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Overview

e Short history and motivation

e FOCUS: surface terms (ST) (arbitrary regularization

dependent parameteres) in
® T —> 7YY, a1 pPY, a1 —> WYy

e v — 37 violation of the low energy theorem
(LET) for conventional wa; diagonalization.

e restoration of LET with gauge covariant
diagonalization.

e Complete VMD fails in the anomalous sector.



Short history and motivation

e Low energy theorem (LET) of current algebra
Adler, Lee, Treiman, Zee (PRD '71), Terentiev (JETP '71), Aviv,
Zee (PRD '72)

FT = ef?F" (1)

® fro ., =F"and F_ 10, = F3™ both taken at
vanishing momenta of mesons.

® Wess-Zumino (WZ) (PLB '71): effective action
describes all effects of QCD anomalies in low-energy
processes with photons and Goldstone bosons.



e The WZ action gives correct predictions for a set
of low-energy processes, e.g., 70 — vy, v — 37
without any reference to the massive vector mesons.



Inclusion of spin-1 states must not change the
predictions of the WZ action.
Questions:

e |s the phenomenological successful concept of
vector meson dominance (VMD) still applicable?

e Inclusion of axial vector mesons induce ™ — a;
mixing. How to deal with it?



— Fujiwara et al. (Prog. Theor. Phys. '85): complete VMD
is not valid in either 7 — v+ or v — 37 process.

—Gasiorovicz, Geffen (Rev. Mod. Phys. '69), Volkov, Osipov
(JINR '85): The mixing affects hadronic amplitudes.

—Wakamatsu (Ann Phys. '89): reports on a recurrent
problem in well known models, such as massive
Yang-Mills, the hidden symmetry model, or the NJL
model due to ™ — a; mixing:

violation of LETs involving anomalous processes
such as v — 3w, KTK— — 3.



e The extension to the case with spin-1 mesons is
not unique:

].—Kaymakcalan, Rajeev, Schechter (PRD '84): In the massive
Yang-Mills approach the chiral U(3)g x U(3),
group is gauged.

— Must take Bardeen's form of the anomaly, Bardeen
(PR '69). Problem: the global chiral U(3)g x U(3),
symmetry is broken, even if the external gauge fields
are absent.



2- Fujiwara et al. (Prog. Theor. Phys. '85) avoid this
problem: vector mesons are identified as dynamical
gauge bosons of the hidden local U(3)y symmetry.

The WZ action gets an anomaly-free term with
vector mesons (homogeneous solution of the
inhomogeneous linear differential equation known as
the Wess-Zumino consistency condition)



3-This approach has been generalized (14 new
terms) to include the axial vector mesons by Kaiser,
Meissner (NPA '90) and is free from the ma;-mixing
effects by construction.



We want to focus on the precise handling of ma;
mixing in hadron models, involving quark degrees of
freedom

and the mechanism that suppresses its effects.

® Osipov, Khalifa, Hiller (PRD '20): We calculate the
Low-energy amplitudes 7° — ~~ and v — 37 in the
framework the Nambu-Jona-Lasinio (NJL) model
with spin-1 states.



The 7ma;-mixing in the 7 — ~~ decay

This process can be solely described by the
VMD-type graph (a)
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Graphs describing the 7 — ~~ decay in the NJL
model.




Contribution (a) given by Lagrangian density wz
(PLB '71), Witten (NPB '83)

1
Loy = —§F”7r06’“’0‘ﬁ FuFos, FT

F/LI/ = auAy - ayA‘u, f7r = 03 MeV .



e Recall: in the NJL model one can switch to spin-1
variables without direct photon-quark coupling, as
described in the VMD picture.

e L. follows from the direct calculation of the
7% p quark triangle at leading order of a derivative
expansion.

e This yields the current-algebra result
(7% — yy) =7.1eV

Experiment: 7.9¢eV.



Contribution due to m — a; mixing

In the NJL model one also has diagram (b), an
anomalous AVV quark-loop amplitude

3

N &
r7(q,p) = —ige- —Le™M (X +Pp—q)at---, (3)

8, ~ V127 is the coupling of the p — 77 decay

g, p: outgoing 4-momenta of w and p
X : arbitrary momentum
o, i1, v: Lorentz indices of a;, w, p.



