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Quark low-energy strong interactions are a major complication in 
testing the Standard Model/searching for BSM physics

An accurate nonperturbative treatment of QCD - lattice 
QCD - is key to compare SM and low-energy 
experimental tests for new physics
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At the same time can provide hadronic matrix elements for 
possible BSM operators or for QCD-like BSM theories. 
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Two-point meson correlation functions are constructed from valence quark propagators

2-point function

0 T
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<latexit sha1_base64="qb1vFP8wwxKH2tpuemLt0Hy47iI=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFclUkV2+6qbtxZwT6gHUomTdvQTGZMMoUy9DvcuFDErR/jzr8x01ZQ0QOBwzn3ck+OHwmujet+OEvLK6tr65mN7ObW9s5ubm+/ocNYUVanoQhVyyeaCS5Z3XAjWCtSjAS+YE1/dJX6zTFTmofyzkwi5gVkIHmfU2Ks5HUCYoaUiORm2r3o5vJuwXVdjDFKCS6du5ZUKuUiLiOcWhZ5WKDWzb13eiGNAyYNFUTrNnYj4yVEGU4Fm2Y7sWYRoSMyYG1LJQmY9pJZ6Ck6tkoP9UNlnzRopn7fSEig9STw7WQaUv/2UvEvrx2bftlLuIxiwySdH+rHApkQpQ2gHleMGjGxhFDFbVZEh0QRamxPWVvC10/R/6RRLODTQvH2LF+9XNSRgUM4ghPAUIIqXEMN6kDhHh7gCZ6dsfPovDiv89ElZ7FzAD/gvH0CGcGSUw==</latexit>

OB
<latexit sha1_base64="+mY+WskuKBCX0XZbWL2oZENoQpI=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBFclaSKbXelbtxZwT6gHUomTdvQzMMkUyhDv8ONC0Xc+jHu/BszbQUVPRA4nHMv9+R4kRTaYPzhrKyurW9sZray2zu7e/u5g8OmDmPFeIOFMlRtj2ouRcAbRhjJ25Hi1Pckb3njq9RvTbjSIgzuzDTirk+HgRgIRo2V3K5PzYhRmdzMerVeLo8LGGNCCEoJKV1iSyqVcpGUEUktizwsUe/l3rv9kMU+DwyTVOsOwZFxE6qMYJLPst1Y84iyMR3yjqUB9bl2k3noGTq1Sh8NQmVfYNBc/b6RUF/rqe/ZyTSk/u2l4l9eJzaDspuIIIoND9ji0CCWyIQobQD1heLMyKkllClhsyI2oooyY3vK2hK+for+J81igZwXircX+WptWUcGjuEEzoBACapwDXVoAIN7eIAneHYmzqPz4rwuRlec5c4R/IDz9gkbRZJU</latexit>

h0|OA|ni
<latexit sha1_base64="8Yy4qnxzlwAZu91KcdfgiHUNXes=">AAACDnicdVDLSgMxFM34rPU16tJNsBRclaSKbXdVN+6sYB/QKSWTpm1oJjMkGaGM/QI3/oobF4q4de3OvzHTVlDRA4GTc+7l3nv8SHBtEPpwFhaXlldWM2vZ9Y3NrW13Z7ehw1hRVqehCFXLJ5oJLlndcCNYK1KMBL5gTX90nvrNG6Y0D+W1GUesE5CB5H1OibFS1817gsiBYBDBW+gFxAwpEcnlpHtq/xJ6aup23RwqIIQwxjAluHSCLKlUykVchji1LHJgjlrXffd6IY0DJg0VROs2RpHpJEQZTgWbZL1Ys4jQERmwtqWSBEx3kuk5E5i3Sg/2Q2WfNHCqfu9ISKD1OPBtZbqw/u2l4l9eOzb9cifhMooNk3Q2qB8LaEKYZgN7XDFqxNgSQhW3u0I6JIpQYxPM2hC+LoX/k0axgI8KxavjXPVsHkcG7IMDcAgwKIEquAA1UAcU3IEH8ASenXvn0XlxXmelC868Zw/8gPP2Ce+0m24=</latexit>

decay constant,  
if O normalised

Multiple states need to be included in fit

C2 =
X

n

AnBne
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<latexit sha1_base64="nDiK9+TxnIrbktVHN7AHnrD7YeQ="></latexit>

