
[based on 1808.07871, 1812.08133 w/  M. Rangamani & M. Rota

+ 1912.01041 w/ S. Hernández-Cuenca, M. Rangamani & M. Rota  

+ 3 w.i.p.'s w/  T. He, S. Hernández-Cuenca, F. Jia, & M. Rota]

Physics Department & center for Quantum Mathematics and Physics

In part supported by 

Veronika Hubeny 

HOLOGRAPHIC ENTROPY CONE 

FROM MARGINAL INDEPENDENCE

!"#$%&'(%&)&*(%+,-.



Motivation

Holography 

Central question: how does gravity emerge from non-gravitational dual?

Hints that entanglement structure plays a crucial role…

⤳ characterize aspects of entanglement structure 
which correspond to geometric states

states in a holographic CFT which 
describe a classical bulk geometry

conveniently diagnosed 
by entanglement entropy

Quantum Information 

Understand information quantities derived from entanglement entropy



OUTLINE

Motivation & Background 

Entanglement entropy, holographic entropy cone & arrangement

2 important constructs 

V-space ("proto-entropy subspace" / "min-cut subspace")

Pattern of marginal independence (PMI)

2 useful tools 

Holographic graph models

Fine- / coarse- graining

Main result

Thm & proof

Implications & open questions



Entanglement entropy

For CFT state and bi-partition| i
<latexit sha1_base64="rRmYaawa4skEFw9Ee/41hTz80nU=">AAAB83icdVDLSsNAFL3xWeur6tLNYBFchaQPrBspuHFZwT6gCWUynbRDJ5MwMxFK7G+4caGIW3/GnX/jtI2gogcuHM65l3vvCRLOlHacD2tldW19Y7OwVdze2d3bLx0cdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTK7mfveOSsVicaunCfUjPBIsZARrI3n3XqKYJ7EYcToolR27Uq/X3AZaklpOqhdV5NrOAmXI0RqU3r1hTNKICk04VqrvOon2Myw1I5zOil6qaILJBI9o31CBI6r8bHHzDJ0aZYjCWJoSGi3U7xMZjpSaRoHpjLAeq9/eXPzL66c6bPgZE0mqqSDLRWHKkY7RPAA0ZJISzaeGYCKZuRWRMZaYaBNT0YTw9Sn6n3Qqtlu1Kze1cvMyj6MAx3ACZ+DCOTThGlrQBgIJPMATPFup9Wi9WK/L1hUrnzmCH7DePgHf7pI7</latexit>

H = HA ⌦HĀ
<latexit sha1_base64="8Kv3mYohz3H58ggTQUjUUMgt0w4=">AAACIXicdVDLSgMxFM3UV62vqks3wSK4KjN9YF0oLW66rGAf0BmGTJq2oZnJkGSEMsyvuPFX3LhQpDvxZ0zbEVrRA4GTc+7l3nu8kFGpTPPTyGxsbm3vZHdze/sHh0f545OO5JHApI0546LnIUkYDUhbUcVILxQE+R4jXW9yN/e7j0RIyoMHNQ2J46NRQIcUI6UlN1+zfaTGGLG4mcAbuPJzG9DmivpErqmx7SEBG4mbL5jFUrVasWpwSSopKV+XoVU0FyiAFC03P7MHHEc+CRRmSMq+ZYbKiZFQFDOS5OxIkhDhCRqRvqYB0pOdeHFhAi+0MoBDLvQLFFyoqx0x8qWc+p6unO8qf3tz8S+vH6lhzYlpEEaKBHg5aBgxqDicxwUHVBCs2FQThAXVu0I8RgJhpUPN6RB+LoX/k06paJWLpftKoX6bxpEFZ+AcXAILXIE6aIIWaAMMnsALeAPvxrPxanwYs2Vpxkh7TsEajK9vHbWkIA==</latexit>

S(A) ⌘ �Tr ⇢A log ⇢A
<latexit sha1_base64="9ktOadRPWMlFKxVOz4Gi9PnTdIg="></latexit>

⤳ reduced density matrix ⇢A ⌘ TrĀ| ih |
<latexit sha1_base64="1BRJO/u/ylY+2xIghJ6kw+wC3FM="></latexit>

EE = 

Decompose CFT into N elementary subsystems ("colors")

N

H = HA ⌦HB ⌦HC ⌦ · · ·
<latexit sha1_base64="fDnKopT3kVMuPO/V0S8Mt6KxTI0="></latexit>

⌦HABC···
<latexit sha1_base64="Bq9XxukV+EY5CeQmuVUHql25ris="></latexit>

⤳ entropy vector in D = 2N - 1 dimensional entropy space

~S = {S(A), S(B), S(C), S(AB), S(AC), S(BC), S(ABC)}
<latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit><latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit><latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit><latexit sha1_base64="wZPIuhTbVIUbjais7MiytW9hEn4=">AAACKnicbVDLTgIxFO3gC/E16tJNIzGBxJAZY6IbDQMblxjkkTAT0ikFGjqdSdshIRO+x42/4oaFhrj1Q+wACwVv0ntOz7037T1+xKhUljU3MlvbO7t72f3cweHR8Yl5etaUYSwwaeCQhaLtI0kY5aShqGKkHQmCAp+Rlj+qpvXWmAhJQ/6iJhHxAjTgtE8xUlrqmk7ijgmG9Sl8gG4CYb3gFOG1hkoxzVWdU215c6oLqCzB0QjdadfMWyVrEXCT2CuSB6uodc2Z2wtxHBCuMENSdmwrUl6ChKKYkWnOjSWJEB6hAeloylFApJcsVp3CK630YD8U+nAFF+rviQQFUk4CX3cGSA3lei0V/6t1YtW/9xLKo1gRjpcP9WMGVQhT32CPCoIVm2iCsKD6rxAPkUBYaXdz2gR7feVN0rwp2VbJfr7Nlx9XdmTBBbgEBWCDO1AGT6AGGgCDV/AOPsCn8WbMjLnxtWzNGKuZc/AnjO8f+vaeXw==</latexit>

e.g. for N=3,

conceptually useful to consider large N…



Entropy relations

Universal restrictions:

Further restrictions, depending on the system

Sub-additivity (SA) S(A) + S(B) � S(AB)
<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

Strong sub-additivity (SSA) S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

⇨ Mutual information positivity 
 I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

⇨ Mutual information monotonicity I(A : C|B) ⌘ I(A : BC)� I(A : B) � 0
<latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit>

Our task:  understand the full set in holography

…  (expect more relations with increasing N)

Physically realizable entropy vectors are restricted



Entropy cone

{All physically allowed entropy vectors} = convex cone in entropy space
2 useful characterizations:

convex hull of extreme rays intersection of half-spaces (=polyhedron)

delineated by entropy inequalities

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>
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when restricted to geometric states in holography ⤳ holographic entropy cone (HEC)
[Bao, Nezami, Ooguri, Stoica, Sully, Walter ’15]



Entropy cone for N=2

For N>2, holographic entropy cone ⊂ quantum entropy cone, 
( ⇒ specified by additional entropy inequalities)

