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Measuring Diffusivity
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Don’t know origin?
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Still must know time!



Many pairs?

Construct Balance Function (like-sign subtraction)

B(r2|r1) ⌘
N+�(r1, r2) � N++(r1, r2)

2N+(r1)
+

N�+(r1, r2) � N��(r1, r2)

2N�(r1)
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Can’t measure positions?

Thermal smearing of coordinate space info 
Rely on modeling of collective flow

r2, r2 ! ⌘1,⌘2, �r ! �⌘

r1, r2 ! y1, y2, �r ! �y

r1, r2 ! �1,�2, �r ! ��

�r ! Qinv
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Multiple charges?
In QGP: u,d,s, 

BF numerator becomes:  

In hadron gas: ,K,p 

−Cab( ⃗r1, ⃗r2) = − ⟨δρa( ⃗r1)δρv( ⃗r2)⟩

π

(@t �D1r2
1 �D2r2

2)Cab(t,~r1,~r2) = Sab(t,~r1,~r2)
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Given T, flow and susceptibility at QGP/hadron interface, 
Cab(r1, r2) ! Bhh0(p1, p2)
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Source function?
Sab(t, r1, r2) = ��(~r1 � ~r2)[@t +r · ~v + ~v ·r]�ab(t,~r)

⇡ sDt
�ab(t,~r)

s
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 from latticeχab

Satisfies charge conseration:
ZZZ

d3r1 [C0
ab(~r1,~r2) + �(~r)�(~r1 � ~r2)] = 0
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Parameters

1. Diffusion Constant   (multiples of lattice values) 
2.   — spread in rapidity at  = 0.6 fm/c 
3. Th = 155 MeV

D(T)
σ0 τ0



ALGORITHM
Diffusion = Random walk 
Monte Carlo procedure: 

A) Overlay with hydro evolution to create  
B) Generate partners (uu,dd,ss,ud,us,ss) 

proportional to  with weights 
C) Move particles in random directions 

punctuated by re-directioning according to coll 

D) Translate  to  at hyper surface 
E) Collide (fixed ) and decay particles 
F) Combine decay products with those from partner 
G) Correlations created during hadronic phase: 

create uncorrelated hadrons, run through cascade, 
combine ALL particles to create BF 

H) Add contributions from (E) and (F) 
I) Fold with acceptance/efficiency 
J) Test sum rules

Sab(t, ⃗r)

Sab(t, ⃗r)

τ
δQa δNh

σ

⌧coll = 6D
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ALGORITHM
Correlations from Hydro: 
 — Depends of D and  
— Only a few hours of CPU 
— track charges from same source point 

Correlations from Cascade 
— Weeks of CPU 
— One hydro event (independent of D, ) 
— Millions of cascade events

σ0

σ0



Model input 
Hydro history

Chris Plumberg

Hydro history 
T(t,r) & u(t,r)

VISHNU Hydro, Au+Au (200A GeV)



Model input 
Susceptibility

Claudia Ratti 
BW Collaboration

16

FIG. 1. (color online) The o↵-diagonal components of �ab vanish at high temperature as quarks evolve

independently, but at low temperatures the combination of multiple quarks within a single hadron drives

strong o↵-diagonal elements. For a fixed amount of entropy, an expanding volume element strongly increases

the amount of charge as it reaches the hadronization region, again due to the fact that multiple charges

occupy an individual hadron, even though the entropy per hadron in the hadron phase is similar to the

entropy per quark in the plasma phase. For regions to the right of the dashed lines, lattice calculations were

used, while left of the dashed lines displays the results for a hadron gas. The intermediate region used an

interpolation between the two calculations, 155 < T < 175 MeV.

as T falls in the hadron region. In contrast, �uu rises due to the fact that a large number of up

and down quarks must appear as the system goes through hadronization. If one were to plot the

hadron susceptibility,

�BB/s =
1

9s
(4�uu + �dd + �ss + 4�ud + 4�us + 2�ds) (23)

⇡ 1

9s
(5�uu + �ss + 4�ud + 6�us) ,

one would see that the baryon susceptibility would fall precipitously for low T due to the large

thermal penalty coming from the heavy baryon masses.

