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Growth of the interior
Black hole interior: an expanding cosmology

volume of maximal Cauchy slice  ∝ Mt

Question: what is the microscopic origin of this “creation of space”?
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Growth of the interior
In AdS/CFT:

= |TFD⟩ =
1

Z ∑
n

e−βEn/2 |n⟩L |n⟩R

= e−i(HL+HR)t |TFD⟩

Probes of the TFD state:

Correlation functions: ⟨TFD |O1(t1) . . . Ok(tk) |TFD⟩ thermalize in  ∝ β times

Entanglement entropy: thermalize in  ∝ β times [Hartman-Maldacena]

(β log G−1
N  for OTOC)
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Growth of the interior
Perturbative corrections in GN are unlikely to terminate this growth

Upshot: We need a quantity that is not thermalizing
for  ∝ e

1
GN times
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Candidate: complexity of a state [Susskind et. al.]

The fast scrambler of Eq. 2.1 is a continuous-time Hamiltonian. We will will also be

interested in systems for which time is discrete, for example quantum circuits. A quantum

circuit starts with a collection of K qubits and makes them interact via k-qubit quantum

gates. Random k-local quantum circuits are believed to be fast scramblers.

For k = 2, a random quantum circuit may be constructed as follows. In each time-step

the K qubits are randomly paired and each pair interacts by a randomly chosen gate. The

particular gate set is not very important as long as it is universal. After each step the

qubits are randomly re-grouped into pairs and the process is repeated. This is illustrated

in Fig. 1.

⌧
1 2 3 4

Figure 1: An example of a random circuit with K = 6, k = 2, and depth 4. The six qubits
(black lines) are randomly grouped into three ordered pairs, and then a gate (blue box) is
applied to each pair. At the next time-step, they are randomly re-paired.

Our focus will not be on the state of the qubit system, but rather on the unitary

operator U(⌧) generated by the circuit after ⌧ time-steps. We will be interested in the

complexity of this unitary operator, defined as the number of gates in the minimal quantum

circuit that generates this unitary. We will particularly be interested in how the complexity

evolves with time.

Growth and Saturation

The number of gates that the circuit applied in order to prepare U(⌧) is

Ngates(⌧) =
K⌧

2
. (2.2)

The number of time-steps, ⌧ , is called the depth of the circuit and K is called the width.

The factor of 1/2 in Eq. 2.2 is due to the pairing of qubits, which implies that in each

time-step K/2 gates act.

3

|0⟩⊗K |ψ⟩target

Size of the minimal quantum circuit producing the target



Complexity growth

The fast scrambler of Eq. 2.1 is a continuous-time Hamiltonian. We will will also be

interested in systems for which time is discrete, for example quantum circuits. A quantum

circuit starts with a collection of K qubits and makes them interact via k-qubit quantum

gates. Random k-local quantum circuits are believed to be fast scramblers.

For k = 2, a random quantum circuit may be constructed as follows. In each time-step

the K qubits are randomly paired and each pair interacts by a randomly chosen gate. The

particular gate set is not very important as long as it is universal. After each step the

qubits are randomly re-grouped into pairs and the process is repeated. This is illustrated

in Fig. 1.

⌧
1 2 3 4

Figure 1: An example of a random circuit with K = 6, k = 2, and depth 4. The six qubits
(black lines) are randomly grouped into three ordered pairs, and then a gate (blue box) is
applied to each pair. At the next time-step, they are randomly re-paired.

Our focus will not be on the state of the qubit system, but rather on the unitary

operator U(⌧) generated by the circuit after ⌧ time-steps. We will be interested in the

complexity of this unitary operator, defined as the number of gates in the minimal quantum

circuit that generates this unitary. We will particularly be interested in how the complexity

evolves with time.

Growth and Saturation

The number of gates that the circuit applied in order to prepare U(⌧) is

Ngates(⌧) =
K⌧

2
. (2.2)

The number of time-steps, ⌧ , is called the depth of the circuit and K is called the width.