S(A) + S(B) � S(AB)
<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

S(A) + S(AB) � S(B)
<latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit><latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit><latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit><latexit sha1_base64="n8mUXjEHMPRIzpYVBKZzGueyGt0=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64l8M595Kb48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+em1Yv9EYXNQr04sPOohJaAhpQrrusYUkWui1zopFYepGgM7Pf+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNny9jk8M8oQBpE0JTRcqt83ZjhUahr6ZjLEeqx+ewvxL6+X6KDqzZiIE00FWT0UJBzqCC6CgEMmKdF8aggmkplbIRljiYk2cWVNCF8/hf+T9kXJQSXnppyvVdM4MuAEnIICcEAF1MA1aIAWIOAePIAn8GzNrUfrxXpdja5Z6c4x+AHr7RMaVJHd</latexit>

S(B) + S(AB) � S(A)
<latexit sha1_base64="YNeSbQAZTK8qm7I6ElJwNp+ILaw=">AAAB+3icdZDLSgMxFIYzXmu9jXXpJliEFqFknEK7rHXjslJ7gXYomTTThmYyQ5IRS+mruHGhiFtfxJ1vY9qOoKIHAh//fw7n5PdjzpRG6MNaW9/Y3NrO7GR39/YPDu2jXFtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRq4XfuqFQsErd6GlMvxCPBAkawNtLAzjUL9eJ5s3BZL/ZHFBooDuw8KqFlQQPlius6BqrIdZELndTKg7QaA/u9P4xIElKhCcdK9RwUa2+GpWaE03m2nygaYzLBI9ozKHBIlTdb3j6HZ0YZwiCS5gkNl+r3iRkOlZqGvukMsR6r395C/MvrJTqoejMm4kRTQVaLgoRDHcFFEHDIJCWaTw1gIpm5FZIxlphoE1fWhPD1U/g/tC9KDio5N+V8rZrGkQEn4BQUgAMqoAauQQO0AAH34AE8gWdrbj1aL9brqnXNSmeOwY+y3j4BGmKR3Q==</latexit><latexit sha1_base64="YNeSbQAZTK8qm7I6ElJwNp+ILaw=">AAAB+3icdZDLSgMxFIYzXmu9jXXpJliEFqFknEK7rHXjslJ7gXYomTTThmYyQ5IRS+mruHGhiFtfxJ1vY9qOoKIHAh//fw7n5PdjzpRG6MNaW9/Y3NrO7GR39/YPDu2jXFtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRq4XfuqFQsErd6GlMvxCPBAkawNtLAzjUL9eJ5s3BZL/ZHFBooDuw8KqFlQQPlius6BqrIdZELndTKg7QaA/u9P4xIElKhCcdK9RwUa2+GpWaE03m2nygaYzLBI9ozKHBIlTdb3j6HZ0YZwiCS5gkNl+r3iRkOlZqGvukMsR6r395C/MvrJTqoejMm4kRTQVaLgoRDHcFFEHDIJCWaTw1gIpm5FZIxlphoE1fWhPD1U/g/tC9KDio5N+V8rZrGkQEn4BQUgAMqoAauQQO0AAH34AE8gWdrbj1aL9brqnXNSmeOwY+y3j4BGmKR3Q==</latexit><latexit sha1_base64="YNeSbQAZTK8qm7I6ElJwNp+ILaw=">AAAB+3icdZDLSgMxFIYzXmu9jXXpJliEFqFknEK7rHXjslJ7gXYomTTThmYyQ5IRS+mruHGhiFtfxJ1vY9qOoKIHAh//fw7n5PdjzpRG6MNaW9/Y3NrO7GR39/YPDu2jXFtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRq4XfuqFQsErd6GlMvxCPBAkawNtLAzjUL9eJ5s3BZL/ZHFBooDuw8KqFlQQPlius6BqrIdZELndTKg7QaA/u9P4xIElKhCcdK9RwUa2+GpWaE03m2nygaYzLBI9ozKHBIlTdb3j6HZ0YZwiCS5gkNl+r3iRkOlZqGvukMsR6r395C/MvrJTqoejMm4kRTQVaLgoRDHcFFEHDIJCWaTw1gIpm5FZIxlphoE1fWhPD1U/g/tC9KDio5N+V8rZrGkQEn4BQUgAMqoAauQQO0AAH34AE8gWdrbj1aL9brqnXNSmeOwY+y3j4BGmKR3Q==</latexit><latexit sha1_base64="YNeSbQAZTK8qm7I6ElJwNp+ILaw=">AAAB+3icdZDLSgMxFIYzXmu9jXXpJliEFqFknEK7rHXjslJ7gXYomTTThmYyQ5IRS+mruHGhiFtfxJ1vY9qOoKIHAh//fw7n5PdjzpRG6MNaW9/Y3NrO7GR39/YPDu2jXFtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRq4XfuqFQsErd6GlMvxCPBAkawNtLAzjUL9eJ5s3BZL/ZHFBooDuw8KqFlQQPlius6BqrIdZELndTKg7QaA/u9P4xIElKhCcdK9RwUa2+GpWaE03m2nygaYzLBI9ozKHBIlTdb3j6HZ0YZwiCS5gkNl+r3iRkOlZqGvukMsR6r395C/MvrJTqoejMm4kRTQVaLgoRDHcFFEHDIJCWaTw1gIpm5FZIxlphoE1fWhPD1U/g/tC9KDio5N+V8rZrGkQEn4BQUgAMqoAauQQO0AAH34AE8gWdrbj1aL9brqnXNSmeOwY+y3j4BGmKR3Q==</latexit>

S(A)
<latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit><latexit sha1_base64="jyD1L66BcwKagIL9NQsZ+9CV7l0=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC4rblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy56jZw=</latexit>

S(AB)
<latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit><latexit sha1_base64="egIrVLKxo0hiI7835Ri79qI2NoY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRahXkq2rNRj1YvHim5baJeSTdM2NJtdkqxQSn+DFw+KePUHefPfmHYrqOiDgcd7M8zMCxPBtcH4w8mtrK6tb+Q3C1vbO7t7xf2Dpo5TRZlPYxGrdkg0E1wy33AjWDtRjEShYK1wfDX3W/dMaR7LOzNJWBCRoeQDTomxkn9bvrg87RVLuILdqlvDKCOelxHvzENuBS9QgiUaveJ7tx/TNGLSUEG07rg4McGUKMOpYLNCN9UsIXRMhqxjqSQR08F0cewMnViljwaxsiUNWqjfJ6Yk0noShbYzImakf3tz8S+vk5rBeTDlMkkNkzRbNEgFMjGaf476XDFqxMQSQhW3tyI6IopQY/Mp2BC+PkX/k2a14uKKe+OV6ngZRx6O4BjK4EIN6nANDfCBAocHeIJnRzqPzovzmrXmnOXMIfyA8/YJuGqN6A==</latexit>

S(B)
<latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit><latexit sha1_base64="c1JaoPLAofwh48t0+fhPOAggBLk=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GTJlpC6LblxWtA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmOhVU9MCFwzn3cu89YcKZNgh9OCura+sbm6Wt8vbO7t5+5eCwo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcr97j1VmsXyzswSGgg8lixiBJtcuq1dng0rVeQir+41ECyI7xfEP/eh56IFqmCJ1rDyPhjFJBVUGsKx1n0PJSbIsDKMcDovD1JNE0ymeEz7lkosqA6yxa1zeGqVEYxiZUsauFC/T2RYaD0Toe0U2Ez0by8X//L6qYkugozJJDVUkmJRlHJoYpg/DkdMUWL4zBJMFLO3QjLBChNj4ynbEL4+hf+TTt31kOvd+NUmWsZRAsfgBNSABxqgCa5BC7QBARPwAJ7AsyOcR+fFeS1aV5zlzBH4AeftEy//jZ0=</latexit>

