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Factorization!

PDF: Parton Distribution Functions
PDF describe the probability of  finding a parton “i” in the hadron ”P”: 

We can define the probability of one parton in one hadron 
independently of  the probability of the other parton.

The quark states are totally disentangled!
Is this true 
for all 
processes 
that we 
know?  
No,…

Drell-Yan classical knowhow

PDF: Parton Distribution Functions
All non-perturbative QCD information is encoded in PDFs

Do exist similar processes with different functions which encode a 
non-perturbative information different from PDFs?



Trying to extend our knowledge naively

!4

Suppose to measure more differential cross sections, can we write (Collins, Soper, Sterman ’80)

Unfortunately we cannot be so naive

d�

dQ2dqT dy
=

X

q

�
�
qH(Q2

, µ
2)

Z
d
2b

4⇡
e
�iqT·b�q/A(xA,b, µ)�q/B(xB ,b, µ)?

�q q(x,b, µ) = �(1� x) + as2CFB
"�(�") (pqq(x)� "(1� x)� 2�(1� x)��) + ...

pqq = splitting function

B = b2/4

�� = ln �+/p+
One does not achieve a full separation of UV and IR singularities!

In standard QCD calculations this new rapidity divergent part cancels in the whole cross section computation: 
it seems that at small transverse momentum the initial states are entangled …



Factorization theorem for TMDs 
(J.C. Collins 2011, M.G. Echevarria, A. Idilbi, I. Scimemi, 2012, Chiu et al. 2012, T. 

Becher, M. Neubert 2010, J. Gaunt 2014, V. Vladimirov 2017, ..) 
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Factorization theorem basics
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TMDPDF-1 TMDPDF-2

❖ PDF, Soft Factor have “rapidity divergences”
❖ Soft Factor mixes 2 TMD-PDF through rapidity divergent pieces ..

Soft 
Factor



Factorization theorem basics: siDIS case
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d� ⇠
Z

d4xeiqx
X

X

hh1|Jµ(x)|X,h2ihX,h2|J⌫(0)|h1i

d� ⇠
Z

d
2
bT e

�iqT bTH(Q2)�h1(z1, bT )S(bT )�h2(z2, bT ) + Y

TMDPDF Soft
Factor TMDFF

❖ PDF, Soft Factor, FF have “rapidity divergences”
❖ Soft Factor  mixes PDF and FF through rapidity divergent pieces ..
❖ We  have the splitting  of rapidity singularities in the Soft Factor:

Each TMD is now free of rapidity singularity: nice renormalizable non-perturbative object

S(bT ) =
p
S(bT , ⇣)

p
S(bT , ⇣�1) d� ⇠ H(Q)

Z
d
2
bT e

�iqT bTF (x; bT )D(z; bT )



TMD factorization in  nutshell
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.. for DY  and heavy boson production we  have (Collins 2011, Echevarria, Idilbi, Scimemi (EIS) 2012)

The renormalization of rapidity divergences is responsible for a new  
rapidity evolution scale

d�

dQ2dqT dy
=

X

q

�
�
qH(Q2

, µ
2)

Z
d
2b

4⇡
e
�iqT·b�q/A(xA,b, ⇣A, µ)�q/B(xB ,b, ⇣B , µ)

p
⇣A⇣B = Q

2

We have new non-perturbative effects which cannot be included in PDFs.

We have a new renormalization scale for each TMD

…and similar formulas are valid for SIDIS  (EIC) and hadron  production in e+e- colliders



TMD factorization in  nutshell
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.. for DY  and heavy boson production we  have 
(Collins 2011, Echevarria, Idilbi, Scimemi (EIS) 2012,Vladimirov 2017)

d�

dQ2dqT dy
=

X

q

�
�
qH(Q2

, µ
2)

Z
d
2b

4⇡
e
�iqT·b�q/A(xA,b, ⇣A, µ)�q/B(xB ,b, ⇣B , µ)

p
⇣A⇣B = Q

2

The  renormalization of the rapidity 
divergences is responsible for  the a new 
resummation scale: 2-D evolution

The case of unpolarized TMDs:   
the perturbative calculable part of unpolarized TMDs is known at NNLO!  