Meson mass - 
Ground-state mass 
can be very 
accurate. Use to tune 
lattice quark mass

av. over 
gluon 
fields and 
fit 

Concentrate here on decay constants - now determined to ~1% in lattice QCD. 
See J. Koponen (HPQCD) talk, Wednesday (Day 3 morning)

h0| �0�5 |PSi = fPSMPS
<latexit sha1_base64="tXVjjMCrHR3uFz22vKCs8jic9qw="></latexit>

h0| �i |Vi = fVMV"i
<latexit sha1_base64="mGXw6eR4KMOP6AoIo/SfeNXv5qU="></latexit>

For a meson at rest: 

h0| �0i |Vi = ifV
T (µ)MV"i

<latexit sha1_base64="VF5MMuvZzBYvv6u6UmBaW79YKhE="></latexit>

Accurate current operator 
normalisation is critical for fV and fT

fPS norm. is fixed from PCAC
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HPQCD: Work with the Highly Improved Staggered Quark (HISQ) discretisation of the Dirac eq. 
HPQCD, hep-lat/0610092.Has good control of discretisation errors (important for c/b quark physics)

Use MILC gluon field configurations with u, d, s, c HISQ sea quarks and range of lattice 
spacing values from 0.15 fm to 0.045 fm. 

D. Hatton, et al, 
HPQCD, 
arXiv:2005.01845
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J/𝜓 vector decay constant 
fV (J/ ) = 410.4(1.7)MeV

<latexit sha1_base64="AJ7ho5Uz8t1ias0eo9COyCh5XzE="></latexit>

gives

�(J/ ! e+e�)
<latexit sha1_base64="c4fbZsyEiFolCJR81tJJOl2jwOM="></latexit>

= 5.637(49) keV
<latexit sha1_base64="U4oUGk3bAF1CfA3dXhAb6yknA/E=">AAACAXicdVDLSsNAFJ3UV62vqhvBzWARKkhI0tjHQii6cVnBPqAJZTKdtkMnD2YmQgl146+4caGIW//CnX/jpK2gogcuHM65l3vv8SJGhTSMDy2ztLyyupZdz21sbm3v5Hf3WiKMOSZNHLKQdzwkCKMBaUoqGelEnCDfY6TtjS9Tv31LuKBhcCMnEXF9NAzogGIkldTLH5yf6eVSpWjXTpxTx0dyxP1kTFrTXr5g6LVq2bLL0NANo2JaZkqsil2yoamUFAWwQKOXf3f6IY59EkjMkBBd04ikmyAuKWZkmnNiQSKEx2hIuooGyCfCTWYfTOGxUvpwEHJVgYQz9ftEgnwhJr6nOtMbxW8vFf/yurEcVN2EBlEsSYDniwYxgzKEaRywTznBkk0UQZhTdSvEI8QRliq0nArh61P4P2lZulnSrWu7UL9YxJEFh+AIFIEJKqAOrkADNAEGd+ABPIFn7V571F6013lrRlvM7IMf0N4+ARCklWo=</latexit>

Now lattice QCD (+QED) is more 
accurate than experiment!
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<latexit sha1_base64="lj5N9BJ77LsUgl8KmOJ71HLddkQ="></latexit>
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Normalisation of vector current used a symmetric momentum-subtraction (RI-SMOM) scheme on 
the lattice D. Hatton, et al, HPQCD, arXiv:1909.00756

Non-perturbative renormalization in lattice QCD Yasumichi Aoki
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Figure 3: A sample figure which makes 1/p2 contribution with SSB fromRef. [9] (left) and general momen-
tum configuration of bilinear vertex (right) including the exceptional (q= 0) and symmetric non-exceptional
(p21 = p22 = q2) momenta from Ref. [22].

2.3 RI/SMOM schemes

It was demonstrated in Ref. [9] that the severe infrared sensitivity of the RI/MOM scheme can
significantly be reduced by avoiding the use of exceptional momenta. The argument stems from
Weinberg’s theorem [21] on the behavior of the vertex function for large external momenta, where
a set of external momenta which has zero partial sum is called exceptional.

