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R
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color rotation acts coherently on Q and Q color rotation acts individually on Q and Q
see discussion in S. Kajimoto, Y.Akamatsu, M. Asakawa, A.R., PRD97 (2018), 014003
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So far only one-dimensional, need to establish numerical methods

Any Lindblad equation amenable to Quantum State Diffusion approach

Instead of 2d dim. density matrix ρ(r,s,t) evolve ensemble of d dim. wave functions
via a non-linear Schrödinger equation:
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†
nLn

� hL†ni hLni 

!
| (t)idt +

X
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c.f. e.g. R. Katz, P. Gossiaux Annals Phys. 368 (2016) 267
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cf. prior work e.g. by D. De Boni, JHEP 1708 (2017) 064
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First potential based real-time approach that
can thermalize quarkonium states



ALEXANDER ROTHKOPF - UIS

Effects of dissipation

QWG 2021 – March 19th 2021 – virtual

TOWARDS DISSIPATIVE IN-MEDIUM QUARKONIUM DYNAMICS

Thermalization requires balance of fluctuations and dissipation.
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FIG. 3. E↵ect of the dissipation on the occupation numbers. Shown is the time evolution of the

occupation numbers of the ground state and the 1st excited state with and without dissipation.

The bars represent statistical errors.

faster at higher temperature T/M = 0.3 because of two physical e↵ects: (i) The heavy

quark damping rate is larger, and (ii) the ground state wave function is more extended and

receives decoherence more easily. To cancel out the first e↵ect, we plot the time scale in the

unit of heavy quark damping rate ⌧eq ⌘ MT `2corr/� = ⇡(M/T )2/M in Fig. 4 (c). There is

still some di↵erence between T/M = 0.1 and 0.3, which we ascribe to the other e↵ect: The

decoherence of the ground state wave function. The decoherence rate for a wave function of

size ` ⌘
p

hx2i is estimated as ⌧�1
dec = D(0)�D(` ), which amounts to ⌧dec ' 456/M and

19/M for the ground state at T/M = 0.1 and 0.3, respectively. By rescaling to ⌧eq, we get

⌧dec/⌧eq = 1.45 and 0.55 for T/M = 0.1 and 0.3, respectively, which qualitatively explains

the reason why the initial decay for T/M = 0.3 is faster even after rescaling to ⌧eq6.

We can also interpret T/M = 0.1 and 0.3 as a bottomonium and a charmonium at

T = 0.47 GeV, respectively. As shown in Fig. 4 (b), we find the relaxation of a bottomonium

proceeds more slowly than that of a charmonium again with the same two physical e↵ects

as above.

6 To be strict, the inclusion of the dissipation changes the initial decay rate from the estimate by the

decoherence rate as we saw in the previous section.
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procedure, which in addition guarantees that the properties in Eq. (6) are
preserved. Using an arbitrary complex test function f(x1,x2, . . .) 2 C and
denoting by �

(3)
(x1 � y1) the three-dimensional delta function, these prop-

erties can be formulated in terms of the matrix elements as follows.

Positivity : 8f(x1,x2, . . .) 2 C, (8)
Z

d
3
x1d

3
x2 . . . d

3
y2d

3
y1f(x1,x2, . . .)

⇤
⇢(x1,x2, . . . ,y2,y1, t)f(y1,y2, . . .) � 0

Hermiticity : ⇢(y1,y2, . . . ,x2,x1, t)
⇤
= ⇢(x1,x2, . . . ,y2,y1, t) (9)

Unit trace : (10)
Z

d
3
x1d

3
x2 . . . d

3
y2d

3
y1�

(3)
(x1 � y1) . . . ⇢(x1,x2, . . . ,y2,y1, t) = 1

The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
where �x = (xR � xL)/N . Denote by u(t) = [u0, . . . , uN ]

> the vector con-
taining the function u(t, x) evaluated at spatial grid points at time t. The
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What about the trace conservation? More involved!

@t⇢(x; y; t) = L[x; y]⇢(x; y; t)
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denoting by �

(3)
(x1 � y1) the three-dimensional delta function, these prop-
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The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
where �x = (xR � xL)/N . Denote by u(t) = [u0, . . . , uN ]

> the vector con-
taining the function u(t, x) evaluated at spatial grid points at time t. The

5

re
qu

ire
d 

fo
r t

he
 

pr
ob

ab
ilit

y 
in

te
rp

re
ta

tio
n

procedure, which in addition guarantees that the properties in Eq. (6) are
preserved. Using an arbitrary complex test function f(x1,x2, . . .) 2 C and
denoting by �

(3)
(x1 � y1) the three-dimensional delta function, these prop-

erties can be formulated in terms of the matrix elements as follows.

Positivity : 8f(x1,x2, . . .) 2 C, (8)
Z

d
3
x1d

3
x2 . . . d

3
y2d

3
y1f(x1,x2, . . .)

