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NRQCD factorization

° Fa Cto r| Zat|0 ] fo rmu Ia [ Bodwin, Braaten, Lepage, Phys. Rev. D51 (1995) 1125-1171 ]

dOg+p-H+x = Z dUA+B—>QQ‘+X<0H(n)>
n

e Long-distance matrix elements (LDMEs)
* |attice, potential model, experiment

e Short-distance coefficients (SDCs)

* matching from the Full QCD calculation

 Phenomenological success
* IR divergence in NLO calculation of P wave
* Excess production of ¥ (25)

* Proof of NRQCD factorization

* proved all orders for decays

e proved to two-loop for production under eikonal approximation

Nayak, Qiu, Sterman. Phys.Rev. D 72 (2005) 114012
Bodwin, Chung, Ee, Kim, Lee, Phys.Rev. D 101 (2020) 096011
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Fragmentation Function (FF)

e QCD Collinear Factorization

[ Collins, Soper, Sterman, Adv. Ser. Direct. High Energy Phys. 5 (1989) 1-91 ]

~ pbr 1
dogsp-n+x(Pr) = Z AGp+Boitx (_:ﬂ) ® Diu(z,w) + 0(=)
- Z .| Pr

[fragmentation function (FF)}

o e, . ZD_3 *+00 ) 3
* Definition p, . ) =5 Nqéw_ 5 / R

x (0|GF(0)E7(0,0,01 )P (p)E(0, 27,01 )5 G (0,27,0,)|0)

« £(0,x7,0,),, denotes eikonal operator

* Apply NRQCD to FF

Di~y(z, po) = z dn(z, Ho»ﬂf)(OH(n»

e SDCs: IR-safe
e LDMEs:

e absorb all IR divergences
* independent of eikonal-line direction

* IR divergence in full-QCD calculation of FF is independent of
eikonal-line direction
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FF of g - @Q(3P}"%) + x
LO: IR divergence in FF can be absorbed by LDME

NLO: IR structure?

Squared amplitude for FF at 0(q?)

Aq,q') =(q-q)A; + < '(Z),(z)z. & Ay

* AIl'IR divergences must be absorbed by LDMEs
* LDMEs are independent of eikonal direction n

* |If NRQCD factorization is to hold, A, is free of IR divergence
FF :

, 0
dd I8P _A(q,q'
J PR (9.9")

Projection operator:
BB = —gBB'

Mix of A4 and A,
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FF of g - @Q(3P}"%) + x
* Extract A, only

* use projection operator:
PBB" = (D — 2)IPB" — (D — 1)dPF’
where
PBnB" + nBpP p2pBnp’
P-n (P - n)?

AP’ = _ BB’ 4

then

’ 0 1
PP A(q,g) = (D —2)—=A
aqﬁaqlﬁl (q q) ( )PZ 2

* same computation method for FFs

* use 1##" to get the full-QCD FFs
* use PPA’" to get the part proportional to A,
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Typical Feynman diagrams

* Two typical cut diagrams: @ @

e Cut method (take the last
diagram as an example)

* Real SDCs:
1  P-n Lo 1-2 1
/dq)realn B =<z /(277)13—1 (27T)D—15+(k2)5+(l2)5 <k-n+l-n— . P-n) H a;
e Virtual SDCs: [ propagator denominators }
dPi 1 P-n dPk  dPi " 1—2z 1
/d(bloop/WH Fiai - 22 /(QW)D_l (27T)D5+(k )5 (k‘n— - P‘n> H anz_

* Multi-loop techniques (see backup)
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Test of NRQCD factorization

* When use PP’ as projection operator
* UV divergences are canceled between real, virtual and counter terms
* No IR divergences are left
* IR divergences in A(q, q’) are free of eikonal line vector n
 NRQCD factorization is verified to hold at two-loop order

* When use 188" as projection operator
+ obtain the full-QCD FF Dy;0[g —» QQ(P®)]

e NRQCD renormalization | |
Dxioly = QQCPY™] = dxtoly —+ QQCP O™ P o @
+diolg — QQEPYMI)(OFs
(8]

_ 3p[1/8]
+dnrolg — QOSN35 Lo 3
3pli/s]

(6(-2 ) +hols 2@ (o> @

* The divergence structure of (D-®) is proportional to §(1 — z).
Int(1-2)

1-z

*PM))xLo  ((no IR divergence )

are canceled.
+

e Give another verification of NRQCD factorization

Other structures such as [
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NRQCD LDMEs matching

NRQCD LDMEs in part @ can be matched from the divergence
part of (D-®)