Which scale prescription allows an optimal extraction of TMD’s? 

What is the range of validity of the TMD factorization theorem? 

Do LHC data have an impact on TMD extraction?



Cross section and TMD structure

d�

dQ2dyd(q2T )
=

4⇡

3Nc

P
sQ2

X

GG0

zGG0

ll0 (q)
X

ff 0

zGG0

ff 0 |CV (q, µ)|2
Z

d2~b

4⇡
ei(

~b~q)

⇥ Ff h1(x1,~b;µ, ⇣)Ff 0 h2(x2,~b;µ, ⇣) + Y,

Lepton tensor
 cuts E.w. factors

Hard
Coefficient

Ff h(x,b;µf , ⇣f ) = Rf [b; (µf , ⇣f ) (µi, ⇣i)]Ff h(x,b;µi, ⇣i)

Rf [b; (µf , ⇣f ) (µi, ⇣i)] = exp

Z

P

✓
�f
F (µ, ⇣)

dµ

µ
�Df (µ,b)

d⇣

⇣

◆�

Evolution
factor

Only small qT data

⇣-prescription
<latexit sha1_base64="4rtwdiJ3Ee1b06lG7FgKOORaA/g="></latexit><latexit sha1_base64="4rtwdiJ3Ee1b06lG7FgKOORaA/g="></latexit><latexit sha1_base64="4rtwdiJ3Ee1b06lG7FgKOORaA/g="></latexit><latexit sha1_base64="4rtwdiJ3Ee1b06lG7FgKOORaA/g="></latexit>



2-D TMD evolution
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Coupled evolution of TMD …

⇣
d

d⇣
�F (µ, ⇣) = ��(µ)

µ
d

dµ
D(µ, b) = �(µ)

<latexit sha1_base64="RuQ0GzfpHcccYHMs4i6heD9PDIs="></latexit><latexit sha1_base64="RuQ0GzfpHcccYHMs4i6heD9PDIs="></latexit><latexit sha1_base64="RuQ0GzfpHcccYHMs4i6heD9PDIs="></latexit><latexit sha1_base64="RuQ0GzfpHcccYHMs4i6heD9PDIs="></latexit>

µ2 d

dµ2
Ff h(x, b;µ, ⇣) =

�F (µ, ⇣)

2
Ff h(x, b;µ, ⇣)

⇣
d

d⇣
Ff h(x, b;µ, ⇣) = �D(µ, b)Ff h(x, b;µ, ⇣)

<latexit sha1_base64="huZ+2unsaw2udTDOKpoPkFk6TIw="></latexit><latexit sha1_base64="huZ+2unsaw2udTDOKpoPkFk6TIw="></latexit><latexit sha1_base64="huZ+2unsaw2udTDOKpoPkFk6TIw="></latexit><latexit sha1_base64="huZ+2unsaw2udTDOKpoPkFk6TIw="></latexit>

TMD (standard) anomalous dimension

TMD rapidity anomalous dimension

Collinear overlap



Double-scale evolution, perturbative series truncation, zeta-
prescription

The  truncation of the perturbative series spoils the path-indepence. 
This is recovered using the zeta-prescription.



Optimal TMD definition
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Null evolution curves have a unique saddle point!!

The saddle point moves with b.
• For every value of b one can find a saddle point. We prevent the reaching of Landau pole.
• The D-function  should include also a non-perturbative part.
• It is possible to provide a zeta-prescription including a perturbative and non-perturbative part. (I. Scimemi, A. 