The factor of 1/2 in Eq. 2.2 is due to the pairing of qubits, which implies that in each

time-step K/2 gates act.
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|0⟩⊗K |ψ⟩target

Somewhat ambiguous, but so is how we measure the size of the interior

Argument for the time dependence of complexity [Susskind,Brown-Susskind-Zhao]

|ψ⟩target = e−iHt |TFD⟩

N

# of gates =
K
2

N ≈ St
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One “layer” of the circuit

(1 − iH
t
N )

N



Complexity growth

|ψ⟩target = e−iHt |TFD⟩ # of gates =
K
2

N ≈ St

At later times, there could be a shortcut in getting to |ψ⟩target

All possible unitaries on K qubits: SU(2K)

Vol[SU(2K)] ∝ 2 K
2 4K

# of possible circuits of depth N ∝ (#gates)KN

Time required to reach this with  ∝ St growth: tsat ∝ eS
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[Brown-Susskind-Zhao]

max complexity ∝ 4K ∝ eS



Complexity growth
Conjectured time dependence of complexity in chaotic systems  
[Susskind,Brown-Susskind-Zhao], see [Balasubramanian-DeCross-Kar-Parrikar] for progress towards proving it

complexity

⌧

Cmax

2Cmax

K
⇠ exp[4K ]

Figure 2: The evolution of the computational complexity of the operator eiH⌧ for a generic
k-local Hamiltonian H. At t = 0 the operator eiHt is the identity and so has complexity
zero. At early and intermediate times the complexity increases linearly, with coe�cient
K/2. After a time exponential in the number of qubits K, the complexity saturates at a
value Cmax that is exponential in K. It then fluctuates near that maximum value. Very
very rarely—so rarely that we must wait the double exponentially long quantum recurrence
time for it to be likely to have happened even once—the complexity of the system may
fluctuate down to near zero, before growing again.

To summarize: the complexity initially increases linearly, with a rate of increase equal

to the internal energy [12, 13] which we assume is proportional to the number of qubits

K. The numerical coe�cient is dependent on the exact definition of complexity but we

will adopt a convention motivated by Eq. 2.2

C(⌧) =
K

2
⌧. (2.4)

Once C(⌧) reaches its maximum value a long period of complexity-equilibrium will follow,

during which the complexity remains near maximum. On very long time scales, the com-

plexity will fluctuate substantially below its maximum and on double exponentially long

time scales very large fluctuations will return C all the way back to near zero. Conditional

5
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Complexity growth
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Why do we have a chance of seeing something like this in gravity?

Because Euclidean gravity seems to have an  
unreasonably large regime of validity, e.g.

Universal energy level repulsion of chaotic systems 
[Saad-Shenker-Stanford,Cotler-Jensen,…]

Entropy Page curve of an evaporating black hole 
[Penington-Shenker-Stanford-Yang,Amheiri-Hartman-Maldacena-Shaghoulian-Tajdini]

Both are about corrections coming from summing topologies

Today: how do these effects affect the volume of the interior?
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Jackiw-Teitelboim (JT) gravity
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IJT = − S0 χ(ℳ) −
1
2 ∫ gϕ(R + 2) − ∫∂ℳ

hϕ(K − 1)

Dilaton-gravity in two dimensions:

Arises by dimensional reduction  
of near-horizon region of near-extremal black holes 

[Maldacena-Stanford-Yang,Sarosi,Nayak-Shukla-Soni-Trivedi]

Black hole solution: Global AdS2 with a cutoff at large constant ϕ

Lorentzian Euclidean



Jackiw-Teitelboim (JT) gravity
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IJT = − S0 χ(ℳ) −
1
2 ∫ gϕ(R + 2) − ∫∂ℳ

hϕ(K − 1)

Dilaton-gravity in two dimensions:

[Maldacena-Stanford-Yang]

Quantum theory: path integrating out ϕ gives δ(R + 2)
 which in turn fixes all off-shell geometries  

in the path integral to be pieces of the hyperbolic disk

Off-shell degrees of freedom: boundary “wiggles”

∫∂ℳ
hϕ(K − 1) → ∫ du {tan

τ(u)
2

, u}

Zdisk = ∫
dμ(τ)

SL(2,ℝ)
exp [−γ∫ du {tan

τ(u)
2

, u}] = [ γ
β ]