Surface Terms

@ Definition of Momentum Rounting Invariance

T@P - v@p‘=

/ddk
ama fk+ep) = f(k+5,p]=0, deN

dvk
(27 )d[exp ag@k ) eXp(ﬁo’ )]f(k p) 0



o Considering f(k, p) to be linearly divergent

f(k, p) = fin(k, p) + fiog(k, P) + ftin(k, P)

@ Only the first term violates MRI

dik 9
(aa_ﬁd)/W%fﬁn(k,p):O



[7#(q, p) is finite, resulting from a difference of
two linearly divergent amplitudes.

Due to linear divergence, a shift of the integration
momentum

kOé%kO[—i_X(l/

in the quark loop yields essential ambiguity,
embodied in arbitrary value of y.



Parametrize

Xo = (c1 —1)pa+ (2 +1)qa; <1, ¢ dimensionless.

Use Ward identities (WI) to fix c1, ¢ .

For m® — ~~ decay, VMD transitions w — v and
p® — v require transversality of [/

q. 7" (q,p) =0, p,T7"(q,p)=0, (4)

!

Xoa = Ga — Pa C1:C2:O

The AVV triangle (b) does not contribute at LO of
the derivative expansion to the amplitude 70 — y~.



Relate diagram (b) to Landau-Yang theorem:

a massive unit spin particle cannot decay into two
on shell massless photons, Landau ( Dokl. Akad. Nauk
'48), Yang (PR '56)

a; — 7y decay is forbidden.

!

The axial-vector channel 7° — a; — v+ induced by
the ma;-mixing is also forbidden.



Generalization to NLO in powers of g and p of
rm(q, p)

1

Effective Lagrangian for the hadronic ajwp vertex

Ncgp e
3072 ¢

['alwp = {ala (Clwﬂpau + C2waozu) (5)

1 . . | o
5 [plaﬁ (Woyallﬁu + wﬁua’lay) + 2pija’lu8ﬂw/ga] } .

b, = 0,b, —O0,b,, b=uw,p', a; isospin index i.



® (y, ¢ are not intrinsic to the triangle graph, but
depend on the context in which they arise:

e When both vector w and p mesons couple to
photons the gauge symmetry is conserved if and
only if c; = ¢ = 0.

e For a; — p decay: preserve transversality of the
w — 7 index and may abandon transversality related
to the p field, i.e. the choiceis ¢ =0,¢, #0 .

e Similarly ¢; # 0, ¢, = 0 for a; — yw decay.



Correspondence with bibliography, examples:

Gl = 6 = 0

® Volkov (Annals Phys '84): The three-derivative part
alone was used to estimate widths

(a1 — vp) = 34keV and '(a; — yw) = 300 keV.

a=c#0,

® Kaiser, Meissner (NPA '90): Conservation of the
axial-vector current in the AVV-triangle — the
contribution of the diagram (b) vanishes due an
accidental antisymmetry under the exchange of
fields w,, <> pz.



Summary: Use the hadron vertex ajwp in the form
(5), where parameters ¢, ¢; should be subsequently
specified.

There is no a priori physical process associated with
these three particles from which one could extract
the values of ¢; and .

Fix ¢; ,c; on theoretical or/and phenomenological
grounds when (5) is an element of the Feynman
diagram corresponding to a real physical process.

Jackiw ( 1IJMP B, '00): "When radiative corrections are finite but
undetermined”; our works on Implicit Regularization, e.g.
Baeta-Scarpelli, Sampaio, Hiller, Nemes, PRD '00; - Batista,
Hiller, Cherchiglia, Sampaio, PRD '18



How does this work for the w — 37 amplitude?

(b)

\\\\n
(a) and (b) representative of full set of possible diagrams without

and with 1, 2, and 3 7wa;-mixing effects on the pion.line.



Neg
Aw—>37r = —#EMVQQEH(Q),DOUPi,Dé Fw—>37r7 (6)

Po, P+, P—: pion momenta; e*(q): w polarization; In color: new.
2

My
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8517

3 3 1
Fw T — 1— - ~ 5 Y
-3 ( a+2a2+8a3>
2f2

Cc 8,1
+ (1 - —> L (1)
2a k:§7_ m —(q — px)?

a —

1st parentheses: box diagrams with 0, 1, 2, and 3 wa;j-transitions.

