10)

where Q2 = �q2, ⌫ = p · q/M with M the average nucleon mass, and T3(⌫, Q2) the parity-odd spin-independent
invariant amplitude of the forward Compton tensor Tµ⌫

�W defined through:

Tµ⌫
�W =

✓
�gµ⌫ +

qµq⌫

q2

◆
T1 +

1

(p · q)

✓
p�

(p · q)

q2
q

◆µ ✓
p�

(p · q)

q2
q

◆⌫

T2 +
i✏µ⌫↵�p↵q�
2(p · q)

T3. (11)

Notice that since ⇤V A
�W is insensitive to physics at the scale q ⇠ me, we have set me, k ! 0 as well as mn = mp = M

to arrive Eq. (10). Furthermore, the fact that the electromagnetic current comes as a mixture of an isoscalar and
isovector permits a decomposition of the forward amplitude in two isospin channels,

T3 = T (0)
3 + T (3)

3 . (12)

Hadronic tensor: two-current correlator

Box at zero momentum transfer* (but with energy dependence)

3

FIG. 1: The �W -box diagram relevant for the �
� neutron decay.

III. DISPERSION REPRESENTATION OF THE ”INNER” �W -BOX CORRECTION TO gV .

The �W -box correction is shown in Fig. 1, and is defined as

T�W =
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d4q
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q2[(k � q)2 �m2
e]
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q2 �M2
W

T �W
µ⌫ , (6)

where k is the outgoing momentum of the electron. The forward generalized Compton tensor for the �� decay process
W+n ! �p (W�p ! �n for the �+ process relevant for nuclei) represented by the lower blob in Fig. 1 is given by

Tµ⌫
�W =

Z
dxeiqxhp|T [Jµ

em(x)J⌫
W (0)]|ni (7)

with the following definitions of the electromagnetic and charged weak current:

Jµ
em =

2
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ū�µu�

1

3
d̄�µd

Jµ
W = ūL�

µdL. (8)

Notice that the definition of Tµ⌫
�W above follows that in Ref. [6], which has a di↵erence of factor i comparing to more

common definitions in the analysis of deep-inelastic processes.
As the box diagram contains only one heavy boson propagator, it receives contribution from the loop momentum

q of all scales, ranging from infrared (i.e. q ⇠ me) to ultraviolet. The infrared-singular piece in T�W , together with
the electron and proton wavefunction renormalization as well as the real-photon bremsstrahlung diagrams, give rise
to the Fermi function F (�) and the outer-corrections �(1,2) which are known analytically. In the meantime, most
parts of the inner corrections from T�W to gV are either exactly known due to current algebra or depend only on
physics at high-scale and so are perturbatively calculable. The only piece that depends on the physics at the hadron
scale involves the vector-axial vector correlator in Tµ⌫

�W . Following a notation similar to that in Ref. [2], we define its
correction to the tree-level W -exchange amplitude as:

TW + TV A
�W = �

p
2GFVud

�
1 +⇤V A

�W

�
ūep/(1� �5)v⌫ , (9)

and so its connection to the older notation in [5] is just ⇤V A
�W = (↵/2⇡) (Re c)V A

�W . The explicit expression of ⇤V A
�W is

given by:

⇤V A
�W = 4⇡↵Re
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d4q

(2⇡)4
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W

M2
W +Q2

Q2 + ⌫2

Q4

T3(⌫, Q2)

M⌫
(10)

where Q2 = �q2, ⌫ = p · q/M with M the average nucleon mass, and T3(⌫, Q2) the parity-odd spin-independent
invariant amplitude of the forward Compton tensor Tµ⌫

�W defined through:

Tµ⌫
�W =
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Notice that since ⇤V A
�W is insensitive to physics at the scale q ⇠ me, we have set me, k ! 0 as well as mn = mp = M

to arrive Eq. (10). Furthermore, the fact that the electromagnetic current comes as a mixture of an isoscalar and
isovector permits a decomposition of the forward amplitude in two isospin channels,

T3 = T (0)
3 + T (3)

3 . (12)

General gauge-invariant decomposition of a spin-independent tensor

12

Tμν
γW = ∫ dxeiqx⟨ f |T[Jμ

em(x)Jν,±
W (0)] | i⟩

*Precision goal: 10-4; RC ~ 𝛼/2𝜋 ~ 10-3; recoil on top - negligible
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The only piece that depends on physics at hadronic scale is the V*A term in the Wγ−box 
diagram:

Its contribution to Rec (“m.d”: model-dependent) is:

where the forward Compton amplitude is defined as:

q q

Radiative Corrections: Modern Treatment

TγW = −
α
2π

2GFVud ∫
d4qM2

W

q2(M2
W − q2)

ūeγβ(1 − γ5)uν ∑
i

Cβ
i (E, ν, q2)T γW

i (ν, q2)

Loop integral with generally unknown forward amplitudes

Known algebraic functions of external energy E and loop variables 𝜈, q2

pμ = (M, ⃗0 )

E = (pk)/M

ν = (pq)/M
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diagram:

Its contribution to Rec (“m.d”: model-dependent) is:
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Radiative Corrections: Modern Treatment
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FIG. 1: The �W -box diagram relevant for the �
� neutron decay.

III. DISPERSION REPRESENTATION OF THE ”INNER” �W -BOX CORRECTION TO gV .

The �W -box correction is shown in Fig. 1, and is defined as

T�W =
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where k is the outgoing momentum of the electron. The forward generalized Compton tensor for the �� decay process
W+n ! �p (W�p ! �n for the �+ process relevant for nuclei) represented by the lower blob in Fig. 1 is given by
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with the following definitions of the electromagnetic and charged weak current:

Jµ
em =

2

3
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Notice that the definition of Tµ⌫
�W above follows that in Ref. [6], which has a di↵erence of factor i comparing to more

common definitions in the analysis of deep-inelastic processes.
As the box diagram contains only one heavy boson propagator, it receives contribution from the loop momentum

q of all scales, ranging from infrared (i.e. q ⇠ me) to ultraviolet. The infrared-singular piece in T�W , together with
the electron and proton wavefunction renormalization as well as the real-photon bremsstrahlung diagrams, give rise
to the Fermi function F (�) and the outer-corrections �(1,2) which are known analytically. In the meantime, most
parts of the inner corrections from T�W to gV are either exactly known due to current algebra or depend only on
physics at high-scale and so are perturbatively calculable. The only piece that depends on the physics at the hadron
scale involves the vector-axial vector correlator in Tµ⌫

�W . Following a notation similar to that in Ref. [2], we define its
correction to the tree-level W -exchange amplitude as:

TW + TV A
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1 +⇤V A
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ūep/(1� �5)v⌫ , (9)

and so its connection to the older notation in [5] is just ⇤V A
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�W . The explicit expression of ⇤V A
�W is

given by:
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where Q2 = �q2, ⌫ = p · q/M with M the average nucleon mass, and T3(⌫, Q2) the parity-odd spin-independent
invariant amplitude of the forward Compton tensor Tµ⌫

�W defined through:
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Notice that since ⇤V A
�W is insensitive to physics at the scale q ⇠ me, we have set me, k ! 0 as well as mn = mp = M

to arrive Eq. (10). Furthermore, the fact that the electromagnetic current comes as a mixture of an isoscalar and
isovector permits a decomposition of the forward amplitude in two isospin channels,

T3 = T (0)
3 + T (3)
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Q2 = -q2 
ν = (pq)/M

Marciano & Sirlin used loop techniques:

5

FIG. 3: Idealized structure of virtual photoabsorption on the nucleon (upper panel) and nuclei (lower panel). Plot taken from
the web but we’d need to make one ourselves.

Caution: We need to put back the superscript V A to ⇤�W because ⇤�W 6= ⇤V A
�W !! (i.e. V ⇥ A is NOT the only

non-zero piece in �W box diagram)
Compared to the old result by MS

⇤V A
�W =

↵

8⇡

Z 1

0

dQ2M2
W

M2
W +Q2

F (Q2), (17)

which only explicitly considered Q2 as a dynamical variable, our result allows for a greater detalization as we provide
a dispersion representation of that function,

F (Q2) =

Z 1

0
d⌫

8(⌫ + 2q)

M⌫(⌫ + q)2
F (0)
3 (⌫, Q2). (18)

This is the first essentially new result of our work. Armed with this new dispersive representation we can address
model dependence of the box graph calculation on a qualitatively new level. In doing so we can also rely on experi-
mental data: while F �W

3 (⌫, Q2) itself is not directly observable, its weak isospin partners F �Z
3 (⌫, Q2), FZZ

3 (⌫, Q2) and
FWW
3 (⌫, Q2) enter observables in inclusive electron and neutrino scattering.

IV. PHYSICS INPUT INTO THE DISPERSION RELATION FOR F
�W
3

It is informative to take a look at the general structure of the virtual photoabsorption spectrum displayed in Fig.
3. For a fixed value of Q2 one clearly sees three major structures as one goes from low to high energy ⌫: elastic peak
at Q2/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting
from the pion threshold [Q2 + (M +m⇡)2 �M2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy

𝛾W-box by Marciano & Sirlin

Short distance Q2>> FDIS(Q2) =
1

Q2 ⇤DIS
�W =

↵

8⇡

Z 1

⇤2

dQ2M2
W

M2
W +Q2

FDIS(Q2) =
↵

4⇡
ln

MW

⇤

Long distance Q2<< - elastic box

GORCHTEIN, HOROWITZ, AND RAMSEY-MUSOLF PHYSICAL REVIEW C 84, 015502 (2011)

As discussed in Ref. [5], the Standard Model prediction for
the PV asymmetry in the forward regime can be expressed as

APV = GF t

4
√

2παem

!
(1 + #ρ + #e)(1 − 4 sin2 θ̂W (0) + #′

e)

+ !WW + !ZZ + !γZ

"
+ . . . , (12)

where θ̂W (0) is the running weak mixing angle in the MS
scheme at zero momentum transfer [7]. The correction #ρ is
a universal radiative correction to the relative normalization
of the neutral and charged current amplitudes; the #e and #′

e

give, respectively, nonuniversal corrections to the axial vector
Zee and γ ee couplings; the !V V for V = W,Z, γ give the
nonuniversal box graph corrections; and the “+ · · · ” indicate
terms that vanish with higher powers of t in the forward limit,
such as those arising from the magnetic and strange quark form
factors and the two-photon dispersion correction, !γ γ . The
weak charge of the proton, considered as a static property, is
given by the quantity in the squark brackets in the zero-energy
limit.