It is assumed that chemical equilibrium has been attained by the time the hydrodynamic evolu-

tion has begun. Thus, a large number of pairs are created in the first instant, which gives a peak to

Sab(⌧ ⇡ ⌧0 = 0.6 fm/c). This initial surge, along with the continuous contribution for later times is

displayed in Fig. 2. This was generated from the hydrodynamic solution for zero-impact-parameter
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Lattice: Diffusivity/Conductivity,  
G.Aarts, C.Allton, A.Amato, P.Guidice, 
S.Hands & J.I.Skullerud, JHEP(2015)

DE(T), σ(T)

Model input 
Diffusivity
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FIG. 1. (color online) The electric di↵usivity, scaled by 2⇡T ,
from lattice gauge theory as calculated in [9] (green points).
A hadron gas with a fixed 25-mb cross section (red line) has
significantly higher di↵usivity. For AdS/CFT, the value is
unity (blue dashes).

hv(0)v(t)i, changes at t = 0 for each mode p, then use
the inverse rate as the lifetime above. Such a calculation
is displayed in Fig. 1 for 25 mb cross sections, a value
consistent with expectations for a hadron gas. This esti-
mate lies significantly above the lattice prediction.

Here, a method is proposed for determining the di↵u-
sivity of the light (u,d,s) quarks. Local charge conserva-
tion demands that quarks are produced simultaneously
with antiquarks, and if one knows the times at which such
production occurrs, one can constrain the di↵usivity by
measuring the relative momentum of balancing charges,
which are highly correlated with separation in coordi-
nate space due to the e↵ects of collective flow. In [13]
a detailed simulation of the production and di↵usion of
balancing charges was presented. The evolution of charge
correlations was superimposed onto a state-of-the art de-
scription of the dynamics, based on hydrodynamics for
higher temperatures and using a hadronic simulation for
the hadronic stage and for breakup. The source function
for balancing charge pairs was determined from the evolu-
tion of the susceptibility, assuming the matter maintains
local chemical equilibrium [13, 14].

Sab(r, t) = (@t + v ·r+r · v)�ab(r, t). (5)

During the creation of the QGP, � jumps to its equi-
librated value, which contributes a sharp peak to the
source function at early times. Once the charges of type a
and b are created, they di↵use away from one another ac-
cording to the di↵usivity. When the di↵erential charges,
dqa, enter the hadron phase they are translated into dif-
ferential hadron yields, dNh, using thermal arguments
[13]. In the hadron phase, correlations evolve according
to a simulation, and are manifested as charge balance

functions,

B(��) ⌘ hN+�(��) +N�+(��) (6)

�N++(��)�N��(��)i /(N+ +N�).

Here, Nqq0(��) denotes the sum over all pairs of charges
qq0 separated by azimuthal angle ��, Nq is the number
of charges of type q, and the average covers all events of
a given centrality class. Charge balance functions have
been measured as a function of relative rapidity, pseudo-
rapidity and azimuthal angle, and the charges restricted
to specific hadron species. Data from both RHIC and
from the LHC have been analyzed [15–23].
Not surprisingly, BK+K� focuses on the correlation

between strange quarks [14]. The source function for
strangeness, Sss, is dominated by the first surge of charge
production as the system is initially equilibrated in the
first . 1 fm/c of the collision. During the evolution
of an idealized QGP of massless quarks and gluons, en-
tropy conservation maintains the number of quarks and
Sab vanishes. Once hadrons form the source function
again becomes strong because hadrons carry multiple
quarks, and due to entropy conservation, the number of
hadrons roughly equals the number of quarks in the QGP
[24, 25]. In contrast to the source functions for up and
down quarks, the source function for strangeness remains
small during hadronization [8, 14] due to the larger mass
of strange hadrons, which suppressed the production of
strange quarks. Even though up and down quarks are co-
piously created during hadronization, the e↵ective source
function for baryon number stays fairly constant during
hadronization, and even becomes negative below Tc [14],
due to the high mass of baryons in the hadronic stage.
Thus, the K+K� and pp̄ balance functions should be
more sensitive to the di↵usivity because the source func-
tions that drive them are concentrated at early times,
allowing the di↵usivity to play a stronger role.
Figure 2 shows balance functions for three cases: all

positive/negative particles, K+K� and pp̄. The meth-
ods are the same as described above and applied in [13].
In the hydrodynamic stage, during which the matter is
largely in the QGP phase, the charge-charge correlations
were evolved according to four di↵erent choices for the
di↵usivity. First, they were evolved according to D(T )
reported from lattice calculations [9], exactly as in [13].
Then, the calculations were repeated with half that value,
double that value, and finally, four times the lattice di↵u-
sivity. The analysis was restricted to very central events,
0-5% centrality. In each case the balance functions are
broader for the larger di↵usivities. The balance func-
tion for all charges is least sensitive because it is domi-
nated by later-stage production of charge associated with
hadronization. In contrast, the K+K� and pp̄ balance
functions broaden significantly. Unfortunately, experi-
mental results for K+K� and pp̄ balance functions have
only been reported binned by relative rapidity thus far.
Preliminary results for all charges have been reported by