In the case of bilinear operators with exceptional momenta, the momentum that flows in from
one fermion leg can be rerouted to the other leg by one-gluon exchange (see Fig. 3). If this happens
the operator part allows a small momentum flow, which triggers SSB. This contamination only
suppresses as 1/p2 at high momenta, hence could be sizable for the typical allowed momentum in
simulations. This can be avoided by eliminating the exceptional channel by setting all p1, p2 and q
non-zero in the right panel in Fig. 3.

The RI/SMOM and RI/SMOMγµ schemes are constructed for the quark bilinear operators
in Ref. [22], exploiting the non-exceptional momenta and carefully ensuring the chiral Ward-
Takahashi identities are satisfied. The symmetric configuration p21 = p22 = q2 is used, hence, “sym-
metric” MOM scheme. A trial calculation [10] showed the RI/SMOM scheme is a promising
alternative to the conventional RI/MOM scheme with reduced systematic uncertainties.

The RI/SMOM scheme uses a different projector P ∝ /qqµ/q2 compared to P ∝ γµ in
Eq. (2.3). The resulting quark wavefunction renormalization is equivalent to that of the RI’/MOM
scheme, i.e. ZRI/SMOMq = ZRI’/MOMq . Another scheme named RI/SMOMγµ uses the same projector
as the RI/MOM schemeP ∝ γµ . It should be remembered, though, due to the use of the symmet-
ric momentum, the resulting wave function renormalization is different, i.e. ZRI/SMOMγµ

q != ZRI/MOMq .
Not only the reduction of the unwanted non-perturbative effect, but the better convergence of the
PT for the matching to MS from SMOM schemes are observed. The matching was calculated to
one-loop [22]. Evaluating the magnitude at each order in αs 3,

Cm(RI/SMOM→MS,µ = 2GeV,nf = 3) = 1−0.015+ · · · , (2.10)
Cm(RI/SMOMγµ →MS,µ = 2GeV,nf = 3) = 1−0.045+ · · · . (2.11)

3αMS(3)s (2GeV) = 0.2907 from four loop beta function has been used.

8

O𝛤

Mimic what is done in perturbation theory, i.e. impose conditions on Green’s 
functions between off-shell quark states in a fixed gauge on the lattice

thors of ref. [10] have proposed a “tadpole improved” perturbation
theory. Nevertheless, ignorance of higher order contributions still rep-
resents an important source of uncertainty in the extraction of physical
results.

• In some limited cases, corresponding to finite operators, namely the vec-
tor and axial vector currents, and the ratio of pseudoscalar and scalar
densities, a fully non-perturbative determination of the renormalization
constants can be obtained with the use of chiral Ward identities [1]–[3].

• One may fix non-perturbative renormalization conditions directly on
hadronic matrix elements. This procedure was used in ref. [7], to
subtract the divergent part of the ∆I = 1/2 operator. The price is that
one has to sacrifice a physical prediction, for any subtraction imposed
on hadronic states. Thus, when several renormalization conditions are
necessary, one looses much predictive power [1, 6].

Our proposal is to impose renormalization conditions non-perturbatively,
directly on quark and gluon Green functions, in a fixed gauge, with given off-
shell external states, with large virtualities.

The method consists in mimicking what is usually done in perturbation
theory. One fixes the renormalization conditions of a certain operator by
imposing that suitable Green functions, computed between external off-shell
quark and gluon states, in a fixed gauge, coincide with their tree level value.
For example, if we consider the generic two-quark operator OΓ = ψ̄Γψ, we
may impose the condition

ZΓ〈p|OΓ|p〉|p2=−µ2 = 〈p|OΓ|p〉0, (1)

where Γ is one of the Dirac matrices and 〈p|OΓ|p〉0 is the tree level matrix
element. The extension to more complicated cases, including four-fermion
operators and operator mixing, is straightforward. This procedure defines
the same renormalized operators, i.e. the same Wilson coefficient functions,
in all regularization schemes, provided they are expressed in terms of the
same renormalized coupling constant. However, the coefficient functions now
depend on the external states and on the gauge, which must be specified.