Within the radiative corrections, the TBE effects are
separated explicitly. This is done because the TBE corrections,
unlike other corrections in the above equation, are in general
ν and t dependent. In particular, the ν (or ε) dependence of
the γ γ -box is believed to be responsible for the discrepancy
between the Rosenbluth and polarization transfer data for
G

γ
E/G

γ
M [18]. It should be noted that in the exact forward

direction !γ γ vanishes as a consequence of electromagnetic
gauge invariance.

The WW and ZZ-box diagrams were first considered in [8]
and subsequently investigated in Refs. [5,19]. The contribution
from !WW in particular is relatively large. Both corrections
are ν independent at any hadronic energy scale because they
are dominated by exchange of hard momenta in the loop
∼ MW,MZ . Higher-order perturbative QCD corrections to
!WW and !ZZ were computed in Ref. [5], and the overall
theoretical uncertainty associated with these contributions is
well below the expected uncertainty of the Q-Weak experi-
ment.

In contrast to !WW and !ZZ , !γZ receives substantial
contributions from loop momenta at all scales. For the electron
energy-independent contribution, this situation leads to the
presence of a large logarithm ln MZ/)had, where )had is a
typical hadronic scale [5,8,19]. Because the asymmetry must
be independent of the latter, !γZ includes also a “low-energy
constant” CγZ()had) whose hadronic scale dependence com-
pensates for that appearing in the logarithm. An analogous Wγ
box correction enters the vector current contribution to neutron
and nuclear β decay. Importantly for the PV asymmetry, these
energy-independent γZ box contributions are suppressed by
1 − 4 sin2 θW , thereby suppressing the associated theoretical
uncertainty.

In Ref. [11], the γZ-box contribution was reexamined in
the framework of dispersion relations and it was found that
it possesses a considerable energy dependence, so that at
energies in the GeV range its value can differ significantly from
that found at zero energy. Moreover, the energy-dependent
correction contains a term that is not 1 − 4 sin2 θW suppressed,
so the theoretical uncertainty associated with hadronic-scale

contributions is potentially more significant. This energy de-
pendence comes through contributions from hadronic energy
range inside the loop that cannot be calculated reliably using
perturbative techniques.

At present, a complete first-principles computation is not
feasible, forcing one to rely on hadronic modeling. For a proper
interpretation of the PV asymmetry, it is thus important to
investigate the theoretical hadronic model uncertainty. The
remainder of the paper is devoted to this task. In so doing, we
attempt to reduce this model uncertainty by relating–wherever
possible–contributions from hadronic intermediate states to
experimental PC electroproduction data through the use of a
dispersion relation and isospin rotation. As a corollary, we also
identify future experimental measurements, such as those of
the PV inelastic asymmetry in the regime of moderate Q2 and
W , that could be helpful in reducing the theoretical uncertainty.

III. DISPERSION CORRECTIONS

To calculate the real part of the γZ direct and crossed
box diagrams shown in Fig. 1, we follow [11] and adopt a
dispersion relation formalism. We start with the calculation
of the imaginary part of the direct box (the crossed box
contribution to the real part will be calculated using crossing),

ImTγZ = −GF√
2

e2

(2π )3

#
d3k⃗1

2E1

lµν · W
µν
γZ

Q2
$
1 + Q2/M2

Z

% , (13)

where Q2 = −(k − k1)2 denotes the virtuality of the ex-
changed photon and Z (in the forward direction they carry
exactly the same Q2), and we explicitly set the intermediate
electron on shell. In the center of mass of the (initial) electron
and proton, one has E1 = s−W 2

2
√

s
, with s the full c.m. energy

squared and W the invariant mass of the intermediate hadronic
state. Note that for on-shell intermediate states, the exchanged
bosons are always spacelike.

The leptonic tensor is given by

lµν = ū(k′)γνk/1γµ

$
ge

V + ge
Aγ5

%
u(k). (14)

We next turn to the lower part of the diagrams in Fig. 1. The
blobs stand for an inclusive sum over all possible hadronic
intermediate states, starting from the ground state (i.e., the
nucleon itself) and on to a sum over the whole nucleon
photoabsorption spectrum. The case of the elastic hadronic
intermediate state was considered in Ref. [20]. Here we
concentrate on the inelastic contribution. Such contributions
arise from the absorption of a photon (weak boson). In
electrodynamics, for a given material, the relation between

FIG. 1. Direct and crossed diagrams for γZ exchange. Dashed
lines correspond to an exchange of a Z boson, and wavy lines to
an exchange of a photon. The blob stands for an inclusive sum over
intermediate hadronic states.
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Consequently, upon neglecting the terms ⇠ M2/Q2 and allowing x⇡ ! 1 we obtain

⇤V,DIS
�W ⇡

3↵

2⇡

Z 1

⇤2

dQ2M2
W

Q2(Q2 +M2
W )

Z x⇡

0
dx

eu + ed
8

(d(x)� ū(x)). (28)

Note that the neglected kinematically suppressed terms have no impact on the final result. Assuming further a
symmetric sea in the nucleon, ū = d̄, the integral over x simply gives the number of valence d-quarks inside the
neutron,

R 1
0 dx(d(x)� d̄(x)) = 2, and we obtain the large logarithm term already obtained by MS:

⇤DIS
�W ⇡

3↵

2⇡

eu + ed
4

ln
M2

W

⇤2
=

↵

4⇡
ln

MW

⇤
, (29)

An important result from Ref. [2] was to realize that all pQCD corrections to this leading logarithm term are identical
to those entering Bjorken sum rule. These corrections modify the leading log (LL) result for the M&S function F (Q2),

FLL(Q2) =
1

Q2
! F pQCD =

1

Q2

2

41� ↵MS
s

⇡
� C2

 
↵MS
s

⇡

!2

� C3

 
↵MS
s

⇡

!3
3

5 , (30)

with C2 = 4.583 � 0.333NF and C3 = 41.440 � 7.607NF + 0.177N2
F , NF standing for the number of e↵ective quark

flavors, and ↵MS
s (Q2) denotes the running strong coupling constant in the modified minimal subtraction scheme.

Numerically, the pQCD corrections reduce the large log ln(MZ/⇤) ⇡ 4.11 by roughly 8 %, Ag = �0.34 [2].
The first moment of the structure function F3 is also known as Gross-Llewellyn-Smith (GLS) sum rule. It is directly

accessible in neutrino and antineutrino deep inelastic scattering:

d2�⌫(⌫̄)

dxdy
=

G2
FME

⇡


xy2F1 +

✓
1� y �

Mxy

2E

◆
F2 ± x

✓
y �

y2

2

◆
F3

�
, (31)

with +(�) referring to neutrino (antineutrino) scattering. Therefore, a measurement of the di↵erence of the neutrino
and antineutrino cross sections gives F3 which arises as an interference between the axial and vector currents of the
W . GLS sum rule has been extensively studied in the literature. Fig. 5 displays the comparison of a compilation of
world data on GLS sum rule above Q2 = 2 GeV2 together with the pQCD prediction. Note that it di↵ers from the
pQCD running of Bjorken sum rule in Eq. (30) just in one coe�cient at ↵3

s.

C. Inelastic contributions beyond DIS

In the remaining piece of the Q2-integral we can once again neglect the Q2-dependence of the W -propagator, and
it becomes

⇤lowQ2

�W =
↵

⇡

Z ⇤2

0
dQ2

Z 1

⌫⇡

d⌫

(⌫ + q)2
⌫ + 2q

M⌫
F (0)
3 . (32)

This contribution should be compared to the integral over what M&S called an interpolating contribution

⇤V A (0)
�W =

↵

8⇡

Z ⇤2

Q2
0

dQ2F INT(Q2), (33)

where the lower limit of integration was chosen to be Q2
0 = (0.823GeV)2. The respective function under the integral

was taken in the VDM-motivated form,

F INT(Q2) = �
1.490

Q2 +m2
⇢

+
6.855

Q2 +m2
A

�
4.414

Q2 +m2
⇢0
, (34)

with m⇢ = 0.776 GeV, mA = 1.230 GeV and m⇢0 = 1.465 GeV, and numerical coe�cients were obtained by imposing
three constraints:

I F INT(⇤2) = FDIS(⇤2)

II F INT((0.823GeV)2) = FBorn((0.823GeV)2)

III F INT(0) = 0. (35)

Interpolate between them
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T γW
i (ν, Q2) =

1
2πi ∮ dz

T γW
i (z, Q2)

z − ν
, ν ∈ C

Im T γW
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Input into dispersion integral

5

FIG. 3: Idealized structure of virtual photoabsorption on the nucleon (upper panel) and nuclei (lower panel). Plot taken from
the web but we’d need to make one ourselves.

Caution: We need to put back the superscript V A to ⇤�W because ⇤�W 6= ⇤V A
�W !! (i.e. V ⇥ A is NOT the only

non-zero piece in �W box diagram)
Compared to the old result by MS

⇤V A
�W =

↵

8⇡

Z 1

0

dQ2M2
W

M2
W +Q2

F (Q2), (17)

which only explicitly considered Q2 as a dynamical variable, our result allows for a greater detalization as we provide
a dispersion representation of that function,

F (Q2) =

Z 1

0
d⌫

8(⌫ + 2q)

M⌫(⌫ + q)2
F (0)
3 (⌫, Q2). (18)

This is the first essentially new result of our work. Armed with this new dispersive representation we can address
model dependence of the box graph calculation on a qualitatively new level. In doing so we can also rely on experi-
mental data: while F �W

3 (⌫, Q2) itself is not directly observable, its weak isospin partners F �Z
3 (⌫, Q2), FZZ

3 (⌫, Q2) and
FWW
3 (⌫, Q2) enter observables in inclusive electron and neutrino scattering.