{geometric states in holographic CFT} ⊂ {all quantum states}
 but for N=2,  quantum entropy cone = holographic entropy cone: 



Entropy cone for N=3

Quantum entropy cone specified by {SA,

6 independent (non-redundant) inequalities {uplifts, permutations, purifications}

cartoon of 3-d cross-section of R7 (not including the origin)



Entropy cone for N=3

Quantum entropy cone specified by {SA, SSA}

6 independent (non-redundant) inequalities {uplifts, permutations, purifications}



Entropy cone for N=3

Quantum entropy cone specified by {SA, SSA}

6 independent (non-redundant) inequalities {uplifts, permutations, purifications}

Holographic entropy cone specified by {SA, MMI}

single (permutation/purification symmetric) inequality



Entropy relations for N=3

True in holography:
Monogamy of mutual information (MMI)

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC)
<latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit><latexit sha1_base64="c9GAknGDapaQ5RYuv27kBvYDcLw=">AAACE3icdZDLSgMxFIYz9VbrbdSlm2ARWoUy4xTaZS8bl5XaC7RDyaSZNjRzIckIZeg7uPFV3LhQxK0bd76NmWkFFT2Q8PP955Cc3wkZFdIwPrTM2vrG5lZ2O7ezu7d/oB8edUUQcUw6OGAB7ztIEEZ90pFUMtIPOUGew0jPmTUTv3dLuKCBfyPnIbE9NPGpSzGSCo3083ah3ihetAuNZnI368XhhEAFU5ai5Kore6TnjZKRFlSiXLEsU4mqYVmGBc2VlQerao309+E4wJFHfIkZEmJgGqG0Y8QlxYwscsNIkBDhGZqQgZI+8oiw43SnBTxTZAzdgKvjS5jS7xMx8oSYe47q9JCcit9eAv/yBpF0q3ZM/TCSxMfLh9yIQRnAJCA4ppxgyeZKIMyp+ivEU8QRlirGnArha1P4v+helkyjZF6X87XqKo4sOAGnoABMUAE1cAVaoAMwuAMP4Ak8a/fao/aivS5bM9pq5hj8KO3tE0eXmBs=</latexit>

NB.  geometric proof similar to that of SSA [Hayden, Headrick, Maloney]
        but distinguished via bit thread reformulation [Freedman, Headrick]

⤳ MMI more deeply rooted in bulk locality than SSA [VH]

⇨ Tripartite information I3(A : B : C) ⌘ I(A : B) + I(A : C)� I(A : BC)  0
<latexit sha1_base64="P28K5ZmHrGK306BJdT9xtzI7g9s="></latexit>

Recall:

Sub-additivity (SA) S(A) + S(B) � S(AB)
<latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit><latexit sha1_base64="A0vCsDfmEsy9ZNICtzEQ+Tlo2Pc=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFahJJxCu2y1o3LSu0D2qFk0kwbmskMSUYspb/ixoUibv0Rd/6NaTuCih64cHLOveTe48ecKY3Qh7W2vrG5tZ3Zye7u7R8c2ke5tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8ydXC79xRqVgkbvU0pl6IR4IFjGBtpIGdaxYui+fNQr3YH1FoHvXiwM6jEloCGlKuuK5jSBW5LnKhk1p5kKIxsN/7w4gkIRWacKxUz0Gx9mZYakY4nWf7iaIxJhM8oj1DBQ6p8mbL3efwzChDGETSlNBwqX6fmOFQqWnom84Q67H67S3Ev7xeooOqN2MiTjQVZPVRkHCoI7gIAg6ZpETzqSGYSGZ2hWSMJSbaxJU1IXxdCv8n7YuSg0rOTTlfq6ZxZMAJOAUF4IAKqIFr0AAtQMA9eABP4NmaW4/Wi/W6al2z0plj8APW2ycaepHd</latexit>

Strong sub-additivity (SSA) S(AB) + S(BC) � S(B) + S(ABC)
<latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit><latexit sha1_base64="Vv+KNbL06MIXGpmMhjmNm0dK37M=">AAACA3icdVDLSgMxFM3UV62vUXe6CRahRSgzTqFd9rFxWal9QDuUTJppQzMPkoxQhoIbf8WNC0Xc+hPu/Bsz7QgqeiBw7jn3cnOPEzIqpGF8aJm19Y3Nrex2bmd3b/9APzzqiiDimHRwwALed5AgjPqkI6lkpB9ygjyHkZ4zayZ+75ZwQQP/Rs5DYnto4lOXYiSVNNJP2oV6o3jRLjSaxeGEQEWSqq7KkZ43SsYSUJFyxbJMRaqGZRkWNFMrD1K0Rvr7cBzgyCO+xAwJMTCNUNox4pJiRha5YSRIiPAMTchAUR95RNjx8oYFPFfKGLoBV8+XcKl+n4iRJ8Tcc1Snh+RU/PYS8S9vEEm3asfUDyNJfLxa5EYMygAmgcAx5QRLNlcEYU7VXyGeIo6wVLHlVAhfl8L/SfeyZBol87qcr1XTOLLgFJyBAjBBBdTAFWiBDsDgDjyAJ/Cs3WuP2ov2umrNaOnMMfgB7e0TOuuUBg==</latexit>

⇨ Mutual information positivity 
 I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
<latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit><latexit sha1_base64="y8ftC5I7KaddDJmxVXYu1jrnRR8="></latexit>

⇨ Mutual information monotonicity I(A : C|B) ⌘ I(A : BC)� I(A : B) � 0
<latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit><latexit sha1_base64="Cx5j3sLOWj8HWMDiK8npweSWgO0="></latexit>

Universal:



Entropy cone for N=4,5,6

N=4 holographic entropy cone however still consists of only {SA, MMI} 
(now gives 20 independent inequalities)

N=5 holographic entropy cone (HEC) has 5 further inequalities 
specified in 
& proved to be the complete set in  [Hernández-Cuenca, ’19]

[Bao, Nezami, Ooguri, Stoica, Sully, Walter, '15]

⤳ N=5 HEC has 8 orbits of facets (total 372) and 19 orbits of extreme rays (total 2267)

N=6 HEC (yet TBD) has many further inequalities!
⤳ N=6 HEC has ≥ 140 orbits of facets  and ≥ 3910 orbits of extreme rays 

[Avis & Hernández-Cuenca '21], [w.i.p., Hernández-Cuenca]

?:  How do we find HEC systematically & understand its meaning / implications?