Experimental Acceptance/Efficiency

Gary Westfall 
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FIG. 2. (color online) The source function that generates the correlation function C 0
ab(�⌘) is shown as a

function of proper time ⌧ . The function is found by convoluting the susceptibility from lattice calculations

with the hydrodynamic evolution as prescribed in Eq. (22). Multiplied by the bin width, 0.5 fm/c, the

values give the number of produced charge pairs within the time step that sample the evolution. The initial

spike of the source function describes the correlation created at initial thermalization, ⌧0.

collisions of Au nuclei at the highest RHIC energy,
p
sNN = 200 GeV. Unlike the correlation at

later times, the initial correlation does not increment C 0
ab(�⌘) at �⌘ = 0. Instead, both charges

are spread randomly in spatial rapidity with a Gaussian distribution described by �0, to account

for the fact that the correlation could have been sourced at any time ⌧ < ⌧0, and thus may have

already spread significantly. The sensitivity of the final observed correlations to �0 is investigated

in Sec. (V).

The charges propagate with straight trajectories at the speed of light, punctuated with random-

izing collisions as described in Sec. II. Each charge ultimately crosses the hyper-surface defining

the boundary with the hadronic phase. At this point, each pair of charges was binned according

to the relative spatial rapidity, �⌘, with its partner. This produces a statistical sampling of the

correlation function, C 0
ab(�⌘), in relative spatial rapidity at decoupling, and is displayed in Fig. 3.

Comparing with the source function, Sab(⌧), in Fig. 2, one can see how contributions from Sab(⌧)

• First surge when QGP is created 
• u,d continuously created 
• s nearly steady  
• ss,us,ds at hadronization



Model vs. STAR
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FIG. 1. (color online) Panels (a-f): Charge balance functions for unidentified charged particles binned by

relative pseudo-rapidity for six di↵erent centralities, from 0-5% to 50-60%. The model (solid blue lines)

approximately reproduces the narrowing of the experimental balance functions (stars) with increasing cen-

trality.

Panels (g-l): The same as (a-f), but binned by relative azimuthal angle. The larger volumes for more cen-

tral collisions make it more di�cult for charges to di↵use to regions with di↵erent radial flow, hence the

balance functions are narrower. The contributions from the hydrodynamic correlations (red dashed lines)

and from the correlations that originated in the cascade (green dotted lines) are of similar strength, with

the cascade contribution being narrower. Oscillations of the experimental balance functions for the most

central collisions in panels k and l are likely from the sector boundaries of the STAR experiment. Some of

the deviations for small �⌘ and �� might be due to femtoscopic correlations.

Unidentified Particles 

★  STAR 
Preliminary

Model
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FIG. 2. (color online) Balance functions, indexed by hadronic species and binned by relative rapidity, are

shown for central (0-5%) Au+Au collisions at
p
sNN = 200 GeV. The model calculations (blue lines) are

compared to preliminary measurements from the STAR Collaboration at RHIC [7] (red stars). Matching

the relatively broader structure of the K+K� and pp̄ balance functions relative to the ⇡+⇡ + � balance

function provides compelling evidence that the a chemically equilibrated quark-gluon plasma was created.

Unfortunately, such conclusions are tempered by the failure of the model to reproduce the pK� experimental

balance functions.

STAR 
Preliminary

Model

• Identified particles (vs. y) 
• pK is off 
• pp is off (annihilation missing)

Δ
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FIG. 3. Balance functions plotted as a function of relative azimuthal angle are additionally constrained by

the angle of the first charge, �1, which is measured relative to the reaction plane. The in-plane balance

function, �1 ⇡ 0, is significantly narrower than the the out-of-plane balance function, �1 ⇡ 90�, due to

the stronger collective flow. When �1 ⇡ 45� the balance function skew towards negative �� because the

balancing charge is more likely to be found closer to the reaction plane, where more particles are emitted.

The model calculations (blue lines) have been scaled by a factor of 0.94 to match the normalization of

the preliminary experimental results from STAR [7] (red stars). After adjusting the normalization the

experimental and model results are in remarkable agreement.

23

FIG. 4. The contribution to the correlator �p from local charge conservation superimposed onto elliptic

flow from the model is compared to measurements from the STAR Collaboration [28]. The dashed green

line shows contributions from correlations from the hydrodynamic stage, while the dotted line represents

correlations born in the cascade. The sum (solid blue line) is ⇡ 10� 15% higher than the data. Thus, the

combination of charge conservation and flow more than accounts for the observed correlation, which has

been proposed as a signal of the chiral magnetic e↵ect.