IV. PHYSICS INPUT INTO THE DISPERSION RELATION FOR F
�W
3

It is informative to take a look at the general structure of the virtual photoabsorption spectrum displayed in Fig.
3. For a fixed value of Q2 one clearly sees three major structures as one goes from low to high energy ⌫: elastic peak
at Q2/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting
from the pion threshold [Q2 + (M +m⇡)2 �M2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy
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Figure 2: (Color online) Phase space of the structure functions

F (0)
3 and F ⌫p+⌫̄p

3 in the W 2–Q2 plane.

which will prove useful when comparing their results with

ours. Furthermore, since F (0)
3 depends directly on on-

shell intermediate hadronic states, it provides better han-
dle on the physics that may enter at various scales. Fig.
2 depicts the domain in the W 2–Q2 plane over which

F (0)
3 has support: the single-nucleon elastic pole is at

W 2 = M2, and the inelastic continuum covers the region
above W 2 > (M +m⇡)2.

Our parameterization of F (0)
3 is as follows:

F (0)
3 = FBorn +

8
<

:
FpQCD, Q2 & 2 GeV2

F⇡N+Fres+FR, Q2 . 2 GeV2 ,
(12)

where each component is given by

FBorn = �
1

4
(Gp

M +Gn
M )GA�(1� x) (13)

R 1
0 dxFpQCD =

1

12
[1 + pQCD] (14)

F⇡N = F�PT ⇥ (F p
1 + Fn

1 )
|GA|

gA
(15)

Fres = negligible (16)

FR = C�W fth
m2

!

m2
! +Q2

m2
a1

m2
a1

+Q2

✓
⌫

⌫0

◆↵⇢
0

, (17)

and supplies the dominant contribution to F (0)
3 in various

regions indicated in Fig. 2 which we describe next.
We obtain the elastic Born contribution at W 2 = M2

in (13) by using the updated values of the magnetic Sachs
form factor GM and the axial form factor GA for the
nucleon [25, 26]. Above threshold, W 2

� (M + m⇡)2,
we consider the dominant physics operating in various
of domains in the Q2–W 2 plane separately. At large

Q2 & 2 GeV2, the Nachtmann moment M (0)
3 reduces to

the Mellin moment and is fixed by the sum rule corrected
by pQCD in Eq. (14) by analogy with that of the polar-
ized Bjorken sum rule [MS]. At small Q2 . 2 GeV2, we

Figure 3: Regge exchange model (a) for F (0)
3 and (b) for

F ⌫p+⌫̄p
3 using vector meson dominance.

estimate the contribution (15) near the inelastic thresh-
old by computing the single pion production contribution
F�PT in Chiral Perturbation Theory (�PT) at leading
order. To improve the behavior of F�PT at larger Q2,
we replace the point-like nucleon vertices with measured
Dirac and axial nucleon form factors, F1 and GA. At
higher W 2, we investigated the impact of several low-
lying I = 1/2 resonances based on a few models [27–29],
and found their contributions to ⇤V A

�W to be negligible.

Finally, at large W 2, we use the form in Eq. (17) in-
spired by Regge phenomenology together with VMD [30]
as illustrated in Fig. 3a. In this picture, the Regge behav-
ior (⌫/⌫0)↵

⇢
0 arises from the exchange of the ⇢ trajectory

with intercept ↵⇢
0 = 0.477 [31], and is coupled to the ex-

ternal currents via a1 and ! mesons encoded by the VMD
factors m2

V /(m
2
V +Q2). We include a threshold function

fth = ⇥(W 2
� W 2

th)
�
1� exp[(W 2

th �W 2)/⇤2
th]

�
which

smoothly vanishes at the two-pion threshold point W 2
th =

(M +2m⇡)2 to model the smooth background in the res-
onance region [10]. We choose equal values for the Regge
and threshold scales of ⌫0 = ⇤th = 1 GeV, to ensure that
Regge behavior sets in around W 2

⇠ (2.5 GeV)2. The
function C�W (Q2) accounts for residual Q2-dependence
beyond that of the VMD, which we infer from experi-
mental data as explained below.

Since the isospin structure of F (0)
3 is (I = 0)⇥ (I = 1),

it is not directly accessible experimentally. However, in-
formation about the P -odd structure function with a
di↵erent isospin structure (I = 1)⇥ (I = 1) is available
from ⌫- and ⌫̄-scattering. In particular, data exists on
the first Nachtmann moment M⌫p+⌫̄p

3 for the combina-

tion F ⌫p+⌫̄p
3 = (FW�

3 + FW+

3 )/2 derived from the dif-
ference of ⌫p and ⌫̄p di↵erential cross sections. The data
by CCFR [32, 33], BEBC/Gargamelle [34] and WA25 [35]
cover a wide region of Q2 from 0.15 to 600 GeV2 (see Fig.
4). Although the precision below Q2

⇡ 1.4 GeV2 is less
satisfactory, we are able to use it to collect information
about the form of the analogous Regge coe�cient func-
tion CWW (Q2) for this structure function, and thereby
infer the form of the required C�W (Q2) as follows.

We parametrize the structure function F ⌫p+⌫̄p
3 in pre-

cisely the same way as in (12) for F (0)
3 , and establish

F ⌫p+⌫̄p
Born , F ⌫p+⌫̄p

pQCD , F ⌫p+⌫̄p
⇡N , F ⌫p+⌫̄p

res and F ⌫p+⌫̄p
R along sim-

ilar lines. In this case,
R 1
0 dxF ⌫p+⌫̄p

pQCD satisfies the Gross-

Our parametrization of the needed SF 
follows from this diagram

Born: elastic FF from e-, ν scattering data 

πN:  
relativistic ChPT calculation plus nucleon FF 

Resonances:  
axial excitation from PCAC (Lalakulich et al 2006) - neutrino scattering 
isoscalar photo-excitation from MAID and PDG - electron and γ inelastic scattering 

Above resonance region:  
        multiparticle continuum economically described by Regge exchanges
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7

with FS,V
1,2 = F p

1,2 ± Fn
1,2 and q the incoming momentum. The weak CC vertex is given by

�a,µ
W (q) =

h
FW
1 (Q2)�µ + FW

2 (Q2)i�µ↵ q↵
2M

+GA(Q
2)�µ�5

i
⌧a; (20)

here we do not display the pseudoscalar structure function g3(Q2) that does not contribute to the box diagram.
A straightforward calculation leads to the following expression for the elastic contribution to the structure function,

F (0),B
3 = �

Q2

8M
GA(Q

2)GS
M (Q2)�(⌫ �Q2/2M). (21)

where GS
M = FS

1 + FS
2 is the isoscalar magnetic Sachs form factor. The resulting contribution to the box correction

reads

⇤V A,Born
�W = �

↵

⇡

Z 1

0
dQ

2
p
4M2 +Q2 +Q

⇣p
4M2 +Q2 +Q

⌘2GA(Q
2)GS

M (Q2) (22)

Above, we neglected the Q2-dependence of the W -propagator since the integral converges way below Q2
⇠ M2

W due
to nucleon form factors. Notice that unlike Marciano and Sirlin who only account for the elastic contribution in the
low-Q2 part of the integral, in the dispersive approach it extends to all Q2.

Numeric evaluation with modern data on electromagnetic and weak form factors is reported in the Appendix A
and leads to

⇤V A,Born
�W =

↵

2⇡
(0.908± 0.049) = (1.05± 0.06)⇥ 10�3, (23)

slightly above the MS value [2],

⇤V A,Born
�W

���
MS

=
↵

2⇡
(0.829± 0.083) = (9.63± 0.96)⇥ 10�4. (24)

The two calculations agree within the errors, but the uncertainty in the MS calculation is rather arbitrarily assigned
as ±10%, whereas ours is derived from the most recent information on nucleon form factors and is half of that in MS.
This result is essentially model-independent: form factors are fixed by data on electron and neutrino scattering. If
future data will further constrain the form factors, the uncertainty can be further reduced.

B. DIS contribution

After we have separated out the elastic contribution, the remaining integral contains the contributions of the
inelastic states.

⇤Inel.
�W =

↵

⇡

Z 1

0

dQ2

1 + Q2

M2
W

Z 1

⌫⇡

d⌫

(⌫ + q)2
⌫ + 2q

M⌫
F (0),inel.
3 . (25)

To compute this integral, knowledge of inclusive intermediate hadronic states in the full ⌫, Q2 range is required. This
information is not available in general kinematics. At high Q2

� ⇤2, with ⇤ ⇠ 1 GeV a typical hadronic scale, a hard
virtual boson couples to perturbative quarks where the calculation simplifies.
We split the Q2-integral in Eq. (25) to below and above ⇤2, which should be chosen such as to ensure the DIS to

dominate above, and rewrite the high-Q2 integral in terms of x = Q2/(2M⌫),

⇤DIS
�W =

2↵

⇡

Z 1

⇤2

dQ2M2
W

Q2(Q2 +M2
W )

Z x⇡

0
dx

1 + 2
p

1 + 4M2x2/Q2

(1 +
p

1 + 4M2x2/Q2)2
F (0)
3 (x,Q2). (26)

In the parton model the structure function F (0)
3 depends on a combination of PDF’s

F (0)
3 (x) =

eu + ed
8

(d(x)� ū(x)). (27)

F(0)
3 ∝ ∫ dxeiqx⟨p | [Jμ,(0)

em (x), Jν,+
W (0)] |n⟩ ∼ ∫ dxeiqx ∑

X

⟨p |Jμ,(0)
em (x) |X⟩⟨X |Jν,+

W (0) |n⟩



Input into dispersion integral
Unfortunately, no data can be obtained for 

Data exist for the pure CC processes 

F �W (0)
3

8

model (VDM)-motivated form,

F
INT(Q2) = �

1.490

Q2 +m2
⇢

+
6.855

Q2 +m
2
A

�
4.414

Q2 +m
2
⇢0
, (30)

with m⇢ = 0.776 GeV, mA = 1.230 GeV and m⇢0 = 1.465 GeV, and numerical coe�cients were obtained by imposing
three constraints:

I

Z 1

⇤2

dQ
2 M

2
W

M
2
W +Q2

F
INT(Q2) =

Z 1

⇤2

dQ
2 M

2
W

M
2
W +Q2

F
DIS

Q
2)

II lim
Q2!1

Q
4

"
F

INT(Q2)�
limQ2!1

�
Q

2
F

INT(Q2)
�

Q2

#
= 0

III F
INT(0) = 0. (31)

Finally, the matching point Q = 0.823 GeV is determined by requiring that FBorn(Q2) = F
INT(Q2) at that point.