2

2 2\ 2€ : 9.2 r
3pll] o s y ¢ A7 , 5 { 9b Sng+ (127° — 47)N,
OO0 = ~Or Sy (47 T e (T2 + 2L )
H77r-'mg? A € €
3 v2 2\ 2€ I 9.2 T
3pl8] o 18] o 4wz 5 (9bg  Bns+ (3w —4T7)N.
(O (s ))nwo = —Bror a3 ( If) ) I'(1+e¢)? (—2) T ) )
LN ”1(2 ‘[lA\ € €

Finite part of © gives SDCs: dy.o[g = QQ(?’P,“/S])]

_ 3 2 1 ) 1 —
diolg = QQCPy )] = - ﬁjm% (p55(1 AP [ L j’] +rle)

u?« A¢3pli]
+In 47"%3 bodrolg = QQ(°F; )]

p(z): piecewise function of the expansions at singularities

2(1_
divergenceatz = 1: 6(1 — z) and [ln 1(122)]
o +

O TN ey Test of NRQCD factorization 9/12




Numerical FF

g — bb(Py) + X

* Take u, = 2m
as the center |
line

d(z)x9m®
d(z)x9m®

* The bands are
obtained by

varying the - z s
renormalization o gobhCRP)+x

scale u,- by a

factor of 2 i

* singularitiesatz - 0: 1/z

e singularitiesat z » 1:In%(1 — 2) /(1 — 2)
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Moments of SDCs

8]

 Moments integral (take 3P] as an example)

1 144m?°
/ dz Zn(dLo(Z) + dNLo(Z)) X 5
0

* Partonic hard parts behave as z™ with n larger than 4

K-factor

» K-factors range from 1.14 to 0.58 for physical cross sections
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Summary

 We compute the partonic FF of g —» Q(?(3P][1/8]) + X at NLO.

 We find that IR divergences in partonic FF is independent of
eikonal line direction, which verifies the validity of NRQCD

factorization at two-loop order.

* We obtain the perturbative expansion of NRQCD LDMEs at

two-loop order.

Thank you!
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Backup
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Multi-loop technique

Reve rse un |ta r‘|ty re I atio N [ Anastasiou, Melnikov, Nucl. Phys. B 646 (2002) 220-256 ]

i —i
2m)0(D5) =
2o Dg) = Dri0t | DE 0T
e cut condition e propagator

* map phase-space integrals onto pure loop integrals
IBP r‘ed UCtiO 1 [ Chetyrkin, Tkachov, Nucl. Phys. A15 (1981) 159-204 }

Smirnov, Comput. Phys. Commun. 189 (2015) 182-191

* reduce to master integrals (Mls)

. . . Lee, Smirnov, Smirnov, JHEP (2018) 008
¢ D |ffe re nt Ia I e q u at IoONS [ Liu, Ma, Wang, Phys. Lett. B7';)93(2200118) 305(;,—357 }
dl (e, z
93 _ Ae.ol(e2)
dz
Y Asymptotlc expanSIOnS [ s=a+be ] [HennJPhys A 48 (2015) 153001 ]

(z.€)le = ) Z(z — 20)° In’(z — 20) Z I;'(€)(z = 20)

Boundary condltlons
* region analysis: real correction
 auxiliary mass flow (AMF): virtual correction
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Auxiliary mass flow (AMF)

* Use A M F to ca IC u |ate th e [ Liu, Ma, Wang, Phys. Lett. B 779 (2018) 353-357 ]

Liu, Ma, Tao, Zhang, Chin. Phys. C 45, (2021) 013115

boundary conditions

* add auxiliary mass n on inverse propagators with loop
momentum

* setup DEsw.r.t.n

* atn — oo with z = z,, regions of the boundary are clear
* flown — oo ton — 0 with DEs

* get boundary of initial MIs at z = z,
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Expansion at singularities
* Singularities in DEs: 0,1/2,1

complex plane

Im
|
- (@) —_
W
X
+

_2:
- 1
-4 -2 0 2 4
Re
* Estimate values of Mls in regions 0 ~ 5,5 ~ =, ~ 1 respectively

by the asymptotic expansions of Mlsat z = 0,1/2,1
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Renormalization

Counter term

e Operator renormalization
JT(A+e (4mp2\ ['d
do(z) = —pe T ( ”“) | Lo (£)

€ 15 y

B 1IN —2ny B z 1—2 B
where Py(z) = — (1 —2)+ 2N, ((1 s + . + 2z(1 z))

Plus function exist in d;(2)

Convolution between two plus functions is difficult
Change plus function in dyo(2) back to (1 — z)"1t"€ f(2)

1dy 1 —14ne — 1 —

[ s a - n=1-z
tne Uodt 1tme 1—n

syt [ (e a0 = £0) - 25 (- - )

—|—77_1+”€f(1) (—H(ne) e ni —In(1 — n))

€
+n7 0y £(1 - )
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