Vladimirov, 1803.11089, A. Vladimirov 1907.10356)

D(µsaddle, b) = 0

�F (µsaddle, ⇣saddle) = 0
<latexit sha1_base64="Pxn17Otfo+ghQmsWk9VX85jabZU=">AAACM3icbVDLSgMxFM34tr6qLt0Ei6AgZUYF3QiiIi4rWBWaMtxJb9vQZGZIMkId+ln6Ff6A6ErUnf9gWrtQ61mdnHPuJfdEqRTG+v6TNzY+MTk1PTNbmJtfWFwqLq9cmSTTHKs8kYm+icCgFDFWrbASb1KNoCKJ11HnpO9f36I2IokvbTfFuoJWLJqCg3VSWKzkjIOkp71NprIwZ1pRA42GxN52tHXoM1ZgLVAKwrPRALtDC78kNxEWS37ZH4COkmBISmSISlh8ZI2EZwpjyyUYUwv81NZz0FZwt7LAMoMp8A60sOZoDApNPR9c3qMbzURT20Y6eP/M5qCM6arIZRTYtvnr9cX/vFpmmwf1XMRpZjHmLuK8ZiapTWi/QNoQGrmVXUeAa+F+SXkbNHDrai6484O/x46Sq51ysFveudgrHR0Pi5gha2SdbJKA7JMjck4qpEo4eSAv5J18ePfes/fqvX1Hx7zhzCr5Be/zC4uyqjE=</latexit>



TMD evolution kernel: perturbative and non-perturbative parts
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in optimal  prescription:  
• F(x,b) is scaleless 
• No dependence of mu_0 (saddle point)

in optimal  prescription:  
• Easy algebraic form of the evolution kernel

Resummed and non-perturbative part

Avoid Landau pole

Non-perturbative models are chosen such that the  
perturbative part were valid on the largest interval 

Remember: Evolution is Universal 

b⇤(b) =

s
B2

NPb
2

B2
NP + b2

<latexit sha1_base64="w/lJSqdpX2iaN3BFqERIbhZAMts="></latexit>

Df (µ, b⇤(b)) = Df
res(µ, b

⇤(b)) +Df
NP (b)

<latexit sha1_base64="24ueV3ARSji3HCU5bczsZGy/WHk="></latexit>

Df
NP (b) = c0|b|b⇤(b)

<latexit sha1_base64="A2ABH5pqrGlGRf3PxwRcOxN+Vr8="></latexit>

f = q, g
<latexit sha1_base64="XboLyLhJV8RUkbtf+qZoG+kjveA="></latexit>



 TMD: perturbative and non-perturbative parts
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Perturbative Wilson coefficient matching PDF Non-perturbative 
non-asymptotic part

Asymptotic limit of TMD  for large transverse momentum

ATLAS

E288



Summary of theory input
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Cross-section

TMD

Evolution factor

Zeta-prescription

We have two uncorrelated sources of NP physics Df (µ, b⇤(b)) = Df
res(µ, b

⇤(b)) +Df
NP (b)

<latexit sha1_base64="24ueV3ARSji3HCU5bczsZGy/WHk="></latexit>

fNP
<latexit sha1_base64="DIFG7M5kdz3oXZ6WbnAW2gHcXyU="></latexit>

H Cf f 0 Df
res ⇣µ PDF �cusp, �F

Pert. order ↵
2
s ↵

2
s ↵

2
s ↵

2
s NNLO ↵

3
s

<latexit sha1_base64="ORwUmIFUExFJDjM99W6SUMQZFl8="></latexit>
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arTeMiDe

2.0
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arTeMiDe

• Python interface, Manual.
• All processes at NNLO. Theory article published. 
• PDFs from LHAPDF.
• Many processes already included, not only  DY.
• artemide repository,                                                                  

https://teorica.fis.ucm.es/artemide/  
https://github.com/vladimirovalexey/artemide-public.

•  Latest version 2.0.  

https://teorica.fis.ucm.es/artemide/
https://github.com/vladimirovalexey/artemide-public