2

tree-level result

Rome-Southampton hep-lat/9411010

Same technique for the tensor current, BUT:  
• contributions appear in ZT (matching lattice to RI-SMOM) behaving as C/𝜇n (condensates) 

• Must perturbatively match to MS-bar in the continuum. 

p21 = p22 = q2 = �µ2, µ2 > 0
<latexit sha1_base64="olbwrgL+YZ7xmTvtRWc6lRBssVU="></latexit>

RBC-UKQCD 0901.2599

HPQCD, 1909.00756: this is very accurate in the vector 
case because ZV=1 for the conserved vector current  

SYMMETRIC

HPQCD, 2008.02024: use a physical quantity, e.g. the J/𝜓 tensor decay constant, to determine and 
remove condensate effects in ZT. 
Gives value for the J/𝜓 tensor decay constant to test lepton-flavour violating quarkonium decays. 

Hazard and Petrov 1607.00815
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Determination of J/𝜓 tensor decay constant                                           
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fT (J/ ,MS, 2GeV, µ, a) = RT (2GeV)ZMS/SMOM

T ZSMOM

T (µ, a)fT (J/ , latt, a)
<latexit sha1_base64="4RWRL+98djgwCuzMrjPFXYdq2VY="></latexit>

Lattice to SMOM 
renormalisation factor, 
calculated on lattice 
with scale 𝜇

SMOM to MSbar 
conversion at scale 𝜇 
from continuum QCD 
pert. th. through (𝛼s)3

Run all the MSbar 
results to the same 
scale of 2 GeV using 
continuum QCD pert. 
th.

Fit this physical 
quantity as a function 
of a, allowing for 𝜇 
dependence from 
condensates in ZTSMOM

µ = 2GeV
<latexit sha1_base64="+KyDX10u5gdmF/G7e6LTNCf1SqU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQspkFNsuhKILXVawD+iUkkkzbWgyMyQZoQz1V9y4UMStH+LOvzHTVlDRA4HDOfdyT44fc6a043xYuaXlldW1/HphY3Nre8fe3WupKJGENknEI9nxsaKchbSpmea0E0uKhc9p2x9fZn77jkrFovBWT2LaE3gYsoARrI3Ut4ueSM5d79gTWI+kSK9oa9q3S07ZcRyEEMwIqpw5htRqVRdVIcosgxJYoNG3371BRBJBQ004VqqLnFj3Uiw1I5xOC16iaIzJGA9p19AQC6p66Sz8FB4aZQCDSJoXajhTv2+kWCg1Eb6ZzDKq314m/uV1Ex1UeykL40TTkMwPBQmHOoJZE3DAJCWaTwzBRDKTFZIRlpho01fBlPD1U/g/ablldFJ2b05L9YtFHXmwDw7AEUCgAurgGjRAExAwAQ/gCTxb99aj9WK9zkdz1mKnCH7AevsEh/+Utw==</latexit>

µ = 3GeV
<latexit sha1_base64="iBGQxm//F/52IFKuUHf5EPOwknA=">AAAB/HicdVDNSgMxGMzWv1r/qj16CRbBgyzZttb2IBQ96LGCrYXuUrJp2oYmu0uSFcpSX8WLB0W8+iDefBuzbQUVHQgMM9/HNxk/4kxphD6szNLyyupadj23sbm1vZPf3WurMJaEtkjIQ9nxsaKcBbSlmea0E0mKhc/prT++SP3bOyoVC4MbPYmoJ/AwYANGsDZSL19wRXxWdo9dgfVIiuSStqe9fBHZ9TqqOFWI7BOEStW6IahcqlWr0LHRDEWwQLOXf3f7IYkFDTThWKmugyLtJVhqRjid5txY0QiTMR7SrqEBFlR5ySz8FB4apQ8HoTQv0HCmft9IsFBqInwzmWZUv71U/MvrxnpQ8xIWRLGmAZkfGsQc6hCmTcA+k5RoPjEEE8lMVkhGWGKiTV85U8LXT+H/pF2ynbJduq4UG+eLOrJgHxyAI+CAU9AAV6AJWoCACXgAT+DZurcerRfrdT6asRY7BfAD1tsnqqSUzg==</latexit>