3/2

e
2π2γ

β

One loop exact [Stanford-Witten]



Jackiw-Teitelboim (JT) gravity
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Higher topologies also contribute, weighted by χ(ℳ) = 2g + n − 2

Z(β) =

∑
g

e−S0(2g−1) ∫
∞

0
bdbVg,1(b)Z trumpet(β, b)+eS0 [ γ

β ]
3/2

e
2π2γ

β

[ γ
β ]

1/2

e− γb2
2βVolume of moduli space 

of bordered Riemann 
surfaces

[Saad-Shenker-Stanford]



Jackiw-Teitelboim (JT) gravity
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Works similarly for n boundaries Z(β1) . . . Z(βn) → Vg,n(b1, . . . , bn)

Vg,n(b1, . . . , bn) satisfy a recursion relation [Mirzakhani]

Related to genus expansion in matrix integrals [Eynard-Orantin]

JT gravity is a matrix integral [Saad-Shenker-Stanford]

[Z(β)]JT gravity ≃ ∫ dHe−V(H)Tr[e−βH]

In the genus expansion 
and in the double scaling limit 

(large matrix, zoomed to 
the bottom of the spectrum)

Explains factorization puzzle

[Z2]gravity ≠ [Z]2
gravity
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Volume of the interior in JT gravity
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Classical volume

ℓren = 2 log (2 cosh [ 2π
β

t]) ≈
4π
β

t

Quantum volume (perturbative): using HH wave function [Yang,Harlow-Jafferis]

ψDisk
β/2 (ℓ) = = ∫

∞

0
dEρ0(E)e−βE/2[4e−ℓ/2Ki 8E(4e−ℓ/2)]

⟨ℓ⟩ =
e−S0

Zdisk ∫ eℓdℓ |ψDisk
β
2 +it

(ℓ) |2 ℓ



Volume of the interior in JT gravity
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Non-perturbative quantum volume:

Challenge: infinite number of extremal geodesics on higher genus surfaces

Taking minimal geodesic on each surface is not an option:  
we want to continue to Lorentzian! 

Euclidean minimal geodesic changes abruptly: 
 leads to non-analiticity



Volume of the interior in JT gravity
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Challenge: infinite number of extremal geodesics on higher genus surfaces

Instead: average over a well defined set of extremal geodesics

⟨ℓ⟩ ≡ ∑
g

eS0(1−2g) ∑
γ

⟨ℓγ⟩wiggles & moduli space

Divergent!

Natural regularization:

⟨ℓ⟩ ≡ − lim
Δ→0

d
dΔ ∑

g

eS0(1−2g) ∑
γ

⟨e−Δℓγ⟩wiggles & moduli space

If all geodesics are summed: two point function [Saad]

Non-perturbative quantum volume:



Volume of the interior in JT gravity
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We choose to sum only non-self intersecting geodesics, 
so that a state can live on the slice defined by the geodesic

Non-perturbative quantum volume:

Also technically simpler: cutting along the geodesic we can evaluate
⟨e−Δℓ⟩ by integrating against the respective HH wave functions, just like for the disk

Figure 1: An example (with genus 2) of the type of hyperbolic surfaces which the path
integral (2.3) sums over. The green curves represent the wiggly asymptotic boundaries, while
the red curve represent the boundary to boundary geodesic. While there are an infinite
number of non-self-intersecting boundary-to-boundary geodesics on such surfaces, above we
have drawn an example of all possible surface topology that can result by cutting a genus 2
surface along the geodesics. The purple curves represent the closed geodesics which we use
to glue the trumpet wavefunctions in (5.4) to di↵erent bordered Riemann surfaces.

of a probe matter field �, with scaling dimension �, which only couples to the metric in

the JT theory. In the probe limit, the two-point function on any hyperbolic surface can be

schematically expressed as

h�(x1)�(x2)i =
X

M

X

�

he
��`� iM , (2.2)

where the sum over M is a sum over all surfaces, obeying the boundary conditions discussed

above, and the sum over � is a sum over all geodesics connecting the points at boundary

times x1 and x2, each of length `� . On a hyperbolic surface of genus g � 1 there will be

an infinite number of geodesics � some of which will self-intersect. Since we are interested

in the two point function in order to probe the length `� of the Einstein-Rosen bridge in a

two-sided black hole, we shall restrict ourselves to geodesics that do not self-intersect and set

x1 =
�
2
+ it and x2 =

�
2
� it; for each surface M we will denote such geodesics going from x1

to x2 by Gx1,x2 .