Last term: p-exchange graphs, where ¢ = ¢; — ¢ controls the

magnitude of an arbitrary local part of the AVV-quark-triangle.



Low-energy limit in (7),
g2f2 3
D k04— m—(a-p)? 2

!

e Full cancellation at order 1/a, Wakamatsu (Ann Phys
'89).

eThe surface term contributes at order of 1/a°.
Without it (c; = ¢) we reproduce the ma;-mixing
effect found in Wakamatsu ('89) at that order.



e Can one use c to cancel all wa;-mixing effects?
—c=1+1/(12a)

e Not supported phenomenologically:

Mw — 77707 ™) = 3.2 MeV too low compared to
experimental value

MNw— 7t7% ) = 7.57 £ 0.13 MeV.



® Cohen (PLB '89): The chiral WI for v — 37 process
require that the chiral triangle and the box anomaly
contribute to the total amplitude with the weights

Atot 3 AAWV 1 AVAAA

y—3m 2 2 Y (8)

where AYAAA is the point 7 — w — 7w amplitude and AAYY is

the amplitude for the v — w — mp — 77w process.

e This result is consistent both with the WIls and
the KSFR relation, which arises in NJL at a = 2.



That's what one obtains from eq. (7) if:

1- one neglects the terms of order 1/a% and higher
in the box contribution

2- puts ¢ = 0 in the p-exchange term.

e If ¢ is chosen to cancel wa;-mixing effects, these

amplitudes contribute with a relative weight of
—7/64 and 71/64, respectively.



e Observation |: the surface term ¢ cannot be used
to resolve the mai;-mixing puzzle. Its value is
unambiguously fixed by the chiral WI, which require that ¢ = 0.

e Observation Il: This pattern has been considered in
Schechter (PRD '84), Kaiser (NPA '90), Wakamatsu (Ann Phys

'89), and reproduces well the phenomenological value of the width.

e Observation Ill: If VMD is a valid theoretical
hypothesis, ¥ — w — 37 contains contributions
from ma;-mixing which violate the LET (1)

A7—>37r - _F37re,ul/a,3‘fu(q)poypipé7 (9)
N. 3 1 N
F3" ° (1 +o5+ —) £ (10)

T 1272f3 2 8a3) 7 12m2f3



In the following we will show that it is possible to
combine the phenomenologically successful value

¢ = 0 with a full cancellation of ma;-mixing effects
within the NJL approach.



The ma;-mixing and v — 37 amplitude

e Recall: the ma; diagonalization is usually
performed by a linearized transformation of the axial
vector field.

In the NJL:

o,
a, — a, +

(11)

ag,fx’

where 7 = 7.7/, a, = T,-aL and 7; are the SU(2)
Pauli matrices.

e This replacement that has been used in the
calculations above.



® Osipov (JTEP '18), Osipov, Kahlifa (PRD '18):

e The gauge noncovariant replacement (11) violates
gauge symmetry, e.g. the anomalous low energy
amplitude a; — y7 "7~ decay is not transverse.

e Gauge symmetry of the a; — w7~ amplitude
can be restored if one uses the covariant derivative
DM’]T

D,m = 0,m — ieA,[Q,]. (12)



® Osipov, Hiller, Zhang (PRD '18, I\/IPLA'19)Z
e Generalization of D, to electroweak sector

e Gauge covariant derivative is important for
processes with breaking of the intrinsic parity

~ Cuvaf

e |t does not affect current-algebra theorems related
to the non-anomalous part of the action.



® Osipov, Khalifa, Hiller (PRD '20):

e D, contributes with additional diagram to
A,_3x (with 3 map-transitions):

The vertex ggvym induces a deviation from the
complete VMD.