Among the three conditions above, we show via explicit calculation that condition III does not hold. The latter
requires that the following superconvergence relation holds exactly,

Z 1

⌫⇡

d⌫

⌫2
F

(0)
3 (⌫, Q2 = 0) = 0. (32)

To the validity of this conjecture Ref. [3] asserts that this is required by chiral perturbation theory (ChPT), and
a more detailed proof will be reported in an upcoming work. Unfortunately, this proof has never been published. In
Appendix B we perform an explicit calculation in relativistic ChPT and demonstrate that this relation does not hold.

IV. PHYSICS INPUT TO F ⌫p+⌫̄p
3

It is informative to take a look at the general structure of the virtual photoabsorption spectrum displayed in Fig. 4.
For a fixed value of Q2 one clearly sees three major structures as one goes from low to high energy ⌫: elastic peak at
Q

2
/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting from the

pion threshold [Q2+(M +m⇡)2�M
2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy continuum

corresponding to multi-particle production that, depending on the value of Q2, can be economically described by
t-channel Regge exchanges (low Q

2) or quasi-free quark knock-out in the deep-inelastic regime (high Q
2). Exactly

the same structure is expected in neutrino scattering associated with the absorption of a virtual W -boson.

FIG. 4: Idealized structure of virtual photoabsorption on the nucleon.

Accordingly, we aim at describing F
⌫p+⌫̄p
3 at Q

2
 2 GeV2 as a sum of elastic (Born) contribution, non-resonant

⇡N continuum, several low-lying � and N
⇤-resonances, and the high-energy Regge contribution,

F
⌫p+⌫̄p
3, low�Q2 = F

⌫p+⌫̄p
3, el. + F

⌫p+⌫̄p
3,⇡N + F

⌫p+⌫̄p
3, R + F

⌫p+⌫̄p
3,Regge. (33)
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Consequently, upon neglecting the terms ⇠ M2/Q2 and allowing x⇡ ! 1 we obtain

⇤V,DIS
�W ⇡

3↵

2⇡

Z 1

⇤2

dQ2M2
W

Q2(Q2 +M2
W )

Z x⇡

0
dx

eu + ed
8

(d(x)� ū(x)). (28)

Note that the neglected kinematically suppressed terms have no impact on the final result. Assuming further a
symmetric sea in the nucleon, ū = d̄, the integral over x simply gives the number of valence d-quarks inside the
neutron,

R 1
0 dx(d(x)� d̄(x)) = 2, and we obtain the large logarithm term already obtained by MS:

⇤DIS
�W ⇡

3↵

2⇡

eu + ed
4

ln
M2

W

⇤2
=

↵

4⇡
ln

MW

⇤
, (29)

An important result from Ref. [2] was to realize that all pQCD corrections to this leading logarithm term are identical
to those entering Bjorken sum rule. These corrections modify the leading log (LL) result for the M&S function F (Q2),

FLL(Q2) =
1

Q2
! F pQCD =

1

Q2

2

41� ↵MS
s

⇡
� C2

 
↵MS
s

⇡

!2

� C3

 
↵MS
s

⇡

!3
3

5 , (30)

with C2 = 4.583 � 0.333NF and C3 = 41.440 � 7.607NF + 0.177N2
F , NF standing for the number of e↵ective quark

flavors, and ↵MS
s (Q2) denotes the running strong coupling constant in the modified minimal subtraction scheme.

Numerically, the pQCD corrections reduce the large log ln(MZ/⇤) ⇡ 4.11 by roughly 8 %, Ag = �0.34 [2].
The first moment of the structure function F3 is also known as Gross-Llewellyn-Smith (GLS) sum rule. It is directly

accessible in neutrino and antineutrino deep inelastic scattering:

d2�⌫(⌫̄)

dxdy
=

G2
FME

⇡


xy2F1 +

✓
1� y �

Mxy

2E

◆
F2 ± x

✓
y �

y2

2

◆
F3

�
, (31)

so a measurement of the di↵erence of the neutrino and antineutrino cross sections gives F3 which arises as an inter-
ference between the axial and vector currents of the W .

GLS sum rule has been extensively studied in the literature. Fig. 5 displays the comparison of a compilation of
world data on GLS sum rule and the pQCD prediction. Note that it di↵ers from the pQCD running of Bjorken sum
rule in Eq. (30) just in one coe�cient at ↵2

s.

C. Inelastic contributions beyond DIS

In the remaining piece of the Q2-integral we can once again neglect the Q2-dependence of the W -propagator, and
it becomes

⇤lowQ2

�W =
↵

⇡

Z ⇤2

0
dQ2

Z 1

⌫⇡

d⌫

(⌫ + q)2
⌫ + 2q

M⌫
F (0)
3 . (32)

This contribution should be compared to the integral over what M&S called an interpolating contribution

⇤V A (0)
�W =

↵

8⇡

Z ⇤2

Q2
0

dQ2F INT(Q2), (33)

where the lower limit of integration was chosen to be Q2
0 = (0.823GeV)2. The respective function under the integral

was taken in the VDM-motivated form,

F INT(Q2) = �
1.490

Q2 +m2
⇢

+
6.855

Q2 +m2
A

�
4.414

Q2 +m2
⇢0
, (34)

with m⇢ = 0.776 GeV, mA = 1.230 GeV and m⇢0 = 1.465 GeV, and numerical coe�cients were obtained by imposing
three constraints:

I F INT(⇤2) = FDIS(⇤2)

II F INT((0.823GeV)2) = FBorn((0.823GeV)2)

III F INT(0) = 0. (35)
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Low-W part of spectrum:  
neutrino data from MiniBooNE, Minerva, …  
- axial FF, resonance contributions, pi-N continuum 

High-W: Regge behavior F3 ∼ q𝓋 ∼ x-𝛼, 𝛼 ∼ 0.5-0.7

Z 1

0
dx(up

v(x) + dpv(x)) = 3

�⌫p � �⌫̄p ⇠ F ⌫p
3 + F ⌫̄p

3 = up
v(x) + dpv(x)

Gross-Llewellyn-Smith sum rule

Validate the model for CC process; apply an isospin rotation to obtain γW

2W

2Q

( )2πmM +2M
Bo

rn

Parton + pQCD

Nπ Res.
+B.G

Regge
+VMD

2GeV2~

2GeV5~



Inelastic states - low Q2, high W

F (0),Regge
3 (⌫, Q2) = CR(Q

2)

✓
⌫

⌫0

◆↵⇢
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Scattering at high energy can be very effectively described by Regge exchanges

γW-box: conversion of W± (charged, I=1, axial) to γ (neutral, vector, I=0) 
requires charged vector exchange w. I=1 - ρ± 
effective a1 - ρ - ω vertex

Regge behavior in EW processes: hadron-like behavior of HE electroweak probes -  
Vector/Axial Vector Dominance is the proper language

Inclusive ν scattering: conversion of W± (charged, I=1, axial) to W± (charged, I=1, axial)  
requires neutral vector exchange w. I=0 - ω 
effective a1 - ω - ρ vertex

Minimal model for both reactions - check with data.



Parameters of the Regge model from neutrino scattering
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Low Q2 < 0.1 GeV2: Born + Δ(1232) dominate 
Not fitted: modern data more precise but  
cover only limited energy range 
Fit driven by 4 data points between 0.2 and 2 GeV2

10⁻⁵ 10⁻⁴ 10⁻³ 10⁻² 10⁻¹ 10⁰ 10¹ 10² 10³ 10⁴ 10⁵
Q² (GeV²)
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0.08 This work
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M
3(0

)  (1
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2 ) /
 (1

 +
 Q

2 / M
w

2 )

M3WW (1,Q2)

M3γW (1,Q2)

Isospin symmetry

Model & Uncertainty fully specified  
- compare M&S vs This work

Log scale for x-axis: integral = surface under the curve

Uncertainty reduced by almost factor 2; 
~ 3-5 sigma shift from the old value

0.01 0.1 1 10 100
Q² (GeV²)
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G
LS
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R

WA25
CCFR
BEBC/GGM-PS
Regge + Born + Δ
pQCD
MS: INT + Born + Δ

MS Total : □(0)
γW = 0.00324 ± 0.00018

New Total : □(0)
γW = 0.00379 ± 0.00010



 and the Vud extractionΔV
R

Marciano, Sirlin 2006:  —> ΔV
R = 0.02361(38) |Vud | = 0.97420(10)Ft(18)RC

DR (Seng et al. 2018):  —> ΔV
R = 0.02467(22) |Vud | = 0.97370(10)Ft(10)RC

C-M-S 2019:  —> ΔV
R = 0.02421(32) |Vud | = 0.97391(10)Ft(15)RC

In July 2019 Czarnecki, Marciano and Sirlin published an update in which they  
largely agreed that the RC was underestimated:

Czarnecki, Marciano, Sirlin, 1907.06737

ΔV
R = 2Re □even

γW (E = 0) + …

11 

• Update with four-loop pQCD: 
 
 
 
 
 
 
 
 

 
 

After updating the integral at Q2 > 2 GeV2 

More Recent Development 

What was done exactly: 
Interpolator was continued down to Q2=0; 
4-loop pQCD running included; 
Matching to pQCD was done already at Q2=1 GeV2 
Holographic QCD model to continue to Q2=0 used 

Note that the 4-loop pQCD curve undershoots data



What’s the matter with ?δNS



Splitting the γW-box into Universal and Nuclear Parts 
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M

1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion

Input in the DR for the universal RC Input in the DR for the RC on a nucleus

Towards a coherent and unified picture of neutrino-nucleus interactions

* An accurate understanding of nuclear structure and dynamics is required to

disentangle new physics from nuclear effects *

* ω ∼ few MeV, q ∼ 0: β -decay, ββ -decays

* ω ∼ few MeV, q ∼ 102 MeV: Neutrinoless ββ -decays

* ω ! tens MeV: Nuclear Rates for Astrophysics

* ω ∼ 102 MeV: Accelerator neutrinos, ν-nucleus scattering

2 / 23

General structure of RC for nuclear decay
ft(1 +RC) = Ft(1 + �0R)(1� �C + �NS)(1 +�V

R)

NS correction reflects this extraction of the free box

Nuclear modification in the lower part of the spectrum

ΔV
R ∝ Ffree n

3 ∝ ∫ dxeiqx ∑
X

⟨p |Jμ,(0)
em (x) |X⟩⟨X |Jν,+

W (0) |n⟩

ΔV
R + δNS ∝ FNucl.