Figure 4 compares model calculations of �p to those from STAR [27, 28]. The contribution from

correlations from the cascade stage provide ⇡ 60% of �p even though the represent only ⇡ 40% of

the strength of the balance functions in Fig. 1. The larger role of the correlations from the cascade

comes from their being more narrow, hence cos�� is larger. The net correlation from the model

calculations are 10-15% larger than the STAR data over the range of centralities.

Given that the charge balance functions in Fig. 1 for the centrality range of 40-50% lie above

the data, motivating the adjustment factor of 0.94 in Fig. 3, one would expect the model prediction

of �p to be high by approximately 6%, since the normalization discrepancy would be due to more

balancing charges lying outside the acceptance in the experiment than in the model, and only

those correlations within the acceptance contribute to �p. Over-stating the flow would also lead to

over-predictions of �p, but if that were the case, one would expect the reaction-plane-dependent

balance functions of Fig. 3 to have a discrepancy with the data. Another possibility would be for

the multiplicity of the model to under-predict the true experimental situation. This was checked,

and it seems unlikely this could be a 10% discrepancy. Thus, after accounting for the di↵erence in

normalizations between the model and data for less central events, this analysis suggests that flow

plus local charge conservation would predict values close to the upper limits of the experimental

error bars. Given that the error bars include systematic error, it is not out of the question that

�1 ⇠ 90�

<latexit sha1_base64="Z2FsQvCztVEkSltV51QP4NYg5Js="></latexit>

�1 ⇠ 45�
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�1 ⇠ 0�
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Model predicts ~ 115% of signal

 correlatorγ

★STAR 
Model
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FIG. 2. (color online) Lower panel: Charge balance functions
describe how balancing charges are separated as a function
of azimuthal angle for four choices of the di↵usivity. The
heavy black line shows results using the D(T ) from lattice
calculations in [9], while results with half (red dashes), dou-
ble (green dotted) and quadruple (blue dot-dashed) those val-
ues illustrate how higher di↵usivities result in larger angular
spreads. Middle/Upper panel: Results restricted to either
charged kaons or protons and anti-protons. The increased
sensitivity to the di↵usivity derives from the baryon-baryon
and strange-strange source functions being concentrated at
early times, whereas the source function for electric charge
source function is strongest at hadronization.

STAR [15], but are marred by the e↵ects of experimental
sector boundaries.

The results of Fig. 2 suggest that both K+K� and
pp̄ are promising for constraining the di↵usivity of the
QGP. This was expected, given that the source functions
driving the those balance functions were concentrated at
early times. However, the pp̄ results are strongly sensitive
to the choice of transition temperature. Because of the
large baryon mass, the equilibrium number of baryons
falls rapidly with falling temperature once one enters the
hadronic phase, which corresponds to the introduction
of negative source functions. Equivalently, in the hadron
stage the e↵ects of baryon annihilation can significantly
alter the shape of the charge balance function, leading to

a dip of the balance function at small relative angle, as
well as (due to normalization constraints) an accompany-
ing increase at large relative angle. A careful analysis of
annihilation e↵ects requires consistently accounting for
regeneration [26–28], and until such an analysis is per-
formed, one must remain cautious in interpreting the pp̄
balance function results.
This analysis is based on relative azimuthal angle

rather than relative rapidity, because balancing charges
produced in the first 1 fm/c might separate significantly
along the beam direction by the time the hydrodynamic
description is instantiated. Due to the large velocity gra-
dient along the beam axis at early times, dvz/dz ⇡ 1/⌧ ,
a separation of 1/2 fm at a time ⌧ = 1/2 fm/c trans-
lates to a separation of an entire unit of spatial rapidity.
Disentangling the longitudinal separations related to pre-
equilibrium dynamics from the e↵ects of di↵usion could
be problematic. Because there are no large transverse ve-
locity gradients at early times, the transverse separation
should be dominated by the e↵ects of di↵usion, especially
for the large sources in central collisions.
The strong sensitivity of the K+K� balance function

to the di↵usivity, combined with a relative lack of com-
plicating factors, suggests that the di↵usivity of strange
quarks of the QGP can be robustly constrained by experi-
ment. Given that the di↵usivity of up, down, and strange
quarks should all be similar in the QGP, this should e↵ec-
tively constrain the di↵usivity of all three flavors of light
quarks. Although carrying some caveats, the pp̄ balance
functions also show promise. It would not be surprising if
the approaches presented here might ultimately constrain
the di↵usivity of the QGP, a fundamental property of the
QGP that has not yet been constrained experimentally,
to the & 50% level. This resolution would be similar to
how well the shear viscosity, another fundamental trans-
port coe�cient of the QGP, has been determined.
This work was supported by the Department of