⇤
⇢(x1,x2, . . . ,y2,y1, t)f(y1,y2, . . .) � 0

Hermiticity : ⇢(y1,y2, . . . ,x2,x1, t)
⇤
= ⇢(x1,x2, . . . ,y2,y1, t) (9)

Unit trace : (10)
Z

d
3
x1d

3
x2 . . . d

3
y2d

3
y1�

(3)
(x1 � y1) . . . ⇢(x1,x2, . . . ,y2,y1, t) = 1

The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
where �x = (xR � xL)/N . Denote by u(t) = [u0, . . . , uN ]

> the vector con-
taining the function u(t, x) evaluated at spatial grid points at time t. The

5

re
qu

ire
d 

fo
r 

th
e 

ph
ys

ic
s

in
te

rp
re

ta
tio

n

What about the trace conservation? More involved!

@t⇢(x; y; t) = L[x; y]⇢(x; y; t)
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Let us have a look at how the reparametrization property of the differen-
tials of the two sets of coordinates in the continuum can be used to rewrite
the mixed derivative term in Eq. (27). We obtain
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The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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z = x � y;

z 0 = x + y
<latexit sha1_base64="6ESE2WGfDFno6n1Kan9sFxyTKMo="></latexit>

proof of trace conservation needs
continuum like change between x,y
and  z,z’:
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Preservation of the continuum properties?

procedure, which in addition guarantees that the properties in Eq. (6) are
preserved. Using an arbitrary complex test function f(x1,x2, . . .) 2 C and
denoting by �

(3)
(x1 � y1) the three-dimensional delta function, these prop-

erties can be formulated in terms of the matrix elements as follows.
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The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
where �x = (xR � xL)/N . Denote by u(t) = [u0, . . . , uN ]

> the vector con-
taining the function u(t, x) evaluated at spatial grid points at time t. The
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views see e.g. [7, 8, 9]). As these operators build upon the finite difference
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and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
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denoting by �
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The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
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What about the trace conservation? More involved!

Solution: a reparameterization invariant SBP finite difference operator 
O. Ålund, Y. Akamatsu, F. Laurén, T.Miura, J. Nordström, A.R. JCP 425 (2021) 109917

@t⇢(x; y; t) = L[x; y]⇢(x; y; t)
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Let us have a look at how the reparametrization property of the differen-
tials of the two sets of coordinates in the continuum can be used to rewrite
the mixed derivative term in Eq. (27). We obtain

2
@

@x

@

@y
= 2

⇣
@

@z0

⌘2

� 2

⇣
@

@z

⌘2

= 2

⇣
@

@z0

⌘2

�

h⇣
@

@x

⌘2

+

⇣
@

@y

⌘2

� 2

⇣
@

@z0

⌘2i

= 4

⇣
@

@z0

⌘2

�

⇣
@

@x

⌘2

�

⇣
@

@y

⌘2

= 2

⇣
@

@x
+

@

@y

⌘
@

@z0
�

⇣
@
2

@x2

⌘2

�

⇣
@

@y

⌘2

. (30)

The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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Let us have a look at how the reparametrization property of the differen-
tials of the two sets of coordinates in the continuum can be used to rewrite
the mixed derivative term in Eq. (27). We obtain
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The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):

T61 =

Z
dx

Z
dy�(z)F3

⇣
z
0

2

⌘✓
2

⇣
@

@x
+

@

@y

⌘
@

@z0
�

@
2

@x2
�

@
2

@y2

◆
⇢(x, y, t) .

(31)
Since z

0
/2 = x = y along the trace, inserting Eq. (31) into Eq. (27) yields
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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z = x � y;

z 0 = x + y
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proof of trace conservation needs
continuum like change between x,y
and  z,z’:
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procedure, which in addition guarantees that the properties in Eq. (6) are
preserved. Using an arbitrary complex test function f(x1,x2, . . .) 2 C and
denoting by �

(3)
(x1 � y1) the three-dimensional delta function, these prop-

erties can be formulated in terms of the matrix elements as follows.

Positivity : 8f(x1,x2, . . .) 2 C, (8)
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d
3
x1d

3
x2 . . . d

3
y2d

3
y1f(x1,x2, . . .)

⇤
⇢(x1,x2, . . . ,y2,y1, t)f(y1,y2, . . .) � 0

Hermiticity : ⇢(y1,y2, . . . ,x2,x1, t)
⇤
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3
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The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
where �x = (xR � xL)/N . Denote by u(t) = [u0, . . . , uN ]

> the vector con-
taining the function u(t, x) evaluated at spatial grid points at time t. The
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What about the trace conservation? More involved!