In JT gravity, the path integral over all metrics reduces to an integral over boundary

wiggles which we denote byD(W) and an integral over the moduli space of hyperbolic surfaces

[16]. Therefore, the two-point function can be rewritten as

h�(x1)�(x2)ig =
X

g

e
S0(1�2g)

Z

Tg,1
Mod(Mg,1)

!

Z
D(W)e�IJT, bdy(W)

X

�2Gx1,x2

e
��`� , (2.3)

where ! =
P

3g�3+n
j=1

db ^ d⌧ is the Weil-Peterson symplectic form on the moduli space of

hyperbolic surfaces, and Tg,1 represents the moduli space of all hyperbolic surfaces Mg,1 of

genus g with 1 asymptotic boundary. Due to the redundancy of large di↵eomorphism in the

– 3 –



Volume of the interior in JT gravity

 20

Result:

⟨ℓ(t)⟩ = −
e−S0

4π2Zdisk(β) ∫
∞

0
dE1dE2⟨ρ(E1)ρ(E2)⟩M(E1, E2)e− 1

2 β(E1 + E2)−i(E1 − E2)t

M(E1, E2) =
8π4csch ( 2π ( E1 − E2)) csch ( 2π ( E1 + E2))

E1 − E2

In matrix integrals, universally:

⟨ρ(E1)ρ(E2)⟩ = ⟨ρ(E1)⟩⟨ρ(E2)⟩ + ⟨ρ(E1)⟩δ(E1 − E2) −
sin2 [π⟨ρ(E2)⟩(E1 − E2)]

π2(E1 − E2)2

∝
1

(E1 − E2)2



Volume of the interior in JT gravity
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⌧
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K
⇠ exp[4K ]

Figure 2: The evolution of the computational complexity of the operator eiH⌧ for a generic
k-local Hamiltonian H. At t = 0 the operator eiHt is the identity and so has complexity
zero. At early and intermediate times the complexity increases linearly, with coe�cient
K/2. After a time exponential in the number of qubits K, the complexity saturates at a
value Cmax that is exponential in K. It then fluctuates near that maximum value. Very
very rarely—so rarely that we must wait the double exponentially long quantum recurrence
time for it to be likely to have happened even once—the complexity of the system may
fluctuate down to near zero, before growing again.

To summarize: the complexity initially increases linearly, with a rate of increase equal

to the internal energy [12, 13] which we assume is proportional to the number of qubits

K. The numerical coe�cient is dependent on the exact definition of complexity but we

will adopt a convention motivated by Eq. 2.2

C(⌧) =
K

2
⌧. (2.4)

Once C(⌧) reaches its maximum value a long period of complexity-equilibrium will follow,

during which the complexity remains near maximum. On very long time scales, the com-

plexity will fluctuate substantially below its maximum and on double exponentially long

time scales very large fluctuations will return C all the way back to near zero. Conditional

5

Reminder:

⟨ℓ⟩
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Comments



Volume of the interior in JT gravity
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∫
∞

0
dE1dE2⟨ρ(E1)ρ(E2)⟩e− 1

2 β(E1 + E2)−i(E1 − E2)t × {M(E1, E2) for ⟨ℓ(t)⟩
1 for SFF(t)

complexity

⌧

Cmax

2Cmax

K
⇠ exp[4K ]

Figure 2: The evolution of the computational complexity of the operator eiH⌧ for a generic
k-local Hamiltonian H. At t = 0 the operator eiHt is the identity and so has complexity
zero. At early and intermediate times the complexity increases linearly, with coe�cient
K/2. After a time exponential in the number of qubits K, the complexity saturates at a
value Cmax that is exponential in K. It then fluctuates near that maximum value. Very
very rarely—so rarely that we must wait the double exponentially long quantum recurrence
time for it to be likely to have happened even once—the complexity of the system may
fluctuate down to near zero, before growing again.