Quantum entropy cone not known ∀  N ≥ 4. 
⤳  Important open problem in Quantum Information Science



Original Strategy

Enlarge the structure of interest: 

Linear combinations of composite subsystem EEs such as  
or                   are called information quantities I3(A : B : C)

<latexit sha1_base64="f2TRt6lzRn3dK3W+ED0qYzadOrQ=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0Wom5Ck2teq2o3uKtgHtqFMppN26GQSZiZCCf0LNy4UcevfuPNvnD4EFT1w4XDOvdx7jxcxKpVlfRipldW19Y30ZmZre2d3L7t/0JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N67P/PY9EZKG/FZNIuIGaMipTzFSWrq77hfyF9XLav20n81ZpmVXilYZWmbBsc+LFU2cokYJ2qY1Rw4s0ehn33uDEMcB4QozJGXXtiLlJkgoihmZZnqxJBHCYzQkXU05Coh0k/nFU3iilQH0Q6GLKzhXv08kKJByEni6M0BqJH97M/Evrxsrv+wmlEexIhwvFvkxgyqEs/fhgAqCFZtogrCg+laIR0ggrHRIGR3C16fwf9JyTLtgOjdnuVp5GUcaHIFjkAc2KIEauAIN0AQYcPAAnsCzIY1H48V4XbSmjOXMIfgB4+0ToPaPkQ==</latexit>

I(A : B)
<latexit sha1_base64="WFvfMbDqLpJ10gmV1tBU4QlAmX8=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzTDTah+uqm50V8E+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7jx8xqrTjfFippeWV1bX0emZjc2t7J7u711Qilpg0sGBCtn2kCKOcNDTVjLQjSVDoM9LyR5dTv3VPpKKC3+pxRLwQDTgNKEbaSM3r/PnZxXEvm3Nsx62WnAp07GLBPS1VDSmUDMrQtZ0ZcmCBei/73u0LHIeEa8yQUh3XibSXIKkpZmSS6caKRAiP0IB0DOUoJMpLZtdO4JFR+jAQ0hTXcKZ+n0hQqNQ49E1niPRQ/fam4l9eJ9ZBxUsoj2JNOJ4vCmIGtYDT12GfSoI1GxuCsKTmVoiHSCKsTUAZE8LXp/B/0izYbtEu3JzkapVFHGlwAA5BHrigDGrgCtRBA2BwBx7AE3i2hPVovViv89aUtZjZBz9gvX0CalaOWg==</latexit>

General form, e.g. for N=3:
Q(~S) = qA S(A) + qB S(B) + qC S(C) + qAB S(AB) + qAC S(AC) + qBC S(BC) + qABC S(ABC)

<latexit sha1_base64="Ybx8WgJP8TUF5z1arCwgK+IA9M8="></latexit><latexit sha1_base64="Ybx8WgJP8TUF5z1arCwgK+IA9M8="></latexit><latexit sha1_base64="Ybx8WgJP8TUF5z1arCwgK+IA9M8="></latexit><latexit sha1_base64="Ybx8WgJP8TUF5z1arCwgK+IA9M8="></latexit>

                 gives entropy inequality, but it is useful to consider all 
interesting information quantities          , i.e. ones which:
Q(~S) � 0

<latexit sha1_base64="Mp+fxQF3Kl9Ayz4nLJoPen1Lv7U=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWpgq6k4MZli/YBTSiT6U07dPJgZlIsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7jxdzJpVlfRuFjc2t7Z3ibmlv/+DwyDwud2SUCAptGvFI9DwigbMQ2oopDr1YAAk8Dl1vcjf3u1MQkkXho5rF4AZkFDKfUaK0NDDLrWrqTIHih+wCOyPA2BqYFatmLYDXiZ2TCsrRHJhfzjCiSQChopxI2betWLkpEYpRDlnJSSTEhE7ICPqahiQA6aaL2zN8rpUh9iOhK1R4of6eSEkg5SzwdGdA1FiuenPxP6+fKP/GTVkYJwpCulzkJxyrCM+DwEMmgCo+04RQwfStmI6JIFTpuEo6BHv15XXSqdfsy1q9dVVp3OZxFNEpOkNVZKNr1ED3qInaiKIn9Ixe0ZuRGS/Gu/GxbC0Y+cwJ+gPj8wdzXJK+</latexit>

Q(~S)
<latexit sha1_base64="NicB5RG96kJdNfYuO35ZnZiRxs4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnqSghePLdoP2C4lm07b0GyyJNlCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pKVloig0qeRSdUKigTMBTcMMh06sgEQhh3Y4vp/77QkozaR4MtMYgogMBRswSoyV/EY57U6A4sfZZa9YcivuAnideBkpoQz1XvGr25c0iUAYyonWvufGJkiJMoxymBW6iYaY0DEZgm+pIBHoIF2cPMMXVunjgVS2hMEL9fdESiKtp1FoOyNiRnrVm4v/eX5iBrdBykScGBB0uWiQcGwknv+P+0wBNXxqCaGK2VsxHRFFqLEpFWwI3urL66RVrXhXlWrjulS7y+LIozN0jsrIQzeohh5QHTURRRI9o1f05hjnxXl3PpatOSebOUV/4Hz+AD30kI8=</latexit>

can vanish for some configurations in geometric states

are independent of other such IQs (we'll call these primitive)

Each                 specifies a hyperplane in entropy spaceQ(~S) = 0
<latexit sha1_base64="FrX4KzhDD9shNflSuxdwk2Dtkxg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnpRAl48JmgekCxhdtJJhsw+nJkNhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5UWCK23b31ZmbX1jcyu7ndvZ3ds/yB8eNVQYS4Z1FopQtjyqUPAA65prga1IIvU9gU1vdDfzm2OUiofBo55E6Pp0EPA+Z1Qbya0Vk84YGXmYnt/Y3XzBLtlzkFXipKQAKard/FenF7LYx0AzQZVqO3ak3YRKzZnAaa4TK4woG9EBtg0NqI/KTeZHT8mZUXqkH0pTgSZz9fdEQn2lJr5nOn2qh2rZm4n/ee1Y96/dhAdRrDFgi0X9WBAdklkCpMclMi0mhlAmubmVsCGVlGmTU86E4Cy/vEoa5ZJzUSrXLguV2zSOLJzAKRTBgSuowD1UoQ4MnuAZXuHNGlsv1rv1sWjNWOnMMfyB9fkDNLSREA==</latexit>

⤳  full set of primitive IQs = hyperplane arrangement 

Utilize holography…



A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

Allows for phase transitions, e.g. jump in surface for S(AB):

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit> B

<latexit sha1_base64="OCzSLQl+tpBbtMn9R1Rs83ZvxVU=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKezmfQx68ZiAeUCyhNnJbDJmdnaZmRXCki/w4kERr36SN//GSbKCihY0FFXddHd5EWdK2/aHldnY3Nreye7m9vYPDo/yxyddFcaS0A4JeSj7HlaUM0E7mmlO+5GkOPA47Xmz66Xfu6dSsVDc6nlE3QBPBPMZwdpI7atRvmAX7Wq1XqsgQ1YwpNyolctV5KRKAVK0Rvn34TgkcUCFJhwrNXDsSLsJlpoRThe5YaxohMkMT+jAUIEDqtxkdegCXRhljPxQmhIardTvEwkOlJoHnukMsJ6q395S/MsbxNpvuAkTUaypIOtFfsyRDtHyazRmkhLN54ZgIpm5FZEplphok03OhPD1KfqfdEtFp1wstSuFZiONIwtncA6X4EAdmnADLegAAQoP8ATP1p31aL1Yr+vWjJXOnMIPWG+f4jWM9w==</latexit>

