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‣ Rare kaon decays at the physical point 

‣ Isospin corrections to       decays at the physical pointK`2
<latexit sha1_base64="dj2DbgfZiR1+S7UdhpRl2QcxafA="></latexit>



Rare kaon decays  
at the physical point 



5

Rare kaon decays

Flavour Changing Neutral Current 
 
Extremely rare in the SM 
      ⇒ sensitive to new physicsK+ (s̄u)

⇡+ (d̄u)

e+

e�

Experimental measurement in progress at NA62 (CERN). 
Important results are expected in the next five years. 

Improved theory predictions are needed.



‣                   
Long-distance dominated, “easy” to see experimentally. 

‣  
Long-distance dominated, interesting CP violations. 

‣  
Mainly short-distance (top loop), NA62 Run 1. 
Long-distance charm effects? 

‣  
Short-distance (top loop) dominated. KOTO experiment.
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Decay channels

K+ ! ⇡+⌫̄⌫

K0
L/S ! ⇡0⌫̄⌫

K+ ! ⇡+`+`�

K0
L/S ! ⇡0`+`� Lattice
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Long-distance amplitude

EM current

Effective weak Hamiltonian

Vc(z) = ac + bcz + V ⇡⇡
c (z)

A c
µ (q

2) = �i
GF

(4⇡)2
[q2(k + p)µ � (M2

K �M2
⇡)qµ]Vc(z)

z = q2/M2
K

SM prediction? [D’Ambrosio et al., JHEP08 (1998) 004]

Kc ! ⇡c�⇤

<latexit sha1_base64="NhNWWpHh1ILTiaxWLN0TqXLzifU="></latexit>



‣ LFUV can be probed through the difference                 . 

‣ Assuming MFV, related to      decays. 
 
 

‣ SM value important for disambiguation, experiment 
only allow access to                    . 
(although combined        analysis clearly favour - sign)
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Phenomenological relevance

aµµ+ � aee+
<latexit sha1_base64="ds8ZTWeMBisb06oihiiaJ0Jzw2g="></latexit>

B
<latexit sha1_base64="c4CTW745HdCZ+miWhA/5UF2p6WM="></latexit>

CB,µµ
9 � CB,ee

9 = �
aµµ+ � aee+p

2�t
<latexit sha1_base64="zHXXVal9TPolej+dqMm93mnkNGs="></latexit>

|a+ + b+z|2
<latexit sha1_base64="H/FEW4JyeYWdNoeFJYgXOWwZCxA="></latexit>

e/µ
<latexit sha1_base64="gWX/dridQHSZ4XD3j+wRP3dWZUg="></latexit>

[Crivellin et al., PRD 93(7) 074038, 2016]

[D’Ambrosio et al., JHEP02 (2019) 49]



9

Minkowski spectral representation

tH

tH

tJ

tJ

K ⇡

K ⇡

strange

non-strange

[RBC-UKQCD, PRD 92(9), 094512, 2015]

A c
µ (q

2) = i

Z +1

0
dE

⇢(E)

2E

h⇡c(p)| Jµ |E,ki hE,k|HW |Kc(k)i
EK(k)� E + i"

� i

Z +1

0
dE

⇢S(E)

2E

h⇡c(p)|HW |E,pi hE,p| Jµ |Kc(k)i
E � E⇡(p) + i"
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Euclidean spectral representation

Time integration range:               . [�Ta, Tb]

Diverges at infinite time for                    . 
“Simple” here (only   ,        ). 
Try to think about rare     decays!