To summarize: the complexity initially increases linearly, with a rate of increase equal

to the internal energy [12, 13] which we assume is proportional to the number of qubits

K. The numerical coe�cient is dependent on the exact definition of complexity but we

will adopt a convention motivated by Eq. 2.2

C(⌧) =
K

2
⌧. (2.4)

Once C(⌧) reaches its maximum value a long period of complexity-equilibrium will follow,

during which the complexity remains near maximum. On very long time scales, the com-

plexity will fluctuate substantially below its maximum and on double exponentially long

time scales very large fluctuations will return C all the way back to near zero. Conditional
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Figure 1: A log-log plot of SYK g(t; � = 5), plotted against time for N = 34. Here we
use the dimensionless combination tJ for time. Initially the value drops quickly, through a
region we call the slope, to a minimum, which we call the dip. After that the value increases
roughly linearly, ⇠ t, until it smoothly connects to a plateau around tJ = 3 ⇥ 104. We
call this increase the ramp, and the time at which the extrapolated linear fit of the ramp
in the log-log plot crosses the fitted plateau level the plateau time. The data was taken
using 90 independent samples, and the disorder average was taken for the numerator and
denominator separately.

of samples used in the computation. We will discuss this point further in Section 8.)

We will be discussing the curve g(t) at length, so let us point out the main features

in this plot and introduce some nomenclature. Starting with t = 0, at early times the

value of g(t) drops quickly along what we will call the ‘slope’, until it reaches a minimum

at the ‘dip time’ td. Next comes a period of linear growth that we will call the ‘ramp’.

It ends at the plateau time tp, and beyond this we have an almost constant value of g(t)

that we call the ‘plateau’. The plateau height is equal to the long-time average of g(t).

On the plateau only the En = Em terms in the sum (3) survive, and the height of the

plateau is 2Z(2�)/Z2(�) ⇠ e�aS, in accordance with (4). The factor of 2 is due to a 2-fold

degeneracy in the spectrum (see Appendix A).

Quantities such as g, gd, and gc are studied extensively in the field of quantum chaos.

In particular, g(t) (typically used with � = 0) is called the spectral form factor and it is

a standard diagnostic of the pair correlation function of energy eigenvalues. We will often

refer to g(t) by this name. It supplies information about the correlations of eigenvalues at

11

SFF

t

⟨ρ(E1)ρ(E2)⟩ = ⟨ρ(E1)⟩⟨ρ(E2)⟩ + ⟨ρ(E1)⟩δ(E1 − E2) −
sin2 [π⟨ρ(E2)⟩(E1 − E2)]

π2(E1 − E2)2

Very similar quantity: spectral form factor Z(β − it)Z(β + it) ≡ SFF(t)

Volume
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Noise on volume plateau: absent because JT gravity is an ensemble average

Need to calculate ⟨ℓ(t)⟩2 to quantify noise

Geodesic cuts will introduce at most four boundaries: depends on ⟨ρρρρ⟩

Result: σℓ ≡ [ℓ − ℓ]2 ∝ t for t ≫ eS0

10 104 107
0.01

0.10

1

10

Figure 5: We show h`i and the band h`i ± �`, which at long times goes as e
S0 ±

p
t giving

the graph above on a log-log plot. We put � = 15 and S0 = 10 on this plot. The opening

time of the band in t̂ = e
�S0t can be made arbitrarily late by increasing S0.

where the four boundary correlator h⇢⇢⇢⇢i is well approximated by Wick contractions (two

boundary wormhole contributions), indicating Gaussian noise. Because the noise is highly

non-Gaussian, one should be careful in interpreting �`. For example it could come from a

distribution which has fixed noise near the origin, but has a growing bump for certain very

large fluctuations. Resolving this requires one to study higher moments of `. This is in prin-

ciple possible, but we leave it to future work. In any case, to resolve this tension between the

variance of the ER length and the expected variance of complexity, it would be interesting to

explore all alternate definitions of the variance which we have described above.