µ = 4GeV
<latexit sha1_base64="rP2S9vJm/3/DzuKref9G89Clzvs=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgQkJSK7oRii50WcE+oAllMp20Q2eSMDMRQqi/4saFIm79EHf+jZM2BRU9MHA4517umePHjEpl259GaWl5ZXWtvF7Z2Nza3jF39zoySgQmbRyxSPR8JAmjIWkrqhjpxYIg7jPS9SdXud+9J0LSKLxTaUw8jkYhDShGSksDs+ry5KLhHrscqbHg2TXpTAdmzbZO7RzQtuwFKRSnUGqgQGtgfrjDCCechAozJGXfsWPlZUgoihmZVtxEkhjhCRqRvqYh4kR62Sz8FB5qZQiDSOgXKjhTv29kiEuZcl9P5hnlby8X//L6iQrOvYyGcaJIiOeHgoRBFcG8CTikgmDFUk0QFlRnhXiMBMJK91XRJSx+Cv8nnbrlnFj120ateVnUUQb74AAcAQecgSa4AS3QBhik4BE8gxfjwXgyXo23+WjJKHaq4AeM9y9Mv5SN</latexit>

1/𝜇n (n starting at 2) condensates show up at a=0; they 
must be removed to obtain a physical result. 

physical result
physical result

Ratio of tensor (at 2 GeV) to vector clearly < 1 for J/𝜓

D. Hatton et al, HPQCD, 2008.02024
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Determination of J/𝜓 tensor decay constant                                           

Comparison to earlier results: HPQCD results are much more accurate

Earlier lattice results do 
not include analysis of 
condensate effects in ZT. 

Alternative momentum-subtraction scheme

fT (J/ ,MS, 2GeV) = 0.3899(33)GeV
<latexit sha1_base64="7tnXiQkaTg/VRsUEqh34qt2Sito=">AAACN3icdVDLSgMxFM34rPVVdekmWIQKpc6j9LEQii4UQVG0VeiUkkkzbWjmQZIRyjB/5cbfcKcbF4q49Q/M1AoqeiFwcs65yb3HCRkVUtcftKnpmdm5+cxCdnFpeWU1t7beEkHEMWnigAX82kGCMOqTpqSSkeuQE+Q5jFw5w4NUv7ohXNDAv5SjkHQ81PepSzGSiurmTt3uZeF41w4FLdqBcqYPxbaH5IB78clFkhRN u/h1PyStZAfuQb1k1er1gmXtwJ9iN5fXS/VaxSxXlEnXq4ZppMCslq0yNBSTVh5M6qybu7d7AY484kvMkBBtQw9lJ0ZcUsxIkrUjQUKEh6hP2gr6yCOiE4/3TuC2YnrQDbg6voRj9ntHjDwhRp6jnOmM4reWkn9p7Ui6tU5M/TCSxMefH7kRgzKAaYiwRznBko0UQJhTNSvEA8QRlirqrArha1P4P2iZJcMqmeflfGN/EkcGbIItUAAGqIIGOAJnoAkwuAWP4Bm8aHfak/aqvX1ap7RJzwb4Udr7B9ASqqQ=</latexit> fT (J/ ,MS, 2GeV)

fV (J/ )
= 0.9569(52)

<latexit sha1_base64="gvhYLsLYMQ0UL6noDd7uefbNQ8Q="></latexit>

Uncertainty < 1%

D. Hatton et al, HPQCD, 2008.02024
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PRELIMINARY

A. Smecca, J. Harrison, et al, HPQCD, in 
preparation 

PRELIMINARY

Determination of Ds* decay constants                                      

Vector to pseudoscalar ratio > 1 
Update of HPQCD:1312.5264

Ratio of  Tensor (at 2 GeV) to Vector < 1 
and smaller than ratio for J/𝜓

Results for other heavy-light mesons in 
progress, Bs* …
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Mapping out decay constants as a function of meson mass                                    

Can provide constraints for QCD-like composite theories for BSM physics
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D. Hatton et al, HPQCD, 
2101.08103

DeGrand and Neill:1910.08561

Ratio of pseudoscalar to vector heavy 
quarkonium masses. Tends to 1 at large mass

Ratio of decay constant to mass of 
vector quarkonium can be used to 
constrain coupling of ‘dark 𝜌’ to ‘dark 
photon’.