E < EK(k)
⇡ ⇡⇡⇡

B

[RBC-UKQCD, PRD 92(9), 094512, 2015]

A c
µ (q

2
, Ta, Tb) = �

Z +1

0
dE

⇢(E)

2E

h⇡c(p)| Jµ |E,ki hE,k|HW |Kc(k)i
EK(k)� E

⇥ (1� e
[EK(k)�E]Ta)

+

Z +1

0
dE

⇢S(E)

2E

h⇡c(p)|HW |E,pi hE,p| Jµ |Kc(k)i
E � E⇡(p)

⇥ (1� e
�[E�E⇡(p)]Tb)
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Lattice correlators

`

`

`

s

K ⇡

u, c

`

`s

K ⇡

`

`

u, c

s
K ⇡

`

`s

`

K ⇡

W: “Wing”C: “Connected”

E: “Eye” S: “Saucer”
[RBC-UKQCD, PRD 92(9), 094512, 2015]

GIM mechanism
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Lattice correlators

`

`

`

s

u, d, s, c

K ⇡

Jb
µ

`
Jb
µ

`

`

`

s

K ⇡

s
Jb
µ

s

`

`

`

K ⇡

`
Jb
µ

`
`

`s

K ⇡

`
Jb
µ

`

` `

s

K ⇡

[RBC-UKQCD, PRD 92(9), 094512, 2015]



‣ DWF action,               lattice with spacing ~0.12 fm. 

‣                   ,                           and                           . 

‣ For this kinematics only single    state is problematic.
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Unphysical lattice setup

243 ⇥ 64

0 8 2214 28

J0

weak Hamiltonian integration range

[RBC-UKQCD, PRD 94(1), 114516, 2016]

⇡
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Results: correlators

0 5 10 15 20 25 30
tH

°120

°100

°80

°60

°40

°20

0

20

40

60
°

(4
)

0

tJtK tº

Sl

Sc

Sl°c

W

GIM mechanism[RBC-UKQCD, PRD 94(1), 114516, 2016]
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Results: correlators

0 5 10 15 20 25 30
tH

°15

°10

°5

0

5

10

15

20
°

(4
)

0

tJtK tº

El

Ec

El°c

C

[RBC-UKQCD, PRD 94(1), 114516, 2016]
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Results: exponential subtraction

0 2 4 6 8 10 12 14
Ta

°0.010

°0.005

0.000

0.005

0.010

0.015

0.020

0.025
I(4

)
0
2pt/3pt subtraction
unsubtracted

[RBC-UKQCD, PRD 94(1), 114516, 2016]
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Results: form factor

°1.6 °1.4 °1.2 °1.0 °0.8 °0.6 °0.4 °0.2 0.0
z = q2/M 2

K

°1

0

1

2

3

4
V

(z
)

V (z) = a + bz

p = 2º
L (1, 0, 0)

p = 2º
L (1, 1, 0)

p = 2º
L (1, 1, 1)

[RBC-UKQCD, PRD 94(1), 114516, 2016]



‣ DWF action,               lattice with spacing ~0.12 fm. 

‣                   ,                           and                           . 

‣ Kaon at rest, pion momentum                                   . 

‣              , excellent to determine      directly.
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Physical lattice setup

0 16 32

J0

483 ⇥ 96
<latexit sha1_base64="NezbltZsZM3ugpIoOeHfz9L2T2U="></latexit>

M⇡ ' 140 MeV
<latexit sha1_base64="60vZJgml9NjZ/b0My4BojXz1xzQ="></latexit>

MK ' 495 MeV
<latexit sha1_base64="WzhXqRjO/XlOBVAcZq/QbW2AvLs="></latexit>

|p⇡| =
2⇡

L
' 226 MeV

<latexit sha1_base64="mpztZTf8XKHzeSFsfiP7EIntbmo="></latexit>

z ' 0.01
<latexit sha1_base64="e7+nb5qJrbKFbvcd42eckMcYAEA="></latexit>

a+
<latexit sha1_base64="WzkL33kgZYsLWGxrEBmXSHv8BL0="></latexit>
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Preliminary results
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Preliminary results
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Preliminary results
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Preliminary results
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‣ Lattice framework for rare K decays achieved. 

‣ Proof-of-concept calculations successful. 