7 Discussion

7.1 Summary

To recapitulate, we have computed the length of the ER bridge at all times. At early times,

this length grows linearly with time, as expected from a semi-classical analysis.30 At late

times, it saturates at a time and value both proportional to e
S0 . This saturation is due to a

universal cancellation between the classical contribution and the non-perturbative corrections

to the spectral two-point function. This type of saturation is distinct from the cancellation

between the leading wormhole geometry and the non-perturbative corrections that is respon-

sible for the plateau in the spectral form factor and in the probe matter two-point function.

Also, as opposed to these latter quantities, we have found that for the length of the ER bridge,

the “noise” on the plateau is much smaller than the signal, i.e. �` ⌧ ` for t / e
S0 . However,

we have also found that �` grows forever and that it becomes the same size as the signal at

30Even when accounting for the backreaction of the operator insertion on the metric [28].
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σℓ

ℓ
∝ e−S0/2 for t ∝ eS0

σℓ

ℓ
∝ O(1) for t ∝ e2S0

Figure 4: An example (with genus 3) of the type of hyperbolic surfaces which the path

integral (6.2) sums over. The figures represent the cuts Mg,2 ! Mh1,1�Mh2,1�Mg�h1�h2,2

with h1,2 � 0 and h1 + h2  g (top left), Mg,2 ! Mh,1 � Mg�h�1,3 (top right), Mg,2 !

Mh,2 � Mg�h�1,2 (bottom left), and Mg,2 ! Mg�2, 4 (bottom right).

6.1 Geometric computation

To probe the variance for the length of the ER bridge we again use a modified boundary-to-

boundary two-point function inserted on each asymptotic boundary, one for an operator �,

with scaling dimension �, and another for an operator �
0, with scaling dimension �0. We will

denote the pair of boundary-to-boundary two-point functions (with the assumptions about

which geodesics contribute to the correlator as above) by hTr�(�(x1)�(x2)) Tr�(�(x0
1
)�(x0

2
))inon-int..

To compute the variance of the length, we will use

�
2

h`(t)i = lim
�!0,�0!0

@�@�0


hTr� (�(x1)�(x2)) Tr�

�
�
0(x1)�

0(x2)
�
inon-int.

� hTr�(�(x1)�(x2))inon-int.hTr�(�0(x1)�
0(x2))inon-int.

�
.

(6.1)
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Mh,2 � Mg�h�1,2 (bottom left), and Mg,2 ! Mg�2, 4 (bottom right).

6.1 Geometric computation

To probe the variance for the length of the ER bridge we again use a modified boundary-to-

boundary two-point function inserted on each asymptotic boundary, one for an operator �,

with scaling dimension �, and another for an operator �
0, with scaling dimension �0. We will

denote the pair of boundary-to-boundary two-point functions (with the assumptions about

which geodesics contribute to the correlator as above) by hTr�(�(x1)�(x2)) Tr�(�(x0
1
)�(x0

2
))inon-int..

To compute the variance of the length, we will use

�
2

h`(t)i = lim
�!0,�0!0

@�@�0


hTr� (�(x1)�(x2)) Tr�

�
�
0(x1)�

0(x2)
�
inon-int.

� hTr�(�(x1)�(x2))inon-int.hTr�(�0(x1)�
0(x2))inon-int.

�
.

(6.1)

– 17 –



Volume of the interior in JT gravity

 25

σℓ ∝ t for t ≫ eS0

Comments:

• For complexity, one would expect the noise  
not to change on the plateau

• The calculation suggests the noise is highly non-Gaussian, 
contrary to the spectral form factor

• Are we calculating the variance right?  
E.g. we omit intersecting geodesics



Summary
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Defined regularized non-perturbative volume in JT gravity

Showed that it saturates at t ∝ eS0, which is expected from complexity

Result is similar to SFF, but the origin of “ramp” and plateau are different

Questions
Doubly non-perturbative effects are needed for volume saturation 
Further: truncating genus expansion at any finite order gives wrong  
approximation — How to understand the geometric origin of the saturation?

The final formula makes sense in any matrix integral, can also be derived 
for more general dilaton potential (with methods of [Maxfield-Turiaci,Witten]) 
call it spectral complexity — can it match some definition of complexity?

Higher dimensions: is the spectral density 2pt function still in control?

Late time variance larger than expected, and not equilibrating  