Data and limits of TMD analysis
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�t = qt/M
<latexit sha1_base64="kzlusgsIKU0iCvziFJTztPL4r1Q=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXNVEBN0IRTduhAr2Am0Mk+lJO3Ry6cyJUEKfQ1ei7nwXX8C3cVqz0NZ/9c35/4HzHz+RQqNtf1mFpeWV1bXiemljc2t7p7y719Rxqjg0eCxj1faZBikiaKBACe1EAQt9CS1/eD31W4+gtIijexwn4IasH4lAcIZm9NDtgUTm4eXIw5Nbr1yxq/ZMdBGcHCokV90rf3Z7MU9DiJBLpnXHsRN0M6ZQcAmTUjfVkDA+ZH3oGIxYCNrNZltP6FEQK4oDoLP372zGQq3HoW8yIcOBnvemw/+8TorBhZuJKEkRIm4ixgtSSTGm0/K0JxRwlGMDjCthtqR8wBTjaE5UMvWd+bKL0DytOnbVuTur1K7yQxTJATkkx8Qh56RGbkidNAgnijyTN/Jujawn68V6/YkWrPzPPvkj6+Mb8qeP0Q==</latexit><latexit sha1_base64="kzlusgsIKU0iCvziFJTztPL4r1Q=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXNVEBN0IRTduhAr2Am0Mk+lJO3Ry6cyJUEKfQ1ei7nwXX8C3cVqz0NZ/9c35/4HzHz+RQqNtf1mFpeWV1bXiemljc2t7p7y719Rxqjg0eCxj1faZBikiaKBACe1EAQt9CS1/eD31W4+gtIijexwn4IasH4lAcIZm9NDtgUTm4eXIw5Nbr1yxq/ZMdBGcHCokV90rf3Z7MU9DiJBLpnXHsRN0M6ZQcAmTUjfVkDA+ZH3oGIxYCNrNZltP6FEQK4oDoLP372zGQq3HoW8yIcOBnvemw/+8TorBhZuJKEkRIm4ixgtSSTGm0/K0JxRwlGMDjCthtqR8wBTjaE5UMvWd+bKL0DytOnbVuTur1K7yQxTJATkkx8Qh56RGbkidNAgnijyTN/Jujawn68V6/YkWrPzPPvkj6+Mb8qeP0Q==</latexit><latexit sha1_base64="kzlusgsIKU0iCvziFJTztPL4r1Q=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXNVEBN0IRTduhAr2Am0Mk+lJO3Ry6cyJUEKfQ1ei7nwXX8C3cVqz0NZ/9c35/4HzHz+RQqNtf1mFpeWV1bXiemljc2t7p7y719Rxqjg0eCxj1faZBikiaKBACe1EAQt9CS1/eD31W4+gtIijexwn4IasH4lAcIZm9NDtgUTm4eXIw5Nbr1yxq/ZMdBGcHCokV90rf3Z7MU9DiJBLpnXHsRN0M6ZQcAmTUjfVkDA+ZH3oGIxYCNrNZltP6FEQK4oDoLP372zGQq3HoW8yIcOBnvemw/+8TorBhZuJKEkRIm4ixgtSSTGm0/K0JxRwlGMDjCthtqR8wBTjaE5UMvWd+bKL0DytOnbVuTur1K7yQxTJATkkx8Qh56RGbkidNAgnijyTN/Jujawn68V6/YkWrPzPPvkj6+Mb8qeP0Q==</latexit><latexit sha1_base64="kzlusgsIKU0iCvziFJTztPL4r1Q=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXNVEBN0IRTduhAr2Am0Mk+lJO3Ry6cyJUEKfQ1ei7nwXX8C3cVqz0NZ/9c35/4HzHz+RQqNtf1mFpeWV1bXiemljc2t7p7y719Rxqjg0eCxj1faZBikiaKBACe1EAQt9CS1/eD31W4+gtIijexwn4IasH4lAcIZm9NDtgUTm4eXIw5Nbr1yxq/ZMdBGcHCokV90rf3Z7MU9DiJBLpnXHsRN0M6ZQcAmTUjfVkDA+ZH3oGIxYCNrNZltP6FEQK4oDoLP372zGQq3HoW8yIcOBnvemw/+8TorBhZuJKEkRIm4ixgtSSTGm0/K0JxRwlGMDjCthtqR8wBTjaE5UMvWd+bKL0DytOnbVuTur1K7yQxTJATkkx8Qh56RGbkidNAgnijyTN/Jujawn68V6/YkWrPzPPvkj6+Mb8qeP0Q==</latexit>

The limits of the TMD analysis
are defined by the limit of 
factorization and are independent
of the non-perturbative 
parametrization of TMDs or 
perturbative order

Table from 
arXiv:1706:01473

ATLAS experiment has an 
extraordinary precision: 