Holographic Entanglement Entropy

Proposal [RT=Ryu & Takayanagi, ‘06] for static configurations, 

covariantized by [HRT=VH, Rangamani, Takayanagi, ‘07] for time-dependent situations:

min
<latexit sha1_base64="DwK+01lv4e4WBfkBC2OV4Q3BWIY=">AAAB8HicdVDLSgNBEOz1GeMr6tHLYBA8Lbt5YLxIwIvHCOYhyRJmJ5NkyMzsMjMrhCVf4cWDIl79HG/+jZNkBRUtaCiquunuCmPOtPG8D2dldW19YzO3ld/e2d3bLxwctnSUKEKbJOKR6oRYU84kbRpmOO3EimIRctoOJ1dzv31PlWaRvDXTmAYCjyQbMoKNle7SnhJIMDnrF4qeW6pWK34NLUklI+WLMvJdb4EiZGj0C++9QUQSQaUhHGvd9b3YBClWhhFOZ/leommMyQSPaNdSiQXVQbo4eIZOrTJAw0jZkgYt1O8TKRZaT0VoOwU2Y/3bm4t/ed3EDGtBymScGCrJctEw4chEaP49GjBFieFTSzBRzN6KyBgrTIzNKG9D+PoU/U9aJdcvu6WbSrF+mcWRg2M4gTPw4RzqcA0NaAIBAQ/wBM+Och6dF+d12briZDNH8APO2ydK2ZC7</latexit>

s ⇠ A
<latexit sha1_base64="agqXzOgaa9Qa5dzsmL0e56sout0=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokfWDdSMWNywq2FZpQJtNJO3QyCTMToYRs/BU3LhRx62e482+ctBFU9MCFwzn3cu89fsyoVLb9YZSWlldW18rrlY3Nre0dc3evJ6NEYNLFEYvErY8kYZSTrqKKkdtYEBT6jPT96WXu9++IkDTiN2oWEy9EY04DipHS0tA8SFM3RGoSCDRNZQZdSUN4kWVDs2pbtWaz4bTggjQKUj+rQ8ey56iCAp2h+e6OIpyEhCvMkJQDx46VlyKhKGYkq7iJJDHCUzQmA005Con00vkDGTzWyggGkdDFFZyr3ydSFEo5C33dmR8rf3u5+Jc3SFTQ8lLK40QRjheLgoRBFcE8DTiigmDFZpogLKi+FeIJEggrnVlFh/D1Kfyf9GqWU7dq141q+7yIowwOwRE4AQ44BW1wBTqgCzDIwAN4As/GvfFovBivi9aSUczsgx8w3j4BmPiXDA==</latexit>

S(A) =
<latexit sha1_base64="lpR7TlagwnIII7cJjMQ9Su1q6TM=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBahXkLSD6wHpeLFY0VrC20om+2mXbrZhN2NUEp/hBcPinj193jz37htI6jog4HHezPMzPNjzpR2nA8rs7S8srqWXc9tbG5t7+R39+5UlEhCmyTikWz7WFHOBG1qpjltx5Li0Oe05Y8uZ37rnkrFInGrxzH1QjwQLGAEayO1booXx+gM9fIFxy5VqxW3hhakkpLyaRm5tjNHAVI0evn3bj8iSUiFJhwr1XGdWHsTLDUjnE5z3UTRGJMRHtCOoQKHVHmT+blTdGSUPgoiaUpoNFe/T0xwqNQ49E1niPVQ/fZm4l9eJ9FBzZswESeaCrJYFCQc6QjNfkd9JinRfGwIJpKZWxEZYomJNgnlTAhfn6L/yV3Jdst26bpSqJ+ncWThAA6hCC6cQB2uoAFNIDCCB3iCZyu2Hq0X63XRmrHSmX34AevtE57tjnI=</latexit>

Area(s)

4GN
<latexit sha1_base64="FjFX4p2OpouQ5cHJJOZbR6loGSg="></latexit>

Entanglement entropy          for a boundary 
region     is captured by the area of a bulk 
extremal surface    homologous to    ;

for multiple candidates, choose least area one.

S(A)
<latexit sha1_base64="aSiQZ4qCJm62mG4OChabVSqkvnI=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDTB9aNVNy4rGgf0A4lk2ba0CQzJBmhDP0FNy4UcesPufNvzLQjqOiBC4dz7uXee/yIUaUd58PKrayurW/kNwtb2zu7e8X9g44KY4lJG4cslD0fKcKoIG1NNSO9SBLEfUa6/vQq9bv3RCoaijs9i4jH0VjQgGKkU+m2fHk6LJYcu1Kv19wGXJJaRqrnVejazgIlkKE1LL4PRiGOOREaM6RU33Ui7SVIaooZmRcGsSIRwlM0Jn1DBeJEecni1jk8McoIBqE0JTRcqN8nEsSVmnHfdHKkJ+q3l4p/ef1YBw0voSKKNRF4uSiIGdQhTB+HIyoJ1mxmCMKSmlshniCJsDbxFEwIX5/C/0mnYrtVu3JTKzUvsjjy4AgcgzJwwRlogmvQAm2AwQQ8gCfwbHHr0XqxXpetOSubOQQ/YL19Am96jdc=</latexit>

A
<latexit sha1_base64="Cqrr3OmWbhCCwqAfH5nimFZre7g=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQtIH1o1U3LhswT6gDWUyvWnHTiZhZiKU0C9w40IRt36SO//GaRtBRQ9cOJxzL/fe48ecKe04H9bK6tr6xmZuK7+9s7u3Xzg4bKsokRRaNOKR7PpEAWcCWpppDt1YAgl9Dh1/cj33O/cgFYvErZ7G4IVkJFjAKNFGal4NCkXHLlWrFbeGl6SSkfJFGbu2s0ARZWgMCu/9YUSTEISmnCjVc51YeymRmlEOs3w/URATOiEj6BkqSAjKSxeHzvCpUYY4iKQpofFC/T6RklCpaeibzpDosfrtzcW/vF6ig5qXMhEnGgRdLgoSjnWE51/jIZNANZ8aQqhk5lZMx0QSqk02eRPC16f4f9Iu2W7ZLjUrxfplFkcOHaMTdIZcdI7q6AY1UAtRBOgBPaFn6856tF6s12XripXNHKEfsN4+AQafjRU=</latexit>

s
<latexit sha1_base64="61CzDXgrXbQafns0aOqi9sGHHek=">AAAB9XicdVDLSsNAFL2pr1pfVZduBovgKiR9YN1IwY3LCvYBbSyT6aQdOnkwM1FKyH+4caGIW//FnX/jpI2gogcGDufcyz1z3IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DrgxjQWiHhDwUfRdLyllAO4opTvuRoNh3Oe25s8vM791RIVkY3Kh5RB0fTwLmMYKVlm6ToY/V1BN4lsg0HZUrllltNOp2Ey1JPSe18xqyTWuBCuRoj8rvw3FIYp8GinAs5cC2IuUkWChGOE1Lw1jSCJMZntCBpgH2qXSSReoUnWhljLxQ6BcotFC/byTYl3Luu3oyCyl/e5n4lzeIldd0EhZEsaIBWR7yYo5UiLIK0JgJShSfa4KJYDorIlMsMFG6qJIu4eun6H/SrZp2zaxe1yuti7yOIhzBMZyCDWfQgitoQwcICHiAJ3g27o1H48V4XY4WjHznEH7AePsE1syTYw==</latexit>