Note: ratio falls fast at high masses. 

Curve must connect smoothly to lighter 
masses e.g. at MPS/MV = 0.673 (strange 
quark): 

fV
MV

= 0.233(3)
<latexit sha1_base64="ytqSRTAdhHELszYejJTjiZOfhrs=">AAACA3icdVDLSgMxFM34rPU16k43wSLUTUlase1CKLpxI1SwD2iHkkkzbWjmQZIRylBw46+4caGIW3/CnX9jpq2gogfu5XDOvST3uJHgSiP0YS0sLi2vrGbWsusbm1vb9s5uU4WxpKxBQxHKtksUEzxgDc21YO1IMuK7grXc0UXqt26ZVDwMbvQ4Yo5PBgH3OCXaSD17v+tJQhOv15wkV6bBM4gKxVIpXzru2TlUQAhhjGFKcPkUGVKtVoq4AnFqGeTAHPWe/d7thzT2WaCpIEp1MIq0kxCpORVsku3GikWEjsiAdQwNiM+Uk0xvmMAjo/ShF0pTgYZT9ftGQnylxr5rJn2ih+q3l4p/eZ1YexUn4UEUaxbQ2UNeLKAOYRoI7HPJqBZjQwiV3PwV0iExoWgTW9aE8HUp/J80iwVcKhSvT3K183kcGXAADkEeYFAGNXAJ6qABKLgDD+AJPFv31qP1Yr3ORhes+c4e+AHr7RMlI5Xl</latexit>

HPQCD:1703.05552

Increase mass from c to b to determine properties of bottomonium. Extrapolation to zero lattice 
spacing then gives the physical dependence of decay constants on meson masses from c to b. 
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Conclusions

•  This includes vector and tensor decay constants for vector mesons, following HPQCD work 
to pin down renormalisation constants. For tensor decay constants this requires fitting and 
removing condensate contributions from ZT renormalisation factors in intermediate 
momentum-subtraction schemes, calculated on the lattice. 

• Meson decay constants are now very accurately calculable in Lattice QCD, with uncertainties < 
1%.  

• Tensor decay constants calculated for J/𝜓 and Ds* - others underway. All a few percent 
smaller (at 2 GeV) than corresponding vector decay constants. 

• Determining further matrix elements of tensor currents such as form factors for 

Future

HPQCD:1909.00756; 2005.01845; 2008.02024; 2101.08103

• Can also map out quarkonium decay constants as a function of meson mass, to constrain 
QCD-like BSM theories

B ! K`+`�
<latexit sha1_base64="nmjImmtQE+IpWapVngUGIzGHUxI=">AAACBXicdVDLSgMxFM3UV62vUZe6CBZBEMukim13pW4ENxXsAzpjyaSZNjTzIMkoZejGjb/ixoUibv0Hd/6NmbaCih64l8M595Lc40acSWVZH0Zmbn5hcSm7nFtZXVvfMDe3mjKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlDs9Sv3VDhWRhcKVGEXV83A+YxwhWWuqauzVoC9YfKCxEeAsvoE05vz6c9KOumbcKlmUhhGBKUOnU0qRSKRdRGaLU0siDGepd893uhST2aaAIx1J2kBUpJ8FCMcLpOGfHkkaYDHGfdjQNsE+lk0yuGMN9rfSgFwpdgYIT9ftGgn0pR76rJ32sBvK3l4p/eZ1YeWUnYUEUKxqQ6UNezKEKYRoJ7DFBieIjTTARTP8VkgEWmCgdXE6H8HUp/J80iwV0XChenuSrtVkcWbAD9sABQKAEquAc1EEDEHAHHsATeDbujUfjxXidjmaM2c42+AHj7RNRP5fV</latexit>

D. Hatton, CD, B. Galloway, J. Koponen, P. Lepage, A. Lytle 