Dxu =
u(xi+1; yj)� u(xi�1; yj)

2�

Dyu =
u(xi ; yj+1)� u(xi ; yj�1)

2�
1

2

“
Dx +Dy

”
u 6= Dz 0u =

u(xi+1; yj+1)� u(xi�1; yj�1)

2�
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Let us have a look at how the reparametrization property of the differen-
tials of the two sets of coordinates in the continuum can be used to rewrite
the mixed derivative term in Eq. (27). We obtain
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The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):
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Since z

0
/2 = x = y along the trace, inserting Eq. (31) into Eq. (27) yields
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):
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0
/2 = x = y along the trace, inserting Eq. (31) into Eq. (27) yields
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
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Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
where �x = (xR � xL)/N . Denote by u(t) = [u0, . . . , uN ]
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What about the trace conservation? More involved!
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Solution: a reparameterization invariant SBP finite difference operator 
O. Ålund, Y. Akamatsu, F. Laurén, T.Miura, J. Nordström, A.R. JCP 425 (2021) 109917
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Let us have a look at how the reparametrization property of the differen-
tials of the two sets of coordinates in the continuum can be used to rewrite
the mixed derivative term in Eq. (27). We obtain
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The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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proof of trace conservation needs
continuum like change between x,y
and  z,z’:



ALEXANDER ROTHKOPF - UIS

1d Lindblad equation in coord. space

Challenges for a direct solution

QWG 2021 – March 19th 2021 – virtual

TOWARDS DISSIPATIVE IN-MEDIUM QUARKONIUM DYNAMICS

Preservation of the continuum properties?

procedure, which in addition guarantees that the properties in Eq. (6) are
preserved. Using an arbitrary complex test function f(x1,x2, . . .) 2 C and
denoting by �

(3)
(x1 � y1) the three-dimensional delta function, these prop-

erties can be formulated in terms of the matrix elements as follows.
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The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].

To make the paper self-contained, we provide a brief introduction to SBP
operators and recommend [7, 8] for extensive reviews. Let the domain [xL, xR]

be discretized with N+1 equidistant grid points xi = xL+i�x, i = 0, . . . , N ,
where �x = (xR � xL)/N . Denote by u(t) = [u0, . . . , uN ]

> the vector con-
taining the function u(t, x) evaluated at spatial grid points at time t. The
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for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
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procedure, which in addition guarantees that the properties in Eq. (6) are
preserved. Using an arbitrary complex test function f(x1,x2, . . .) 2 C and
denoting by �
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(x1 � y1) the three-dimensional delta function, these prop-
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The numerical treatment of initial-boundary value problems (IBVPs),
among them the Navier-Stokes and Schrödinger-like equations, such as Eq. (7),
has seen significant progress over the past decade with the development
and refinement of summation-by-parts (SBP) difference operators (for re-
views see e.g. [7, 8, 9]). As these operators build upon the finite difference
approach (although they can be formulated for many other schemes, see
[10, 11, 12, 13, 14, 15, 16, 17, 18]) they are straight forward to implement
and their numerical evaluation cost is low. The fact that they mimic the
integration by parts property of the continuum theory facilitates proofs of
stability, e.g. when deploying SBP operators in time stepping approaches
for computational fluid dynamics [19]. After the development of SBP opera-
tors for first derivatives, higher derivative approximations [20, 21] have been
derived. More recently the SBP technique has also been applied to deriva-
tives in time direction [9, 22, 23]. While in this study only periodic bound-
ary conditions will be deployed, the SBP operators can easily accommodate
non-trivial boundary conditions (in the weak sense) via the Simultaneous
Approximation Term (SAT) technique [24].
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What about the trace conservation? More involved!

DRN
x u =

u(xi +1 ; yj +1 ) ! u(xi ! 1; yj +1 ) + u(xi +1 ; yj ! 1) ! u(xi ! 1; yj ! 1)
4!

DRN
y u =

u(xi +1 ; yj +1 ) ! u(xi +1 ; yj ! 1) + u(xi ! 1; yj +1 ) ! u(xi ! 1; yj ! 1)
4!
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Ò
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u = Dz! u
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Solution: a reparameterization invariant SBP finite difference operator 
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Let us have a look at how the reparametrization property of the differen-
tials of the two sets of coordinates in the continuum can be used to rewrite
the mixed derivative term in Eq. (27). We obtain
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The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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Let us have a look at how the reparametrization property of the differen-
tials of the two sets of coordinates in the continuum can be used to rewrite
the mixed derivative term in Eq. (27). We obtain
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The result of Eq. (30) can be directly applied to the mixed derivative
term T61 in Eq. (27):
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Since z

0
/2 = x = y along the trace, inserting Eq. (31) into Eq. (27) yields
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In Eq. (32), we carried out one integration by parts in both x and y. Since
�(x� y) only depends on z and not z0, the derivative @/@z

0 after integration
by parts acts solely on the F3 term.
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z = x � y;

z 0 = x + y
<latexit sha1_base64="6ESE2WGfDFno6n1Kan9sFxyTKMo="></latexit>

proof of trace conservation needs
continuum like change between x,y
and  z,z’:
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Curse of dimensionality comes back to haunt
us in 3d: density matrix is a 6d object.
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TOWARDS DISSIPATIVE IN-MEDIUM QUARKONIUM DYNAMICS

Exciting progress in the understanding of in-medium heavy-quarkonium 
dynamics from QCD within the Open-Quantum-Systems framework

Achieved derivation of several phenomenological models for weakly coupled 
QCD using a systematic chain of approximations

The Stavanger – Osaka approach is based on a Lindblad equation in the 
Quantum Brownian Motion regime derived from QCD at high temperature

Implementation in 1d via quantum state diffusion approach, crosschecked via
direct simulation of master equation with full trace preservation.

Inclusion of genuine dissipative effects: thermalization from quantum dynamics
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