. 0.2
<latexit sha1_base64="r8CtKFYyJCzB5aHk/bWORqRpR4E=">AAAB73icbZC9TsMwFIVvyl8pfwVGFosKiSlKChKMFSyMRaI/Uhsqx71prdpJsB2kKupzwISAjXfhBXgbkpIBWs70+Z5j6Z7rx4Jr4zhfVmlldW19o7xZ2dre2d2r7h+0dZQohi0WiUh1fapR8BBbhhuB3Vghlb7Ajj+5zv3OIyrNo/DOTGP0JB2FPOCMmmx03xeoteaSVBy7XhlUa47tzEWWwS2gBoWag+pnfxixRGJomKBa91wnNl5KleFM4KzSTzTGlE3oCHsZhlSi9tL51jNyEkSKmDGS+ft3NqVS66n0s4ykZqwXvXz4n9dLTHDppTyME4MhyyKZFySCmIjk5cmQK2RGTDOgTPFsS8LGVFFmshPl9d3FssvQrtvumV2/Pa81ropDlOEIjuEUXLiABtxAE1rAQMEzvMG79WA9WS/W60+0ZBV/DuGPrI9vUxiOvw==</latexit>



qT spectrum DATA SETS for TMD
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Largest DY set ever
457 POINTS:

low energy 263
high energy 194High-energy data

Low-energy data



DATA SETS for qT spectrum
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Largest DY set ever
457 POINTS:

low energy 263
high energy 194

TMD knowledge need a better coverage of
this part of the spectrum. LHC??

Requests: smallest possible binning(<1 GeV?), qT/Q<0.2.



TMD extraction V. Bertone, I.S., A. Vladimirov JHEP 1906 (2019) 028 
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TMD extraction V. Bertone, I.S., A. Vladimirov JHEP 1906 (2019) 028 
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Because the cross section  
is dominated by  

the QCD perturbative part, the LHC DY-spectrum strongly  
constrains the TMD shape



Numerical results.                
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Are TMD relevant for qT spectrum 
at LHC?(F. Hautmann, I.S., A. Vladimirov, in preparation)



Common assumptions check

Data �2/Npt BNP c0 �1 �2 �3 �4 �5

DNP -fix fNP = e��1b
2
-fit

LHC set 1.79 4.5 0. 0.362 - - - -

Full set 4.54 4.5 0. 0.326 - - - -
<latexit sha1_base64="V+RbiM2vABNJ5i4Vy4BUdLv4VuU="></latexit>

Data �2/Npt BNP c0 �1 �2 �3 �4 �5

DNP -fix fNP -full fit

LHC set 1.697 4.5 0. 0.334 0.9743 191.3 3.07 0.803

Full set 1.18 4.5 0. 0.313 7.995 230.1 2.314 -5.212
<latexit sha1_base64="NcjT2St8GX9HfTyRZMTYgeGtr0Y="></latexit>

Data �2/Npt BNP c0 �1 �2 �3 �4 �5

DNP -fit fNP = 1

LHC only 2.38 1.0 0.164 - - - -

Full set 4.67 5.5 0.105 - - - - -

DNP = c0b
2
-fit fNP = 1

LHC only 3.5 5.5 0.12 - - - - -

Full set 5.05 5.4 0.103 - - - - -
<latexit sha1_base64="XMG1EBhP9Al5epzRuWB3rjBFUpo="></latexit>

b⇤(b) =

s
B2

NPb
2

B2
NP + b2

<latexit sha1_base64="w/lJSqdpX2iaN3BFqERIbhZAMts="></latexit>

Df
NP (b) = c0|b|b⇤(b)

<latexit sha1_base64="A2ABH5pqrGlGRf3PxwRcOxN+Vr8="></latexit>

Df
NP (b) = c0b

2
<latexit sha1_base64="VWVawh11NEJWfUZI8CRfUfKjNlA="></latexit>

Df (µ, b⇤(b)) = Df
res(µ, b

⇤(b)) +Df
NP (b)