A
<latexit sha1_base64="Cqrr3OmWbhCCwqAfH5nimFZre7g=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQtIH1o1U3LhswT6gDWUyvWnHTiZhZiKU0C9w40IRt36SO//GaRtBRQ9cOJxzL/fe48ecKe04H9bK6tr6xmZuK7+9s7u3Xzg4bKsokRRaNOKR7PpEAWcCWpppDt1YAgl9Dh1/cj33O/cgFYvErZ7G4IVkJFjAKNFGal4NCkXHLlWrFbeGl6SSkfJFGbu2s0ARZWgMCu/9YUSTEISmnCjVc51YeymRmlEOs3w/URATOiEj6BkqSAjKSxeHzvCpUYY4iKQpofFC/T6RklCpaeibzpDosfrtzcW/vF6ig5qXMhEnGgRdLgoSjnWE51/jIZNANZ8aQqhk5lZMx0QSqk02eRPC16f4f9Iu2W7ZLjUrxfplFkcOHaMTdIZcdI7q6AY1UAtRBOgBPaFn6856tF6s12XripXNHKEfsN4+AQafjRU=</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>

s
<latexit sha1_base64="61CzDXgrXbQafns0aOqi9sGHHek=">AAAB9XicdVDLSsNAFL2pr1pfVZduBovgKiR9YN1IwY3LCvYBbSyT6aQdOnkwM1FKyH+4caGIW//FnX/jpI2gogcGDufcyz1z3IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DrgxjQWiHhDwUfRdLyllAO4opTvuRoNh3Oe25s8vM791RIVkY3Kh5RB0fTwLmMYKVlm6ToY/V1BN4lsg0HZUrllltNOp2Ey1JPSe18xqyTWuBCuRoj8rvw3FIYp8GinAs5cC2IuUkWChGOE1Lw1jSCJMZntCBpgH2qXSSReoUnWhljLxQ6BcotFC/byTYl3Luu3oyCyl/e5n4lzeIldd0EhZEsaIBWR7yYo5UiLIK0JgJShSfa4KJYDorIlMsMFG6qJIu4eun6H/SrZp2zaxe1yuti7yOIhzBMZyCDWfQgitoQwcICHiAJ3g27o1H48V4XY4WjHznEH7AePsE1syTYw==</latexit>

boundary

bulk



Proto-entropy

Suggests hyperplanes are the natural / fundamental constructs

Think of QI relations as formal combinations of bulk extremal surfaces  
(⤳ proto-entropy), rather than their areas…

Entanglement entropy        is infinite whenever S(A)
<latexit sha1_base64="aSiQZ4qCJm62mG4OChabVSqkvnI=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDTB9aNVNy4rGgf0A4lk2ba0CQzJBmhDP0FNy4UcesPufNvzLQjqOiBC4dz7uXee/yIUaUd58PKrayurW/kNwtb2zu7e8X9g44KY4lJG4cslD0fKcKoIG1NNSO9SBLEfUa6/vQq9bv3RCoaijs9i4jH0VjQgGKkU+m2fHk6LJYcu1Kv19wGXJJaRqrnVejazgIlkKE1LL4PRiGOOREaM6RU33Ui7SVIaooZmRcGsSIRwlM0Jn1DBeJEecni1jk8McoIBqE0JTRcqN8nEsSVmnHfdHKkJ+q3l4p/ef1YBw0voSKKNRF4uSiIGdQhTB+HIyoJ1mxmCMKSmlshniCJsDbxFEwIX5/C/0mnYrtVu3JTKzUvsjjy4AgcgzJwwRlogmvQAm2AwQQ8gCfwbHHr0XqxXpetOSubOQQ/YL19Am96jdc=</latexit>

@A 6= ;
<latexit sha1_base64="WYEE/pMHDciMUCT7BbnT5KUyumY=">AAACAXicdVBNSwMxEM3Wr1q/ql4EL8EieFp2+4F6kYoXjwpWC92lZNOpBrPZJZkVStGLf8WLB0W8+i+8+W/MthVU9MHA472ZZOZFqRQGPe/DKUxNz8zOFedLC4tLyyvl1bVzk2SaQ4snMtHtiBmQQkELBUpopxpYHEm4iK6Pcv/iBrQRiTrDQQphzC6V6AvO0Erd8kaQMo2CSXpIAwU0gDjFgQHsliueW2006v4eHZP6hNT2a9R3vREqZIKTbvk96CU8i0Ehl8yYju+lGA7z17mE21KQGUgZv2aX0LFUsRhMOBxdcEu3rdKj/UTbUkhH6veJIYuNGcSR7YwZXpnfXi7+5XUy7O+FQ6HSDEHx8Uf9TFJMaB4H7QkNHOXAEsa1sLtSfsU042hDK9kQvi6l/5PzquvX3OppvdI8mMRRJJtki+wQn+ySJjkmJ6RFOLkjD+SJPDv3zqPz4ryOWwvOZGad/IDz9glgHZbb</latexit>

same parts of surfaces appear on both sides of the equality

⇒  cancel out independently of the cutoff

⇒  under varying cutoff, vectors          span lower-dimensional subspace of entropy space.~S"(x)
<latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit><latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit><latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit><latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit>

Ex.:  saturation of SA: I(A : B) = S(A) + S(B)� S(AB) = 0
<latexit sha1_base64="oRLT8VAMxzBSELafJZWm7f+D8FY=">AAACCXicdVDLSgMxFM34rPU16tJNsAgtYpmZqi2C0upGdxXtA9pSMmmmDc08SDJCGbp146+4caGIW//AnX9jph1BRQ+EnHvOvST32AGjQhrGhzYzOze/sJhaSi+vrK6t6xubdeGHHJMa9pnPmzYShFGP1CSVjDQDTpBrM9Kwh+ex37glXFDfu5GjgHRc1PeoQzGSSurq8DJbOT7LwRN4na3k4J66VLUfVxPV6OoZI29MAI28dVSySgVFTKtYKB5CM7EyIEG1q7+3ez4OXeJJzJAQLdMIZCdCXFLMyDjdDgUJEB6iPmkp6iGXiE402WQMd5XSg47P1fEknKjfJyLkCjFybdXpIjkQv71Y/MtrhdIpdSLqBaEkHp4+5IQMSh/GscAe5QRLNlIEYU7VXyEeII6wVOGlVQhfm8L/Sd3Km4W8dXWQKZ8mcaTANtgBWWCCIiiDC1AFNYDBHXgAT+BZu9cetRftddo6oyUzW+AHtLdPYaGUbA==</latexit>

However, certain information quantities are UV-finite &   -indep."
<latexit sha1_base64="OtGSQ7d9Ir8opTEqSKFqkM36f8c=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wWjBcJePEYwSyQDKGn05M06ekeumsCYchnePGgiFe/xpt/Y2cRVPRBweO9KqrqhYngBjzvw1lb39jc2s7t5Hf39g8OC0fHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc38z99oRpw5W8h2nCgpgMJY84JWClbm9CNEsMF0r2C0XPLVWrFb+Gl6SyIuWrMvZdb4EiWqHRL7z3BoqmMZNABTGm63sJBBnRwKlgs3wvNSwhdEyGrGupJDEzQbY4eYbPrTLAkdK2JOCF+n0iI7Ex0zi0nTGBkfntzcW/vG4KUS3IuExSYJIuF0WpwKDw/H884JpREFNLCNXc3orpiGhCwaaUtyF8fYr/J62S65fd0l2lWL9exZFDp+gMXSAfXaI6ukUN1EQUKfSAntCzA86j8+K8LlvXnNXMCfoB5+0TLZGR1w==</latexit>