‣ Results comparison with phenomenology/experiment 
difficult because of unphysical parameters.
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Conclusion



‣ Physical quark calculation: now! 
Direct determination of      first,      later. 

‣       &         contamination problematic? 

‣ We are excited with the NA62                       and 
                          results. 

‣                          in future runs?
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Perspectives

⇡⇡⇡⇡⇡

K+ ! ⇡+⌫̄⌫

K+ ! ⇡+e+e�
<latexit sha1_base64="uotl7g/Ffk4mhpnoAL9b8jmnd0M="></latexit>

K+ ! ⇡+µ+µ�
<latexit sha1_base64="Oa0y/v/Zi6KhPnp2oUx2FJLwLGQ="></latexit>

b+
<latexit sha1_base64="U1CKA0dF6pr7ZaBxW0Sv2UrP1us="></latexit>

a+
<latexit sha1_base64="WzkL33kgZYsLWGxrEBmXSHv8BL0="></latexit>



‣ Observed at HyperCP in 2005 and LHCb in 2018. 

‣ SM value poorly known. 

‣ Lattice project in progress, very much the beginning!
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Rare hyperon decays

p (uud)
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Still FCNC 
 
“Rare kaons with a spectator”



‣ LHCb 2018 measurement 
 
 

‣ Theory state-of the art 
 
 
 
Mix of baryon ChiPT, dispersive analysis, VMD, … 
Essentially 100% long-distance. 
Most poorly described part: real part.
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Current status

B(⌃+ ! pµ+µ�) = (2.2+1.8
�1.3) · 10�8

<latexit sha1_base64="z9P0ZTJv9RDAMyk5qrQIPdyjrFs="></latexit>

1.6 · 10�8 < B(⌃+ ! pµ+µ�) < 9.0 · 10�8
<latexit sha1_base64="0cY8xDdwE9/JXTskiFEsQ9v8+/4="></latexit>

[LHCb, PRL 120(2), 2018]

[He, Tandean and Valencia, PRD 72(7), 2005]



‣ 4 form factors to determine 

‣ Painful contractions. 

‣      and        intermediate state growing exponentials. 

‣ Possibly a big signal-to-noise ratio problem. 

‣ Now working on a                              test run 
(no       contaminant here)

27

On the menu…

N
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M⇡ ⇠ 350 MeV
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Aµ = i�µ⌫q⌫ [a(q
2) + �5b(q

2)] + (q2�µ � qµ/q)[c(q
2) + �5d(q

2)]
<latexit sha1_base64="zai9IIZ5RxwjcwIvIHsjjn54bP4="></latexit>

N⇡
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Isospin corrections to       decays at 
the physical point

K`2
<latexit sha1_base64="uQkyiMzP6jgT05nTxYGcDOuinmw="></latexit>
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Motivations
12. CKM quark-mixing matrix 15
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Figure 12.2: Constraints on the ρ̄, η̄ plane. The shaded areas have 95% CL.

ρ̄ = 0.124+0.019
−0.018 , η̄ = 0.356 ± 0.011 . (12.26)

These values are obtained using the method of Refs. [6,104]. Using the prescription
of Refs. [111,128] gives λ = 0.22496 ± 0.00048, A = 0.823 ± 0.013, ρ̄ = 0.141 ± 0.019,
η̄ = 0.349 ± 0.012 [129]. The fit results for the magnitudes of all nine CKM elements are

VCKM =




0.97434+0.00011

−0.00012 0.22506 ± 0.00050 0.00357 ± 0.00015
0.22492 ± 0.00050 0.97351 ± 0.00013 0.0411 ± 0.0013
0.00875+0.00032

−0.00033 0.0403 ± 0.0013 0.99915 ± 0.00005



 , (12.27)

and the Jarlskog invariant is J = (3.04+0.21
−0.20) × 10−5.