<latexit sha1_base64="24ueV3ARSji3HCU5bczsZGy/WHk="></latexit>

Using just simple models  
for evolution gives poor  

description of data

A too simple model  
for evolution and TMD  

gives poor  
description of LE data

A saturation model  
for evolution + TMD  

Is also possible



Impact of TMDs on LHC data
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d�Tot � d�w/o TMD-NP

d�Tot
<latexit sha1_base64="QiBeGjabj9OU0N+R6Wplfk8pwN0="></latexit>

x = 0.01
<latexit sha1_base64="KyAZAtz9IwFfcMJgAaPx4SpG7dI="></latexit>

x = 0.01
<latexit sha1_base64="KyAZAtz9IwFfcMJgAaPx4SpG7dI="></latexit>

Red line: 0.001 +
0.134

qT
<latexit sha1_base64="smwKGDvEhldTO2GlEQQXEKKY8yY="></latexit>

Red line: 0.001 + 0.127

qT
<latexit sha1_base64="F0slrDPPo85xJcplHhKO9odl99A="></latexit>

Comparing  
cross sections w./w.o. 

fNP

fNP 6= 1
<latexit sha1_base64="UykBO1AMZNH5CXMJcBWA8eP/qgE="></latexit>

fNP = 1
<latexit sha1_base64="FeLDODx4KvzCA2kGlOST6aZ6GoM="></latexit>



TMD vs PDF sets
PRELIMINARY

2.1.48 2.51 3.161.4 4.91

BNP c0 � 100

HERA20PDF

NNPDF3.1

CT14

MMHT14

PDF4LHC

EVOLUTION



TMD vs PDF sets
PRELIMINARY

0.2540.191 0.318 18.39.14 27.4 1110.0. 2220. 2.552.12 2.97 -15.8-23.7 -7.89

�1 �2 �3 �4 �5

HERA20PDF

NNPDF3.1

CT14

MMHT14

PDF4LHC

FNP

The spread in the  
constants is related to PDF sets

PDF set �2/Npt

HERAPDF 0.95

NNPDF3.1 1.17

MMHT14 1.36

PDF4LHC 1.52

CT14 1.63
<latexit sha1_base64="hOgs8rX7c6mg2hX9MjsaogO9/Jc="></latexit>



TMD vs PDF sets
PRELIMINARY

In principle the constants of the evolution kernel are 
uncorrelated to the rest. 

This is realized by the set of PDF  
which provide the better fit

1=BNP , 2=c0,
3,4,5,6,7=�1,2,3,4,5

<latexit sha1_base64="AoPHjmgy5gI8IEb2Fcc4w7DbEUM="></latexit>



Summary

• In qT spectrum, for qT /Q . 0.2 the TMD are a relevant source of NP
physics

• One can study TMD with 2 GeV< Q < 150 GeV, and we miss measure-
ments away from Z-boson peak. Many regions are un-explored, a small
qT binning is desirable/necessary.

• We have tried to quantify the amount of TMD contribution for each qT
bin at LHC.

• There is an interesting interplay between PDF sets and quality of TMD
fits.

• The W-spectrum should be studied in a similar way.
<latexit sha1_base64="yytvhOQpxM3/y9MzhU7INUplO2U="></latexit>



Back up



Ambiguity in the TMD evolution
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Coupled evolution of TMD and truncation of the perturbative 
series

⇣
d

d⇣
�F (µ, ⇣) = �µ

d

dµ
D(µ, b)

<latexit sha1_base64="HivO1SO68YFdwgJ5XT/6GNCaewo="></latexit><latexit sha1_base64="HivO1SO68YFdwgJ5XT/6GNCaewo="></latexit><latexit sha1_base64="HivO1SO68YFdwgJ5XT/6GNCaewo="></latexit><latexit sha1_base64="HivO1SO68YFdwgJ5XT/6GNCaewo="></latexit>

Integrability Condition…

…ensures the path independence of the evolution factor…

R[b; (µf , ⇣f ) ! (µi, ⇣i)] = exp

Z

P

✓
�F (µ, ⇣)

dµ

µ
�D(µ, b)

d⇣

⇣

◆�
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The evolution scales
are treated  equally