3 ∝ ∫ dxeiqx ∑
X′ �

⟨A′ �|Jμ,(0)
em (x) |X′ �⟩⟨X′ �|Jν,+

W (0) |A⟩

RC on a free neutron

RC on a nucleus
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data as described in the previous sections. The second
(nuclear) term is at present calculated in non-relativistic
nuclear models. The procedure of subtracting the former
from the latter may introduce additional model depen-
dence, raising concerns about additional as of yet un-
quantified theoretical uncertainty. We observe that such
uncertainty would have to be primarily of a systematic,
nucleus-independent nature so as not to spoil the present
agreement with the CVC property of the charged current
weak interaction. In this Section we argue that with the
use of dispersion relations one may evaluate both the
free nucleon term and the nuclear �W -box correction on
an equal footing. In doing so, we will show that the
previous treatment of the latter has, indeed, omitted an
important, universal nuclear correction.
Working with the nucleons as the relevant degrees of

freedom for describing the nuclear structure, the �W -
box calculation has two generic contributions: one arising
from the one-body current operator and a second involv-
ing two-body currents. For a given nuclear model, the
latter are required for consistency with the nuclear con-
tinuity equation (current conservation). Considering now
the one-body current contribution, we write the nuclear
�W Compton amplitude schematically as

T �W nuc

µ⌫ ⇠ hf |JW
µ Gnuc J

EM

⌫ |ii (57)

where |ii and |fi are the intitial and final nuclear states;
JW
µ and JEM

⌫ are the weak charged current and electro-
magnetic current, respectively; and

Gnuc =
X

n

|nihn|

En � E0

(58)

is the nuclear Green’s function (we have omitted space-
time arguments for simplicity). Considering first fully
relativistic nucleons described by Dirac spinors N , the
one-body weak current in momentum space is

JW
µ =

X

k

N̄k

⇥
gA(Q

2)⌧3(k)�µ + · · ·
⇤
Nk

⌘

X

k

JW
µ (k) (59)

where the “+ · · · ” indicate contributions from the weak
magnetism and induced pseudoscalar terms and where
the sum is over all nucleons k = 1, . . . , A. A correspond-
ing expression involving the charge and magnetic form
factors applies to JEM

⌫ .
In the treatment of Ref. [5], the one-body contribu-

tion to the matrix element in Eq. (57) is decomposed
into two terms: (A) a contribution singling out the same
nucleon in JW

µ and JEM
⌫ ; (B) a contribution involving

distinct nucleons in these two operators. For purposes of
the following discussion, it is useful to identify these two
contributions using Eqs. (57 - 59):

T �W nuc

µ⌫ ⇠

X

k,`

hf |JW
µ (k)Gnuc J

EM

⌫ (`)|ii (60)

= TA
µ⌫ + TB

µ⌫

where

TA
µ⌫ =

X

k

hf |JW
µ (k)Gnuc J

EM

⌫ (k)|ii (61)

TB
µ⌫ =

X

k 6=`

hf |Wµ (k)Gnuc J
EM

⌫ (`)|ii (62)

Here, TA
µ⌫ and TB

µ⌫ correspond, respectively, to contri-
butions (A) and (B) mentioned above. The authors of
Ref. [5] refer to a part of contribution (A) as the nu-
clear Born term, while contribution (B) is included as a
separate part of �NS .

As first articulated in the earlier work of Ref. [44],
the nuclear Born term is evaluated by replacing the free
nucleon isovector axial form factor gA(Q2) and isoscalar
magnetic form factor GM (Q2) by “quenched” values.
This procedure is motivated by the observation that use
of the free nucleon form factors in the one-body cur-
rents over-predicts the strength of nuclear Gamow-Teller
transitions and nuclear magnetic moments [48, 49]. The
corresponding isoscalar magnetic moment and isovector

axial coupling quenching parameters, q(0)S and qA, re-
spectively, then describe the reduction of the spin-flip
interaction strengths in the nuclear environment, with

q(0)S , qA  1. In evaluating the nuclear Born contribution
to ⇤VA

�W , the authors of Ref. [5] then evaluate the contri-
bution (A) as described above but with these quenching
factors applied:

TA
µ⌫ !

X

k

hf |gJW
µ (k)Gnuc

gJEM
⌫ (k)|ii (63)

!

X

k

hf |gJW
µ (k)

h
SF ⌦GA00

nuc

i
gJEM
⌫ (k)|ii

where fJµ denotes a current operator containing the
quenching factor and where, in the last step, the nuclear
Green’s function has been replaced by the direct product
of the free nucleon propagator, SF , and the Green’s func-
tion for an intermediate “spectator nucleus”, A00. The
loop integral used in obtaining CB for the free nucleon,
which contains SF , is then evaluated without further ref-
erence to the spectator nucleus but with the quenched
form factors included. One then writes,

C free n

B ! C Nucl.
B = C free n

B + [q(0)S qA � 1]C free n

B , (64)

and includes the second term on the RHS of Eq. (64) in
�NS .

Note that this treatment relies on several assumptions:
(i) the impact of the nuclear environment is dominated
by the transitions to the low-lying states |ni; (ii) the
nucleon form factors entering the �W box graph for a
single nucleon should inherit the impact of this appar-
ent modification of the one-body currents in low-lying
nuclear transitions; (iii) the quenching observed for pure
Gamow-Teller and for magnetic moments and pure mag-
netic transitions translates directly into a mixed Gamow-
Teller ⌦ magnetic response via the product of the cor-

Need to know the full nuclear Green’s function 
indices k, l count the nucleon d.o.f. in a nucleus

(A) same active nucleon 

(B) two nucleons correlated by G

Case (A): non-interacting (=on-shell) neutron propagating between interaction vertices 
Case (B): all two-nucleon contributions (QE 2p2h and nuclear excitations)

Insert on-shell intermediate states: TA
μν → ∑

k

⟨ f |JW
μ (k)[SN

F ⊗ GA′ �′�
nuc]JEM

ν (k) | i⟩

The elastic nucleon box 
is replaced by a single N QE knockout
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M

1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M

1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion

Idea: calculate Gamow-Teller and magnetic nuclear transitions in the shell model; 
Insert the single nucleon spin operators —> predict the strength of nuclear transitions 
“Quenching of spin operators in nuclei”: shell model overestimates those strengths! 
Each vertex is suppressed by 10-15%

But from dispersion relation perspective it corresponds  
to a contribution of an excited nuclear state,  
not to the modified box on a free nucleon! 
The correct estimate should base on quasielastic knockout 
with an on-shell N + spectator in the intermediate state 

Note that continuum is outside shell model Hilbert space!

Numerically: on average between the 14 superallowed decays
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M

1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion

δquenched Born
NS = [q(0)

S qA − 1]2 □free n, Born
γW ≈ − 0.058(14) %

universal

nuclear δNS

□quenched Born
γW − □Born

γW = [q(0)
S qA − 1] □Born

γW



were performed for a single parent, each with a different
shell-model Hamiltonian.! The last column lists the values
we adopt for "NS : these values result from our assessment of
the quenched results from all calculations made for each
decay—not just the ones shown in the previous columns—
with uncertainties chosen to encompass the spread in the
results from those calculations.
Extra details are also given in columns 3–6 of the table

for the quenched calculation since this is the version that we
ultimately use in evaluating Vud . With two-body operators
there are two types of contributions: those in which both
interacting nucleons are in the valence model space, and
those in which one nucleon is in the valence space and one is
in the closed-shells core. In the latter case a sum is required
over all the core nucleons. The isospin structure of the op-
erator is interesting to note: the weak interaction contribution
is isovector, while the electromagnetic contribution is isosca-
lar or isovector. The combined operator therefore is either
isovector or isotensor. #An isoscalar combination is just pro-
portional to the unit operator in isospin space and does not
induce a Fermi transition.! Both the valence nucleons and
those in the core contribute to the result for isovector opera-
tors, only the valence nucleons contribute to the isotensor
operators.
In Table II we show contributions to CNS from the various

components of the electromagnetic interaction: orbital isos-
calar #os!, spin isoscalar #ss!, orbital isovector #ov!, and spin
isovector #sv!. Note that the spin contributions are larger than

the orbital contributions. Further, and more interesting, the
isoscalar and isovector contributions are in phase when the
decaying nucleus has Tz!"1 and out of phase when the
decaying nucleus has Tz!0. This indicates that much larger
corrections are obtained in the Tz!"1 series than in the
Tz!0 series. If one looks at mirror transitions, this effect
alone contributes between 0.1 to 0.3% to a mirror asymme-
try in the f t values. Since current experiments aim at 0.1%
accuracy, this effect might just be at the edge of detectability.

C. Isospin symmetry-breaking corrections

Turning, next, to the isospin-symmetry breaking correc-
tion "C it too can be separated into two components

"C!"C1#"C2 . #14!

The first term "C1 arises from Coulomb and charge-
dependent nuclear interactions that induce configuration
mixing among the 0# state wave functions in both the parent
and daughter nuclei. Being charge dependent, this mixing
serves to break isospin symmetry between the analog parent
and daughter states of the superallowed transition. The sec-
ond term "C2 is due to small differences in the single-particle
neutron and proton radial wave functions, which cause the

TABLE II. Shell-model calculations of the nuclear-structure dependent component of the radiative correction "NS . The four components
that are summed to give CNS characterize the four electromagnetic couplings: os ! orbital isoscalar, ss ! spin isoscalar, ov ! orbital
isovector, and sv ! spin isovector.