⇒  can’t localize in entropy space (unless we take a cutoff          — but depends on        )~S"(x)
<latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit><latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit><latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit><latexit sha1_base64="Xp0y/VK1jGP2nvonjLI7+nlHNGI=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1E1JRLDLghuXFe0F2hAm05N26GQSZibFEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4QzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSaFBYx7LdkAUcCagoZnm0E4kkCjg0AqG19N6awRSsVjc63ECXkT6goWMEm0s3z7OuiOg+G7iGyASEsV4LMoP5xPfLjkVZya8DG4OJZSr7ttf3V5M0wiEppwo1XGdRHsZkZpRDpNiN1WQEDokfegYFCQC5WWzEyb4zDg9HMbSPKHxzP09kZFIqXEUmM6I6IFarE3N/2qdVIdVL2MiSTUIOl8UphzrGE/zwD0mgWo+NkCoZOavmA6IJFSb1IomBHfx5GVoXlRcp+LeXpZq1TyOAjpBp6iMXHSFaugG1VEDUfSIntErerOerBfr3fqYt65Y+cwR+iPr8wdiYZdf</latexit>

"(x)
<latexit sha1_base64="j1ApZxmEZCJEcWuatBlEbCPu5V4=">AAAB9XicdVBNS8NAEJ3Ur1q/qh69LBahXkrSD6y3ghePFWwttLFstpt26WYTdjfVEvo/vHhQxKv/xZv/xm0bQUUfDDzem2FmnhdxprRtf1iZldW19Y3sZm5re2d3L79/0FZhLAltkZCHsuNhRTkTtKWZ5rQTSYoDj9Mbb3wx928mVCoWims9jagb4KFgPiNYG+m2N8GSRorxUBTvT/v5gl0q12pVp46WpJqSynkFOSV7gQKkaPbz771BSOKACk04Vqrr2JF2Eyw1I5zOcr1Y0QiTMR7SrqECB1S5yeLqGToxygD5oTQlNFqo3ycSHCg1DTzTGWA9Ur+9ufiX1421X3cTJqJYU0GWi/yYIx2ieQRowCQlmk8NwUQycysiIywx0SaonAnh61P0P2mXS06lVL6qFhr1NI4sHMExFMGBM2jAJTShBQQkPMATPFt31qP1Yr0uWzNWOnMIP2C9fQLaCZK4</latexit>

A
<latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit><latexit sha1_base64="bXSyTb/SiqKMa9qRWhdUzjtDqyk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZnV1eQY8eIxAfOAZAmzk95kzOyDmVkhhHyBFw+KePWTvPk3ziYrqGhBQ1HVTXeXnwiuNCEfVmFldW19o7hZ2tre2d0r7x+0VZxKBi0Wi1h2fapA8AhammsB3UQCDX0BHX9ynfmde5CKx9GtnibghXQU8YAzqo3UvBqUK8Q+r9Zcl2BikwUy4l5eOFXs5EoF5WgMyu/9YczSECLNBFWq55BEezMqNWcC5qV+qiChbEJH0DM0oiEob7Y4dI5PjDLEQSxNRRov1O8TMxoqNQ190xlSPVa/vUz8y+ulOqh5Mx4lqYaILRcFqcA6xtnXeMglMC2mhlAmubkVszGVlGmTTcmE8PUp/p+0z2yH2E7TrdRreRxFdISO0SlyUBXV0Q1qoBZiCNADekLP1p31aL1Yr8vWgpXPHKIfsN4+AdbijOw=</latexit>
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even ratio S(A)/S(B)

is cutoff dependent 
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V-space

Def:  V-space = intersection of all {Q=0} hyperplanes

linear subspace of entropy space, of dimensionality 1≤ d ≤ D

Unifying construct: 

extreme rays ⇒ 1-dim.  V-space

facets ⇒ (D-1)-dim.  V-space

Meaning & Utility

every configuration has a unique V-space associated to it

captures the essential features of multipartite entanglement structure 
implemented by the given configuration (insensitive to irrelevant details)

most refined (meaningfully localized in entropy space) such subspace 

discrete structure 



PMI

Def:  Pattern of Marginal Independence (PMI) is a specification of 
full set of subsystems { X , Y } for which I(X:Y) = 0.


marginals = reduced density matrices

independent if factorized structure

Key Q:  what is the exact relation between V-space and PMI?

Meaning & Utility

every entropy vector      has a unique PMI

conceptually simpler (more primal) construct

likewise a linear subspace of entropy space, discrete structure 

= intersection of all saturated SA or AL hyperplanes

⇒ contains the V-space
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Marginal Independence Problem

However, not all PMIs are possible, due to

mathematical inconsistency


physical inconsistency

Marginal Independence Problem (MIP): what PMIs are realizable?

QMIP:  what PMIs are realizable in QM?


HMIP:  what PMIs are realizable by geometric states in holography?


useful mathematical tools:  hyperplane arrangement lattices & matroids

considered in [Hernández-Cuenca, VH, Rangamani, Rota]

w.i.p. [He, Hernández-Cuenca, VH, Rota]

e.g.  violates the identity

• What are the constraints from linear dependence?

• How are weak inequalities implemented in the matroid language?

8.6 Linear dependence between MI hyperplanes
ss:lindep

Since the MIs form a redundant set of information quantities, there is a structural dependence

(in the form of algebraic identities) between them which leads to non-trivial constraints on

realizable PMIs. For example, writing I3(A : B : C) in di↵erent ways as superadditivity of

mutual information,

I3(A : B : C) = I2(A : B) + I2(A : C)� I2(A : BC)

= I2(A : B) + I2(B : C)� I2(B : AC)

= I2(A : C) + I2(B : C)� I2(C : AB)

(8.7) {eq:TIasMIs}

gives the relations (alternately obtainable directly from symmetry of conditional mutual

information)

I2(A : BC) + I2(B : C) = I2(B : AC) + I2(A : C) = I2(C : AB) + I2(A : B) (8.8) {eq:MIrelns}

which holds for any N. We get a seemingly di↵erent set of algebraic identities by expressing a

given entropy as a sum of SA and AL, for example 2S(A) = I2(A : X) + I2(A : AX) for any

disjoint subsystem X, but these actually turn out to be equivalent to the I3 identities once we

utilize (uplifts of) purification symmetry of I3 at N = 3.51

Each of the above equalities is a relation between 4 I2’s, so clearly if 3 of them vanish,

so must the fourth. We get a larger set of constraints by further exploiting SA: if both of

the terms in any of the sums in (8.8) vanish, then so must all of the individual terms in

(8.8). In particular, if e.g. I2(A : BC) = 0 and I2(B : C) = 0, then I2(A : B) = I2(A : C) =

I2(B : AC) = I2(C : AB) = 0. In words, if A is decorrelated from BC and B is decorrelated

from C, then all three subsystems A,B,C are decorrelated from each other, as are all their

non-overlapping combinations. It would therefore be useful to characterize the full set of such

structural + SA constraints.