~⌫ =
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ln

µ2

1 GeV2 , ln
⇣

1 GeV2
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Differentiation

E(~⌫, b) = (
�F (~⌫)

2
,�D(~⌫, b))
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Evolution field

~rF (x, b;~⌫) = E(~⌫, b)F (x, b;~⌫)
<latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit><latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit><latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit><latexit sha1_base64="vbZrLp1EOJ9s1bLfitEEa4tWQVA="></latexit>

TMD Evolution 

Integrability Condition

and Scalar Potential

~r⇥E = 0 ) E(~⌫, b) = ~rU(~⌫, b)
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Evolution kernel 
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=saddle point

Singularities: Landau pole (on the left, not shown) and saddle point E(~⌫saddle, b) = ~0
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Equipotential/null-evolution curves: ~!(t,~⌫B , b) = (t,!(t,~⌫B , b)) ! d~!

dt
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µ = µsaddle and ~⌫B = ~⌫saddle
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Special null-evolution curves:

sign of E



Series truncation in TMD evolution
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Coupled evolution of TMD and truncation of the perturbative 
series

In practice due to the truncation of the perturbative series:
Transitivity and reversibility of evolution is lost

⇣
d

d⇣
�F (µ, ⇣) 6= �µ

d

dµ
D(µ, b)
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For Q=Mz the solution path 
dependence enormous



Truncation of the perturbative series
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The truncation introduces a path difference
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The path dependence is enhanced by the difference in  rapidity scale

At large value of impact parameter the  breaking of integrability condition becomes crucial

Lµ = ln
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E(~⌫, b) = Ẽ(~⌫, b) +⇥(~⌫, b)
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Helmholtz decomposition
of evolution fields

curlẼ = 0, ~r · ~⇥ = 0, Ẽ ·⇥ = 0.
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Basic properties
of evolution fields

Scalar potentials Ẽ(~⌫, b) = ~rŨ(~⌫, b) ⇥(~⌫, b) = curlV (~⌫, b)
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2
6= 0
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The integrability condition is re-established defining the evolution kernel as

lnR[b;~⌫f ! ~⌫i] = Ũ(~⌫f , b)� Ũ(~⌫i, b)
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Ideally one could
repair the truncation
using decomposition of 
the evolution field

However in order to fix
completely the evolution potential
one needs boundary condition for

the evolution field:
at the moment no theoretically solid

non-perturbative input is known



Recovering path independence
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Improved      scenario
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Clear advantages: 
• No more the intermediate scale 
• Path independence 
• Simplicity 
• We achieve a clear separation of evolution and 

nonperturbative  part of the TMD

µ0
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Equivalent TMDs: no evolution on equipotential lines

The 2-D evolution just connects TMDs on 
different equipotential lines



TMD on equipotential  lines
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The TMDs  on equipotential lines are not evolved so one can define a TMD by a single parameter line  

F (x, b;~⌫B) = F (x, b;~⌫0B), ~⌫0B 2 ~!(~⌫B , b).
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One can have an evolution only when moving  between different lines

F (x, b;~⌫B) = R[b;~⌫B ! ~⌫0B ]F (x, b;~⌫0B)
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Outcome: the modeling of the non-perturbative part of the TMD does not depend anymore 
on the relation between renormalization scale and impact parameter.

Question: Is there a preferred line?

Left fo
r Technical

discussion



Optimal TMD definition
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Is there a preferred  initial line? The saddle point!!

The saddle point moves with b.
• For every value of b one can find a saddle point
• The D-function  should include also a nonperturbative part

b̄ from renormalon estimate ⇠ 3.5/GeV
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D(µsaddle, b) = 0

�F (µsaddle, ⇣saddle) = 0
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Optimal TMD definition
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The evolution does not depend on the initial point..

and the TMD are totally scale independent!!
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There is a consistency constraint in the TMD matching  to PDFs in small-b limit

The optimal TMD distribution

Ff!k(x, b;~⌫B) =
X

n

X
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if ⌫B,1 < lnµ2

saddle
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) µOPE > µsaddle,

if ~⌫B = (lnµ2
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The values of            are restricted 
to the values of    taken along the 

null-evolution curve 

µOPE
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