Parent Unquenched Quenched CNS (q"1)$ "NS(%)

nucleus CNS os ss ov sv total CBorn(free) Quenched Adopted

Tz!"1:
10C "1.669 0.002 "0.283 "0.002 "1.065 "1.348 "0.188 "0.357 "0.360#35!
14O "1.360 "0.008 "0.341 0.082 "0.782 "1.049 "0.221 "0.295 "0.250#50!
18Ne "1.531 "0.011 "0.249 "0.119 "0.812 "1.191 "0.210 "0.325 "0.290#35!
22Mg "1.046 "0.009 "0.222 "0.067 "0.497 "0.796 "0.226 "0.237 "0.240#20!
26Si "0.986 "0.007 "0.224 "0.086 "0.424 "0.741 "0.242 "0.228 "0.230#20!
30S "0.800 0.002 "0.287 0.020 "0.300 "0.566 "0.257 "0.191 "0.190#15!
34Ar "0.770 0.014 "0.322 0.061 "0.272 "0.519 "0.273 "0.184 "0.185#15!
38Ca "0.693 0.041 "0.358 0.091 "0.214 "0.440 "0.288 "0.169 "0.180#15!
42Ti "1.011 "0.016 "0.181 "0.225 "0.354 "0.776 "0.256 "0.240 "0.240#20!
Tz!0:
26mAl 0.352 "0.007 "0.224 0.086 0.424 0.279 "0.242 0.009 0.009#20!
34Cl "0.135 0.015 "0.333 "0.064 0.280 "0.101 "0.273 "0.087 "0.085#15!
38mK "0.276 0.042 "0.363 "0.093 0.216 "0.198 "0.288 "0.113 "0.100#15!
42Sc 0.472 "0.016 "0.182 0.228 0.358 0.389 "0.256 0.031 0.030#20!
46V 0.101 "0.004 "0.197 0.099 0.198 0.096 "0.263 "0.039 "0.040#7!
50Mn 0.054 "0.009 "0.184 0.104 0.152 0.063 "0.270 "0.048 "0.042#7!
54Co 0.161 "0.013 "0.180 0.133 0.203 0.144 "0.277 "0.031 "0.029#7!
62Ga 0.172 0.005 "0.289 "0.058 0.445 0.103 "0.289 "0.043 "0.040#20!
66As 0.124 0.006 "0.291 "0.070 0.421 0.066 "0.295 "0.053 "0.050#20!
70Br 0.077 0.009 "0.295 "0.083 0.401 0.032 "0.301 "0.063 "0.060#20!
74Rb 0.155 0.009 "0.261 0.006 0.353 0.106 "0.306 "0.046 "0.065#20!
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M

1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M

1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion

Born on free n:

QE calculation in free Fermi gas model with Pauli blocking  
assign a generous 30% model uncertainty

New instead of the previous estimate δQE
NS = − 0.11(3) % δquenched B

NS = − 0.058(14) %

C-Y Seng, MG, M J Ramsey-Musolf, arXiv: 1812.03352



Splitting the RC into “inner” and “outer”
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Radiative corrections ~ α/2𝜋 ~ 10-3 Precision goal: ~ 10-4

When does energy dependence matter?  
Correction ~ Ee/Λ, with Λ ~ relevant mass (me; Mp; MA) 
Maximal Ee ranges from 1 MeV to 10.5 MeV 

Electron mass regularizes the IR divergent parts - (Ee/me important) - “outer” correction 

If Λ of hadronic origin (at least m𝜋) —> Ee/Λ small, correction ~ 10-5 —> negligible 
- certainly true for the neutron decay 
- hadronic contributions do not distort the spectrum, may only shift it as a whole 

However, in nuclei binding energies ~ few MeV — similar to Q-values 

A scenario is possible when RC ~ (α/2𝜋)x(Ee/ΛNucl) ~ 10-3 

Nuclear structure may distort the electron spectrum  

With dispersion relations can be checked straightforwardly!



Nuclear Structure Modification
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C-Y Seng, MG, M J Ramsey-Musolf, arXiv: 1812.03352

δNS =
2α

πNM ∫
1 GeV2

0
dQ2 ∫

νπ

νthr

dν
ν [ ν + 2q

(ν + q)2 (F(0) Nucl.
3 − F(0), B

3 ) +
2⟨E⟩

3
ν + 3q

(ν + q)3
F(−) Nucl.

3 ]

MG, arXiv: 1812.04229

 from DR with energy dependence averaged over the spectrumδNS

Compare the effect on the average Ft value:

ℱt = 3072.1(7)s δℱt = − (3.5±1.0)s + (1.6±0.5)s

δℱt = − (1.8 ± 0.4)s + (0 ± 0)sHT value 2018:

New estimate:

Old estimate:

Two 2  corrections that cancel each other; 
The cancellation is delicate: the two terms are highly correlated  

Larger E-dep. term will correspond to a smaller negative E-indep. term and vv. 

Conservative uncertainty estimate: 100%

σ

ℱt = (3072 ± 2)s

⟨E⟩ =
∫ Q

m
dEEp(Q − E )2E

∫ Q
m

dEEp(Q − E )2



Vud and CKM unitarity in December 2018 

31

� ���� ���� ��������	
����������� �� ��
��������������������������


 
 
 ��
�������	
�
��	��
���	
��

�����

������	�����������




���������������
��
������ ����
�����	
��



����	
��
������

������


����

����

���


��
��
���

��
��

�� ���!��� "�����#���$������$� %��&�����$������$�

'�""�%(�)(*(�)�+,������*%-�'./��%0(*"0(1���

�����

��2��

�����

���&���
���������� �

�����$� ���&���
!���$��

 �$�

��
� ��������
���������
��

PERKEO-III 
Märkisch et al., 1812.04666

gA = − 1.2723(23)

PDG2018

gA = − 1.2764(6)

Vud from free neutron decay

Major improvement in exp. determination of gA

Revision of nuclear corrections to 0+- 0+-beta decay
Seng et al., 1812.03352; MG 1812.04229

Vud = 0.97366(10)Ft(10)RC Vud = 0.97366(32)Ft(10)RC

Free neutron decay becomes competitive; 
Limitation: the lifetime (also, beam vs. bottle) 

Scrutiny of nuclear corrections with new methods

Vud = 0.9763(5)τn
(15)gA

(2)RC Vud = 0.9735(5)τn
(3)gA

(1)RC

Δu = − (0.0016 − 0.0021) ± 0.0006
Top-row unitarity: 2,5-3,5  deficitσ

(depending on Vus)



Summary on -box and γW δNS
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• The γW-box in the forward dispersion relation framework 
• Hadronic and nuclear corrections in a unified framework 
• Nuclear structure leaks in the outer correction, distorts the beta decay spectrum 

• Independent test of the shell model : substantial changes observed; for now only 
partial evaluation done (QE contribution) 

• Nuclear uncertainties shift the emphasis on free neutron decay 
• Tensions with CKM unitarity:    Σi=d,s,b |Vui|2 - 1 = -0.0016(6)

δNS



Figure 2: Overview of neutron lifetime results, separated into “beam” and “bottle” experiments (see also Table 7). The “bottle” experiments
are performed with ultracold neutrons (UCN) stored in either a material bottle, a gravitational trap, or recently also a magneto-gravitational
trap. Note the about four standard deviations tension between the weighted average values of both types of experiments. The uncertainty of
the average of the “trap” measurements was scaled by a factor

p
�2/⌫ ⇡ 1.52 following the PDG prescription (Section 4.1).

understanding and control of neutron absorption and scattering in the 6LiF deposit and its substrate, (ii) detection of
recoil protons from the faint neutron beam halo, and (iii) nonlinearities of the Penning trap. The subsequent construction
of a new and larger version of the apparatus, based on similar principles but with an optimized design, is expected to
reduce the major systematic uncertainties to below 0.1 s [210].

At the J-PARC fundamental neutron physics beamline, a beam experiment (LiNA) using a Time Projection Chamber
(TPC) is being prepared [211]. The TPC consists of a drift cage with a multi-wire proportional chamber (MWPC)
inside the vacuum vessel. In a previous neutron lifetime experiment with a TPC at the Institute Laue-Langevin (ILL) in
Grenoble, a precision of 3.1 s was reached [212, 213]. The new design that will be used at J-PARC focuses on reducing the
background and improving signal e�ciency. Short neutron bunches with a length of approximately half the TPC will be
used and decay events will be analyzed only during the periods when the neutron pulse is completely confined inside the
TPC. The neutron intensity will be obtained by detecting protons produced in the (n, p) reaction on 3He diluted in the
gas filling of the TPC [211], thereby assuring that the same fiducial volume can be used for both the decay measurement
and the determination of the neutron intensity. The experiment envisages an uncertainty of about 1.0 s and later < 0.3 s
[214].

Bottle experiments. Several laboratories have developed new and improved bottle experiments. As mentioned
above, the Gravitrap experiment, located at the ILL, produced one of the most precise neutron lifetime results to date,
i.e. ⌧n = 878.5 ± 0.7stat ± 0.3syst s [197]. This value was about 6 standard deviations lower than the world average of
all previous experiments. However, losses in the Gravitrap experiment, and as a consequence also systematic corrections
and uncertainties, were about an order of magnitude smaller than previous material trap experiments. This was due to
the use of an improved coating for neutron storage with Fomblin grease, which has a low neutron capture cross-section,
at cryogenic temperatures of about 120 K. Since then, an improved version of the Gravitrap experiment was built that
uses a much larger storage volume and with the Fomblin wall coating being cooled to about 80 K to further reduce wall
losses. In addition, lower operating pressures (typically about 2 ⇥ 10�6 mbar) are used to reduce or even eliminate the
correction due to scattering losses on residual gas. The experiment is aiming at a precision of 0.2 s [215]. First results
yielded a value of ⌧n = (881.5± 0.7stat ± 0.6syst) s with storage times as long as about 865 s [203]. The apparatus is now
being modified to reach even lower trap temperatures of around 10 K, which should further reduce the loss factor and
allow obtaining storage times even closer to the neutron lifetime.

Gravitrap is presently the only storage experiment with a material vessel. All other new bottle experiments use
magnetic storage of ultracold neutrons. This o↵ers the attractive possibility to minimize losses due to interactions with
the walls by confining the ultracold neutrons in an inhomogeneous magnetic field.

In 2000, a magnetic trapping experiment at NIST used a quadrupole trap defined by a set of superconducting coils
[216–218]. It measured neutron decays in situ by detecting the decay electrons in superfluid 4He at a temperature near 300
mK. The helium served also to produce ultracold neutrons from a mono-energetic cold neutron beam. Scintillation light
from the decay electrons was counted in photomultiplier tubes outside the helium bath. The measurement was hampered
by systematic uncertainties, the most important ones being ultracold neutron absorption by 3He in the superfluid 4He
bath, imperfect background subtraction, and quasi-bound neutrons [188].