8.7 Matriod framework
ss:matroids

One convenient framework to accomplish the task of characterizing dependencies amongst

MI hyperplanes (and the faces of the SA cone) is by oriented matroids. A matroid � can

be defined in a number of ways. In the language of partially ordered sets, a finite matroid is

equivalent to a geometric lattice �. One way to characterize it is as a collection of objects

51For example for N = 3, rewriting S(A) in three di↵erent ways would give

I2(A : BC) + I2(A : O) = I2(A : BO) + I2(A : C) = I2(A : CO) + I2(A : B)

which however follows from writing out I3(A : B : C) = I3(A : B : O) = I3(A : C : O) in a way analogous to

(8.7). For higher N, we essentially have uplifts of the above.
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Holographic graph models

Convenient representation of proto-entropies: abstracts away 
the discrete elements from a holographic configuration


vertices = cells in RT surface network 

edges = pieces of RT surfaces separating neighboring regions, with 
weight = corresponding area

A
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PP

P

P mincut structure specified by cut edges

cf. [Bao, Nezami, Ooguri, Stoica, Sully, Walter]

first phase incorporated by

selecting alternate mincut



Holographic graph models

Graphs can get complicated...
Graph model for"A¥¥×:
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Graphs 5 of 5

has 43 vertices & 88 edges

e.g. graph model for

A

B

C

D



Simple tree graphs

But tree graphs have much simpler structure

Simple tree graphs
↳ l l e a f / color o r punif ,

3 - valent vertices

[Sergio'
s conjecture: convex hu l l o f these has ext reme rags E {ERs of#dagge

red}]
Example:

e
c p

i → N = 1 0 → N t l = 11 leaves
B . .

.
£ . F

V . B e 1 1 tota l o f 2 N = 2 0 vertices
\ . G¥ a

A =
B i - J ' ¥ H (each c a n b e labeled byJµ.- ' J \. 1 5

- A . b u t only a small 2¥ subset evoked)
0 ,

I

<

Properties:
• each l i n k i s uniquely:S:{ftp.da.fi:p!!!!!??:"g

.

subs
yste
m]

⇒ each l i n k defines a cu t - b ipartitioning o f the system
1this would no t b e necessarily the c a s e i f the graph h a d loops)

• I a natural order o f coarse-graining f-merging colors)

sat:"!!"!!:::::: a. tree.tn?
iiijeatiniiii::ampiies
a%9e)

• i f the weight o n each l i n k i s fixed f- l ) , then the PM I c a n b e r e a d o f f
(and w e mightb e able t o check Sergio's conj)
since each f c u t i s a m i n c u t f o r f w / Sg= O i n the s e t

while f o r K not i n th i s se t , 5,, =#coarse-grained leaves
↳ from K s t . graph remains a t ree

Graphs 12 of 57

Def: graph is simple if every edge defines some subsystem cut; 
 or equivalently, if each boundary vertex has different color

each edge specified by a unique 
collection of boundary vertices


PMI follows directly from specification 
of mincut structure

Thm: For simple tree graphs,  V-space = PMI



Main Conjecture

Conjecture 1:  We can convert any holographic graph model 
into a tree while preserving the V-space.

e.g.

Holds true for all ERs for N=5 HEC and all (hitherto-known) N=6 HEC ERs.

similarly, can collapse any isolated k-cycle

a b

c

a+b

b+ca+c

generically gives a non-simple tree, but can be trivially made simple by `fine-graining':



Graph representation of HEC5 ERs
[Hernández-Cuenca, ’19]

All deformable to tree graphs by splitting boundary vertices
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Figure 1: Graph models realizing the ray representatives in Table 3, corresponding to each of the 19 extreme ray orbits

of the holographic entropy cone C5 for 5 regions. Graphs are numbered according to the extreme ray they generate, and

captioned by the length ¸k of their orbit. Boundary vertices are labelled by their monochromatic index, bulk vertices by

‡n, with n œ Z+
enumerating them, and edges by their capacity. Boundary vertices of pure regions are omitted.

4 Conclusion

The holographic entropy cone CN is now known for all N Æ 5. Besides the infinite family of cyclic
inequalities, an understanding of the general N case remains elusive. Early explorations of N = 6
reveal that C6 consists of at least 19 valid (i.e. proven by contraction), linearly independent orbits of
holographic entropy inequalities. The following is an example of one such 6-party inequality6:
SAB + SABC + SACD + SADE + SBCD + SBDE + SCDE + SCDF + SDEF + SABCE Ø SA + SB + SAC +
SBC + SCD + 2SDE + SDF + SABE + SABCD + SCDEF + SABCDE.

Any constructive approach to exploring CN for larger N must overcome the di�culty of dealing
with an entropy space of 2N ≠ 1 dimensions. Already the dual description problem, for which no
e�cient algorithm is known, can only be feasibly solved up to symmetry [23]. Moreover, most aspects

6
This inequality has been proven using the contraction-map method introduced in [10]. It can also be generated as a

primitive quantity using the building blocks from [13], thus demonstrating that it is a facet of C6. The full construction

of C6 is work in progress.

– 6 –



Coarse-graining & fine-graining

Coarse-graining = declare multiple colors indistinguishable 

projection of entropy vectors

corresponding projection of linear subspaces (V-space & PMI)

Fine-graining = reverse of coarse-graining

Hence can obtain simple graph from non-simple one by fine-graining

Change N → N'

Changes dimensionality D → D' of entropy space

Aspects of entanglement structure preserved (inherited)



OUTLINE

Motivation & Background 

Entanglement entropy, holographic entropy cone & arrangement

2 important constructs 

V-space

Pattern of marginal independence (PMI)

2 useful tools 

Holographic graph models

Fine- / coarse- graining

Main result

Thm & proof

Implications & open questions



Main theorem

Consider ERs of N-party holographic entropy cone (HECN) 

The HECN is a convex hull of these; so ERs (in principle) determine all 
holographic entropy inequalities

Thm:  Assuming Conjecture 1, every ER of HECN is obtained as a 
projection of ER of a subadditivity cone SACN' (for some N' ≥ N) 

Idea of Pf:

Start w/ HECN ER & obtain graph representation G (has 1-d V-space)

Use Conjecture1& fine-grain to transform into a simple tree G' 

Resulting V-space = PMI in D'-dimensional entropy space 

Reduce to 1-d PMI (if uplifting increased V-space dimensionality) 

= ER for SACN' 



Implications

HECN (delimiting geometric states in holography) is fully 
determined solely from SACN' (which bounds all quantum 
states, regardless of holography)!


All faces and internal flats of HECN are projections of faces of SACN'
So the complicated multipartite entanglement structure is rooted in 
fine-grained PMI

Nonetheless, non-SA facets of HEC are superbalanced [He, VH, Rangamani],  
so can't be correlation measures [w.i.p. w/ Hernández-Cuenca & Jia] 

This in principle allows us to construct the full HECN for any N

In practice complicated: requires correct set of ERs of SACN' for all N', 
projecting, taking convex hull, extracting ERs, and constructing facets...

But conceptually demystifies the HEC (and entanglement structure of 
holographic states)



Future directions

But not all ERs of SAC are physical (cf. QMIP).

e.g. can violate SSA, so not even realizable in QM 

Q:  what characterizes the set of SAC ERs?

Conjecture 2: All SAC ERs compatible w/ QM are holographic 

hence realizable graphs 

Speculation: All SAC ERs consistent w/ SSA are quantum 
mechanical

Corrolary: All SAC ERs consistent w/ SSA are holographic