Energy O�ce of Science through grant number DE-
FG02-03ER41259 and through grant number DE-FG02-
87ER40328.
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0-5% centrality, Au+Au (200A GeV) 
Simulated STAR acceptance

What would annihilation do??

more diffusionK+K−

pp̄

π+π−
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Data from thesis of Jinjin Pan, Wayne State (2019)

Theory also preliminary 
(improving modeling of acceptance) 
Higher statistics available soon 
Extract D ~ ? ±50 %

K+K−



What about order  correlations?Q3, Q4

a) Integrate n-point correlations to get 
skewness & kurtosis 10

2 POINT:

b, x2

a, x1

3 POINT:

c, x3

b, x2

a, x1

+

c, x2

b, x2 (3 perm.s)

a, x1

4 POINT:

d, x4

c, x3

b, x2

a, x1

+

d, x4

c, x3

b, x2 (4 perm.s)

a, x1

+

d, x4

c, x3

b, x2 (3 perm.s)

a, x1

+

d, x4

c, x3

b, x2 (6 perm.s)

a, x1

+

d, x4

c, x3

b, x2 (12 perm.s)

a, x1

FIG. 2. Diagrams for calculating two-, three- and four-point functions. For topologically identical diagrams which di↵er by

permutations of the final-state labels, the net number of permutations is listed rather than repeating the similar diagrams.

Each vertex is assigned a space-time point, over which is integrated.

from the second three-point diagram in Fig. 2 is the integral

C(1;1;1)
a;b;c (x1, x2, x2) = · · ·+

Z
d4y1d

4y2V
(0!2)
a0d0 (y1)Ga0a(y1, x1)Gd0d(y1, y2) (29)

V (1!2)
d,b0c0 (y2)Gb0b(y2, x2)Gc0c(y2, x3).

Each vertex in the diagram is assigned a space-time point, in this case y1 and y2. Integrations are performed over
those coordinates. Each internal line is assigned two charge indices which then determine the charge indices for the
vertices. All diagrams begin with a vertex V (0!n), and end with open Green’s functions denoted by the desired
measurement.

V. RELATION TO CHARGE FLUCTUATIONS

Within some large volume V , charge fluctuations are defined

F (2)
ab ⌘ 1

V
h�Qa�Qbi (30)

F (3)
abc ⌘

1

V
h�Qa�Qb�Qci

F (4)
abcd ⌘ 1

V
h�QaQb�Qc�Qdi �

1

V
h�Qa�Qbih�Qc�Qdi �

1

V
h�Qa�Qcih�Qb�Qdi

� 1

V
h�Qa�Qdih�Qb�Qci.

Each charge Qa can expressed as an integral over the charge density �⇢a. For the order Qn fluctuation, one obtains
contributions from the two-point, three-point, up to n�point functions. The contribution from the n�point function
is simply the integral over all the external coordinates in the diagrams from Fig. 2. The contributions from the

(n�1)�point functions with final-state charge indices a and b can be found by attaching an operator L(2)
ab,a0(x) to any

external Green’s function Gd0a0(y, x) where x is a final-state coordinate and a0 denotes the measured charge. Thus,
each 3-point diagram from Fig. 2 contributes to F (4). The contributions to F (4) from two-point functions come from
either attaching L(2) to both of the external lines, or by attaching L(3) to either external line. Finally, F (4) has a
contribution from all four charges being on the same particle, which would be represented by �(4).

Experimentally, the contributions to F (4) from four-point functions come from summing over all combinations
of four final-state particles, never using the same particle twice in the same term. The contribution to F (4) from

b) Perform canonical ensemble on 
Sub-volumes

Handles full 3x3 flavor dynamics 
Tractable, but difficult

1 parameter describes charge spread 
Easy, but crude

S.Pratt, PRC (2020)



Summary
● Charge correlations (order Q2) calculable in “standard model” 

Calculations tenable 

● STAR data consistent (mostly) with early chemical equilibration 
 systematics reproduced,  normalization off 

● Diffusivity (for light quarks) can be extracted from  
 balance functions vs  

High statistics STAR & ALICE data coming 

● CME signal reproduced 
Underlying BFs reproduced in detail 

● Skewness and kurtosis affected by charge conservation 
Calculations tenable but difficult to implement

K+K−, pp̄, π+π− pK

K+K− Δϕ