The first experiment to successfully use magnetic storage with permanent magnets and reach a competitive precision
on the neutron lifetime was the Ezhov experiment at the ILL using a magneto-gravitational trap [219, 220]. The first
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Table 3: Selected ongoing and planned experiments discussed in Section 3. See main text for details. The approximate relative precision goals
are given together with their reference. If the SM value is zero, the absolute precision goal is then given. When precision goals are given as
a percentage, relative uncertainties are meant. The symbol O refers to the estimated order of magnitude for a precision goal. The precisions
given for a are obtained setting the Fierz term b to zero (see Section 4.2 and Ref. [95]).

Coe�cient Precision goal Experiment (Laboratory) Comments
⌧n 1.0 s; 0.1 s [210] BL2, BL3 (NIST) [210] In preparation; two phases

1.0 s; 0.3 s [214] LiNA (J-PARC) [211, 214] In preparation; two phases
0.2 s [215] Gravitrap (ILL) [203, 215] Apparatus being upgraded
0.3 s [201] Ezhov (ILL) [201] Under construction
0.1 s [222] PENeLOPE (Munich) [222] Being developed

. 0.1 s [223] UCN⌧ (LANL) [188, 189, 223, 224] Ongoing
0.5 s [225] HOPE (ILL) [188, 225, 226] Proof of principle Ref. [226]

1.0 s; 0.2 s [188] ⌧SPECT (Mainz) [188, 227] Taking data; two phases
�-spectrum O(0.01) [256] Supercond. spectr. (Madison) [256] Shape factor Eq. (51). Ongoing
�-spectrum O(0.01) [253] Si-det. spectr. (Saclay) [253, 254] Shape factor Eq. (51). Ongoing
bGT 0.001 Calorimetry (NSCL) [115, 260] Analysis ongoing (6He, 20F)

O(0.001) [270] miniBETA (Krakow-Leuven) [263–265, 270] Being commissioned
O(0.001) [276] UCNA-Nab-Leuven (LANL) [271, 272, 276] Analysis ongoing (45Ca)

bn < 0.05 [293, 294] UCNA (LANL) [390] Ongoing with An data
0.03 [295] PERKEO III (ILL) [295] Possible with An data
0.003 [289] Nab (LANL) [188, 289, 357, 358] In preparation
0.001 [291] PERC (Munich) [291, 292] Planned

aF 0.1% [306] TRINAT (TRIUMF) [306, 310] Planned (38K)
0.1% [343] TAMUTRAP (TA&M) [343] Superallowed � p emitters
0.1% [79] WISArD (ISOLDE) [79, 177] In preparation (32Ar � p decay)

a not stated Ne-MOT (SARAF) [311, 312] In preparation (18Ne, 19Ne, 23Ne)
aGT O(0.1)% [315] 6He-MOT (Seattle) [313, 315] Ongoing (6He)

not stated EIBT (Weizmann Inst.) [316–318] In preparation (6He)
0.5% [182] LPCTrap (GANIL) [182, 321, 323, 324] Analysis ongoing (6He, 35Ar)

amirror 0.5% [273] NSL-Trap (Notre Dame) [273, 344, 345] Planned (11C, 13N, 15O, 17F)
ãn 1.0% [350] aCORN (NIST) [350, 352–354] Data taking ongoing
an 1.0� 1.5% [351] aSPECT (ILL) [228, 229, 351] Analysis being finalized

0.15% [188, 358] Nab (LANL) [188, 289, 357, 358] In preparation
Ãn 0.14% [391] UCNA (LANL) [390] Data taking planned

0.18% [295] PERKEO III (ILL) [295] Analysis ongoing
Ãmirror O(0.1)% [78] TRINAT (TRIUMF) [78] Planned
B̃n 0.01% [397] UCNB (LANL) [397] Planned
Ãn (an, B̃n, . . .) 0.05% [291] PERC (Munich) [291, 292] In preparation
Ãn (an, B̃n, . . .) < O(0.1)% [399] BRAND (ILL/ESS) [399, 400] Proposed
D O(10�4) [418] MORA (GANIL / JYFL) [418] In preparation (23Mg)
R O(10�3) [427] MTV (TRIUMF) [427–429] Data taking ongoing (8Li)
D,R O(0.1)% [399] BRAND (ILL) [399, 400] Proposal
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Figure 14: (Left) 90% CL constraints on ✏S,T at µ = 2 GeV from �-decay data, cf. Eq. (87), with ��2 = 4.61, (black ellipse), from the
analysis of pp ! e + MET + X at the 8-TeV LHC (20 fb�1) [12] (blue ellipse), and from radiative pion decay, cf. Eq. (118) [23] (orange
band). The green band shows the 90% CL bound (��2 = 2.71) using only superallowed Fermi decays. (Right) Same figure but using projected
�-decay data, cf. Eq. (100) (black) and projected LHC bounds from pp ! e+MET+X searches with 14 TeV and 300 fb�1 [23] (blue).

Requiring that the leading logarithmic part of the 2-loop correction is not larger than current bounds on the neutrino
mass, the following bounds were found [13]

|✏̃L| . 10�2
, (129)

|✏̃S ± ✏̃P | . 2⇥ 10�3
, (130)

|✏̃T | . 0.5⇥ 10�3
, (131)

where µ = 1 TeV was used as the initial running scale. The bounds on scalar and tensor interactions are about 3 times
stronger than those derived from LHC data in Eqs. (121)-(122) and orders of magnitude stronger than those from � decay,
cf. Section 4.5. The bound on the pseudoscalar coupling is also 3 times stronger than the LHC one, but still weaker than
that from pion decay, cf. Eq. (114). Finally, the neutrino-mass considerations above o↵er a valuable alternative probe for
the ✏̃L coupling, which can also be accessed through CKM unitarity, but with slightly less accuracy, cf. Eq. (79).

5.5. Electric dipole moments

It can be shown that in the SMEFT framework, the same dimension-6 e↵ective operators generating CP-violating
e↵ects in � decay would also generate at tree- or one-loop-level a non-zero nuclear and neutron Electric Dipole Moment
(EDM) [473]. As a result one can translate the stringent EDM bounds [474] in indirect limits on the �-decay CP-
violating coe�cients, such as D or R, which are two orders of magnitudes stronger than their direct limits from �-decay
measurements [13]. This takes into account the calculation of Ref. [475] that relaxed the EDM bound by an order of
magnitude with respect to Ref. [473].

In principle, these indirect bounds can be avoided through a fine-tuned cancellation with additional dimension-6
operators contributing to the EDMs, or using dimension-8 operators. The precise realization in specific models is however
nontrivial, as shown for instance for leptoquark models, where the connection with EDMs is still present, although the
indirect bounds can be relaxed in this case [473]. Finally, the EDM bounds can be avoided abandoning altogether the
SMEFT framework, introducing for example light new particles. Thus, current measurements of CP-violating coe�cients
in � decay can be considered as probes of the SMEFT framework itself, or at least its simpler realizations where large
fine-tunings are not considered. A recent and detailed review of the connection between EDMs and �-decay measurements
is presented in Ref. [13].

6. Conclusions

We have reviewed the role of precision measurements in nuclear and neutron � decay, as useful tools to improve our
understanding of fundamental interactions. Transitions with small nuclear-structure uncertainties (or none in neutron
decay) are used to learn about QCD, to extract the values of fundamental SM parameters such as Vud, and to search for
new physics.

First, we have introduced the theoretical formalism that describes � decay at the elementary level with special attention
to the latest developments, such as the precise calculations of the hadronic charges in the lattice, or the SMEFT framework
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Outlook
Beam - Bottle discrepancy

Instead of Vud look for self-consistency:
τn(1 + 3g2

A) = 5168.98(1.8)s

Assuming HT analysis of Ft from superalloweds
Including PERKEO-III: gA = 1.2762(5)
Preferred value: 878 s - very close to bottleτn =

Exp. plans and sensitivities:

Beta decay vs. LHC on non-SM S,T 

From  
Gonzalez Alonso, Naviliat-Cuncic, Severijns PPNP 104, 2019



Outlook: continued
Improved precision in :  

Better data on F3WW: might be possible within the DUNE and T2HK programs 

A direct calculation on the lattice possible with Feynman-Hellmann theorem

ΔV
R

• Introduce TWO periodic source terms, and study the SECOND 
ORDER ENRGY SHIFT: 
 
 
 
 
 

• Plugging it into the dispersion relation of T3
N: 
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2nd order 
Energy shift 

Generalized Forward  
Compton tensor: 

real, below-threshold ω 
 

Structure Function 
FHT DR 

CYS and U.G-Meissner,  
Phys.Rev.Lett., 122(2019) 211802 
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Central result!!! 

The Strategy: 

Lattice Strategy 
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• Introduce TWO periodic source terms, and study the SECOND 

ORDER ENRGY SHIFT: 
 
 
 
 
 

• Plugging it into the dispersion relation of T3
N: 

 
 
 
 
 
 
 
 

15 

2nd order 
Energy shift 

Generalized Forward  
Compton tensor: 

real, below-threshold ω 
 

Structure Function 
FHT DR 

CYS and U.G-Meissner,  
Phys.Rev.Lett., 122(2019) 211802 

v 

Central result!!! 

The Strategy: 

Lattice Strategy 

Via DR

Seng, Meissner, PRL122 (2019)
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Work in progress: γW-box RC to πℓ3 decay (Xu Feng, MG, C-Y Seng) 

RC: short-range part the same as for neutron (quark counting + pQCD) 

Long-range part somewhat different but closely related 

“Blind theory analysis” - calculate independently with DR and on the lattice 
Unbiased comparison - do the best job you can on central value and uncertainty  
Compare after that: gives an almost clean systematic uncertainty of the theory



Outlook: continued
Direct and complete calculation of  in nuclear models viable!δNS

Isospin symmetry: input to DR related to PV electron scattering data

4F(0) n→p
3γW = Fp

3γZ − Fn
3γZNucleon level:

Nuclear level: 4F(Z,N)→(Z−1,N+1)
3γW = F(Z,N)

3γZ − F(Z−1,N+1)
3γZ

Advantage: direct calculation without singling out “quenched Born”, two nucleon contr. etc. 
Isospin symmetry good (isospin breaking on top of  - negligible) 
Direct from PVES data - tough: F3 contribution in NC suppressed by 

α/π ∼ 10−5

ge
V = − 1 + 4 sin2 θW ≈ 0.05

35

Direct and complete calculation of  in nuclear models viable!δNS



Isospin breaking in -decay vs. neutron skinsβ
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However… the largest correction to Ft is ISB δC



Isospin breaking in -decay vs. neutron skinsβ
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X
τ+

| i(Z, Z )⟩ | f(Z − 1,Z + 1)⟩

Ri
p(r) Rf

n(r)

Radial functions:

∫ d3 ⃗r |Ri
p |2 = ∫ d3 ⃗r |Rf

n |2 = 1

Fermi matrix element:

∫ d3 ⃗rRi
pRf

n = 1 −
δC

2

ISB in Fermi matrix el.