Figure 12.2 illustrates the constraints on the ρ̄, η̄ plane from various measurements
and the global fit result. The shaded 95% CL regions all overlap consistently around the
global fit region.
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‣ Search new physics through the SM flavour structure



‣ Light CKM coefficients: percent level reached. 
‣ Inclusion of isospin breaking effects required to progress.
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Motivations



‣ Nice theory & lattice work by RM123 

‣ New challenge here: physical point calculation.
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Current lattice status

[RM123, PRD 100(3), 034514, 2019] 
[RM123, PRL 120(7), 072001, 2018] 
[RM123, PRD 95(3), 034504, 2017] 
[RM123, PRD 91(7), 074506, 2015]



‣ Full width (rest frame) 
 
 

‣ Tree-level matrix element (factorisable final state) 

‣ Width first-order isospin breaking (IB) corrections
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Full width IB corrections
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‣                     : strong IB corrections 

‣          : quark QED corrections 

‣          : lepton QED corrections 

‣             : quark-lepton QED corrections
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IB corrections classification
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‣ “Standard” axial-pseudoscalar 2-point analysis 
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Factorisable corrections
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‣ Amputated operator and matrix element 
 
 

‣ Euclidean 3-point function 

‣ Asymptotic behaviour (                and               ) 
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Non-factorisable correction
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‣ Finite-volume (FV): IR regulator. 

‣ FV effects                     , infinite-volume regulator       . 

‣ FV subtraction: swap     and       . 

‣ Add                          : swap       and experimental cut. 

‣ Performed in the point-like approximation. 
(we are working on the structure-dependent part)
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Infrared divergences
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‣ Physical point Möbius domain-wall fermions. 

‣                    ,                   ,               ,               .  

‣ Valence light: physical mass z-Möbius              . 

‣ 98 configurations (20 trajectories spacing). 

‣ 2000 eigenvectors/conf for the light red-black 
preconditioned matrix.
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Gauge ensemble
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‣ QEDL theory. 

‣ Interaction vertices     inserted on quark propagators 
using sequential solves. 

‣ EM field Gaussian distributed from QEDL action. 

‣ Local current vs. conserved: no new divergences for 
this process.
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QED implementation
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‣ 2-point function: all-to-all with LMA. 

‣  
 
 
 

‣     ,               fixed, 96 translations.     integrated. 

‣ DWF lepton with twisted BC for energy conservation.

39

Correlation functions
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Non-factorisable corrections
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Leptonic decays

IB corrections Leptonic decay rates

⌅ Connected QED isospin breaking corrections to the decay rate: (A.Portelli’s talk)

Lepton coupling Diagram Exchange Diagram Self-energy Diagram

⌅ Disconnected QED isospin breaking corrections to the decay rate:

Tadpole Diagram Specs Diagram Burger Diagram

⌅ Strong Isospin breaking corrections:

Strong Diagram

I

Strong disconnected Diagram

James Richings (Lattice 2019) Disconnected 19/06/2019 5 / 16

22 configurations, 96 translations/conf. 
24 consecutive translations binned
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Non-factorisable corrections

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 5 10 15 20 25 30 35 40 45

R
3
(t

H
)

tH

⇡+ ! µ+⌫µ (t` � tH = 24)
K+ ! µ+⌫µ (t` � tH = 24)Pre
lim
ina
ry

R3(tH) =
tr[/p

⌫
�`qC3(tH)�L

0 ]

tr[/p
⌫
C3,0(tH)�L

0 ]
' �`q|M|2

|M0|2
<latexit sha1_base64="+6hBCKueGbm6wy0RPwk42uj2EwA="></latexit>



‣ Isospin breaking corrections to weak decays are 
necessary for sub-percent CKM coefficients. 

‣ Working setup for pion and kaon leptonic decays 
directly at physical quark masses. 

‣ Low-statistics results encouraging.
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Outlook



‣ Soon: higher statistics and full analysis. 

‣ Renormalisation of the weak Hamiltonian. 

‣ Semi-leptonic decays.
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Perspectives



Thank you!