ISB NC matrix element

X
τ3

| i(Z, Z )⟩

| f(Z − 1,Z + 1)⟩

Ri
p(r), Ri

n(r), Rf
n(r), Rf

p(r)

| i(Z, Z )⟩

| f(Z − 1,Z + 1)⟩

τ3 =
1
2 ∑

α

(b†
αbα − a†

αaα)

∫ d3 ⃗r( |Rp |2 − |Rn |2 ) = 0

∫ d3 ⃗rr2( |Rp |2 − |Rn |2 ) = ⟨r2
n⟩ − ⟨r2

p⟩

Neutron skin is nonzero!



PVES on nuclei: weak charges and radii
Q2

Q(Z,N) QW(Z,N)

APV = −
GFQ2

4πα 2

QWFW(Q2)
ZFC(Q2)For a spin-0 nucleus

QW(Z, N ) = Z(1 − 4 sin2 θW) − N ≈ − N
Q(Z, N ) = ZPhotons almost exclusively see protons

Z’s almost exclusively see neutrons

Usually small asymmetries —> can only measure one point in Q2 
1. get rid of the FF to extract the weak charge (Q-Weak; P2@MESA) - measure sin2θW 
2. assume that QW is known - measure the FF (PREXI,II; CREX; MREX) - neutron skin

Plans at MESA: C-12 experiment may for the first time extract both with <1% precision! 
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FW(Q2)
FC(Q2)

= 1 −
R2

W − R2
Ch

6
Q2 + …At low Q2 R2

W − R2
Ch ≈ R2

n − R2
pSensitive to the neutron skin

APV(Pb − 208) = 0.656(60)(14) ppm

Rn − Rp = 0.33+0.16
−0.18fm (RCh = 5.5 fm)

PREX: 
Weak radius to 3%

Organizing Committee

Chuck Horowitz (Indiana)

Kees de Jager (JLAB)

Jim Lattimer (Stony Brook)

Witold Nazarewicz (UTK, ORNL)

Jorge Piekarewicz (FSU

Sponsors: Jefferson Lab, JSA

PREX is a fascinating experiment that uses parity

violation to accurately  determine the neutron

radius in 208Pb. This has broad applications to

astrophysics, nuclear structure, atomic parity non-

conservation and tests of the standard model.  The

conference will begin with introductory lectures

and we encourage new comers to attend.

For more information contact horowit@indiana.edu

Topics

Parity Violation

Theoretical descriptions of neutron-rich nuclei and

bulk matter

Laboratory measurements of neutron-rich nuclei

and bulk matter

Neutron-rich matter in Compact Stars / Astrophysics

Website: http://conferences.jlab.org/PREX

The Quest for L at JLAB: Rskin as a proxy for L
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PREX@JLAB: First electroweak (clean!) 
evidence in favor of Rskin in Pb 
Precision hindered by radiation issues

Excellent control of systematic uncertainties
Statistical uncertainties 3 times larger than  
promised: Rskin=0.33(16)fm

PREX-II and CREX to run in 2019
Original goal of 1% in neutron radius

Neutron Radii via PV Electron Scattering Donnelly, Dubach, Sick, NPA 503, 589 (1989)

Charge (proton) densities known with enormous precision
Charge density probed via parity-conserving eA scattering

Weak-charge (neutron) densities poorly known
Large and uncontrolled hadronic uncertainties
Weak-charge density probed via parity-violating eA scattering
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Neutral weak-vector boson Z0 couples preferentially to neutrons
PV provides a clean measurement of neutron densities (and Rn)
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MESA accelerator
new, Mainz Energy Recovering Acc.

Parity	violation	experiment
P2

Beam	Dump

Magnetic	spectrometer	MAGIX
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easily be compensated for by parallelizing the simulation
to run on multiple CPU cores. Figure 12 shows the experi-
mental setup that has been implemented in the simulation
using CADMesh.

Fig. 12. Drawing of the experimental setup which has been
implemented in the Geant4 simulation of the P2-Experiment.
The drawing was created using CAD software.

6.1.2 Generation of events

One of the simulation’s central aspects is the realistic sim-
ulation of the interaction between the electron beam and
the 600 mm long `H2-target. While Geant4 is an excel-
lent tool to simulate the energy loss of the beam electrons
through collisions and Bremsstrahlung inside the target
volume, the simulation of elastic electron-proton scatter-
ing under large angles ✓f ⇠ 35� in a manner that is coher-
ent with the simulation of the energy loss processes imple-
mented in Geant4 is not purposeful, because the probabil-
ity of such an event to take place is of the order O(10�4).

In order to perform an e�cient simulation of the e-p
scattering process, a dedicated event generator has been
developed. In a first step, the passage of the beam elec-
trons through the target volume is simulated. The beam
electrons are tracked inside the `H2 volume, while the soft
energy loss processes are calculated by Geant4. Since all
beam electrons undergo very similar processes, each of the
beam electrons’ trajectories may be regarded as the mean
of an ensemble of similar trajectories. For this reason, one
may randomly scan several initial states of the elastic e-p
scattering process along each of the beam electrons’ trajec-
tories without interfering with the simulation of the other
physics processes. Figure 13 illustrates the principle. An
initial state of elastic electron-proton scattering is defined
by:

– The position of the vertex inside the target volume
– The initial state energy Ei of the beam electron
– The 3-momentum vector of the beam electron

As the beam electrons are propagated through the
`H2 volume, Geant4 generates secondary particles in the
course of the simulation of the soft collision and Brems-
strahlung processes. All of these particles are tracked through

the target volume as well up to the point where they
leave the volume. One at this point, the particles state
is scanned, saved, and the particle is stopped and termi-
nated in order to save CPU time. In this manner, one
ends up with an ensemble of particle states corresponding
to background processes and beam electrons on the target
volume’s surface. Such a state is defined by:

– The particle type
– The position on the target volume’s surface
– The 4-momentum vector of the particle

Once calculated for a specific target geometry, both
the initial state ensemble of the elastic e-p scattering pro-
cess and the ensemble of background particle states may
be reused an arbitrary number of times to generate final
state ensembles for the detector simulation. Of course one
has to take care of the proper normalization in order to be
able to predict event rate distributions with this method.
Figure 14 shows a sample distribution of initial states of
the e-p scattering process.

Fig. 13. To illustrate the principle of generating ensembles
of initial states of elastic e-p scattering and background parti-
cles. The beam electrons are impinged upon the `H2-volume.
In Geant4, all particles are propagated in spatial steps of finite
length. While the soft enery loss processes are simulated with
Geant4, initial states of elastic e-p scattering are scanned at
random positions along the beam electrons’ trajectories with-
out interfering with the simulation of the other physics pro-
cesses. When a particle reaches the surface of the `H2-volume
from it’s inside, the particle’s state is scanned and the simula-
tion of the trajectory is stopped.

For each of the initial states of elastic e-p scattering,
a final state is generated using an event generator that
has been developed for the simulation application. It sam-
ples the electron’s scattering angles ✓f and �f using flat
probability density distributions and uses the Rosenbluth
formula (equation (22)) as a weighting factor for the sam-
pled event so that an electron and a proton in the final

P2 experiment @ MESA

Additionally: APV measurement on C-12 
Weak charge is 15 times larger than p; 
Cross sections 36 times larger than p; 
2500h data - 0.3% on sin2θW possible!

Main goal: proton’s weak charge ~ 0.07 -> test SM 
200 days of data - 150 µA beam - 85% polarization 

Production: 2023 on

Frank Maas for project P2,	3
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PVES on C12: weak charge and radius
To extract weak charge and radius to sub-% precision - need to control RC and nuclear structure 

Dedicated study of Coulomb distortion + ISB nuclear structure beyond neutron skin
MG et al, to be submitted!
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FW(Q2) = 1 − (R2
W /6)Q2 + (R̃4

W /120)Q4 − …

FCh(Q2) = 1 − (R2
Ch /6)Q2 + (R̃4

Ch /120)Q4 − …

Idea: forward angle to measure the weak charge, backward to constrain skin 
0.3% forward asymmetry —> requirement on the weak skin —> constrain it w. backward measurement
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APV = −
GFQ2

4πα 2

QWFW(Q2)
ZFC(Q2)

ΔRW /RCh ≤ − (1.1 ± 0.6) % δAPV(θ = 145∘) ≤ 7.5 %



Proposal: neutron skins of stable 0+ daughters
Neutron skin C-12: per se not so interesting 
Symmetric nucleus - cannot study symmetry energy, no connection to EOS of neutron-rich matter… 
But in absence of large effects can study small effects - like isospin symmetry breaking 

Ft fit dominated by 5 medium-Z decays: 26mAl - 26Mg, 34Cl - 34S, 38mK- 38Ar, 42Sc - 42Ca, 46V - 46Ti 
All 5 daughters are stable (but rare - $$$) - possible targets in PVES exp. 

If works with C-12 at the planned precision - can measure 26Mg, 34S, 38Ar, 42Ca, 46Ti 

Central questions:  

what precision is interesting/necessary? 
Is the connection skin - δC model-independent? 
If not - a weaker statement: each model used to calculate δC should predict the skin - check with exp. 
What about unstable parent nuclei? Scattering off heavy nuclei at FRIB? GSI? 

Beyond this program: δC can be calculated in nuclear models (other than shell model) 
Longstanding discussion (shell model vs. DFT vs. Hartree-Fock) 
Novel methods - ab initio, QMC, … - discussed in Trento - what’s the status? 

Fresh wind in nuclear corrections to beta decays! 
New tools and richer context! (DR + PVES exp. + neutrino data) <—> Nuclear theory
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