It is an anomalous AAA amplitude to v — 3«

Shift ambiguity of formal linear divergence of
integral — undetermined 4-vector Uy,

N.e

) s (v
A— —Weuygpe“(q)po(m +p-) (4_a3> )



Parametrize
Uy = biqy + ba(py — p-) + b3(py + p-)u

where only term ~ b, survives in A and yields an
extra contribution to F37

b, is dimensionless and as yet undetermined. Fix it
using LET (1), requiring that the unwanted terms
(~1/a% ~ 1/a%) in (10) vanish

1



Conclusions

The solution to the breaking of low energy theorem
(LET) by mwa; mixing terms in NJL proceeds via:

e Gauge covariant diagonalization of the mixing
e —7 New vertex y7Gq, beyound VMD.

e |t contributes in an AAA triangle diagram as pure
surface term (ST).

e Careful analysis of all ST shows that this ST is
the crucial element needed to restore the LET.
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The Model: Chiral U(2)xU(2) NJL

L:q(iyuD;L_m)q+LS+LV+LEW

—

igZ . _
D,=0,—ieQA,— 9% (T,P,—Qsin’0,,)—ig P, (T, W,+T_W,)
‘ " cosO,, ‘

G,/ _.
Ls=f[(qraq)2+(qusraq)z]

Gy, _ _
Lv=—7v[(qyuraq)2+(q YaYsT.q)’]



Chiral U(2)xU(2) and Gauge SU(2)xU(1)
Transformations of Quark Fields

6cq:i(ac+YSBc)q

R TANET T

6qu:ieangR
d,q,=i(w,+ea,Y,)q,

1.
O(g:OLq(X) wg:Ewg(x)r



The Essence of the Problem

a, P

—  ma“d,p

q au_’al.l-l-Kmaup

D, =iy"D,~m+s+iy, p+y"v,+y"yi(a,+xmd, p)

This breaks the gauge symmetry in the presence of electroweak
interactions and changes chiral transformations of spin-1 fields .



Chiral-Covariant Form of the pi-a1 Diagonalization

ageau+§({p,6u§}—{§,%p})

dca,=ila.,a,]+i[B:,v,]
6cvu:i[ac?vu]+i[ c’au]

[1] A.A. Osipov, B. Hiller, Phys. Rev. D62, 114013 (2000).
[2] A.A. Osipov, M. Sampaio, B. Hiller, Nucl. Phys. A703, 378 (2002).



Gauge-Covariant Form of the pi-a1 Diagonalization

a,~ a,+%([p,D,5)=(5.D,p})=a,+ 5V,
Vo= vt S([p. D, pI+(5, D5 )=y, + 5 X,

D, p=0, p~i[N,,p)-[K,.5] 8D, p=i[6,,D, p]~(B,. D,3]
D,5=0,5-i[N,,5]+K,,p) 9,D,3=i[6,,D,5]+(B,, D, p}
Nu:%(g,{u+g'BuT3) GQE%((\)g+€0.gT3)
Kll:%(gﬁu—g'BMT3) ﬁgz—%(mg—e ,T,)

[1] A.A. Osipov, B. Hiller, P.M. Zhang, Phys. Rev. D98, 113007 (2018).



Hidden Symmetries of the Non-Anomalous Part of
the Effective Action

The real part of the mesonic effective action is not affected by the covariant form
of the pi-a1 diagonalization. It follows from the Chisholm’s theorem and an
existence of the hidden symmetry under the gauge and chiral transformations

8,a,=i[0,,a,]+i[B,,v,]—ixm[0,0,, pl+xmo,{B,,5)
8, v, =i[0,,v,]+i[B,,a,]+ixm[B,,0,p]
[1] A.A. Osipov, B. Hiller, P.M. Zhang, arXiv:1811.02991 [hep-ph] (2018).

6cau=i[ac)au]+i[Bc:vu]+K m{chau 5}

S.v,=i[o, v, J+i[B.,a,]+ikm[B,.0, p]

[2] A.A. Osipov, M.K. Volkov, Ann. Phys. 382, 50 (2017).



It is an anomalous AAA amplitude to v — 3«

N.e

A = Fﬁ? {Pi[Juya(pm p—) - JPWV(p_’pO)]

+ P [Duvo(Po, P+) — Juov(py, po)l} €(q)ps-  (15)

Low energy expansion of the quark loop integral
Jwe starts from a linear term

1
J,ul/o*(p07 P—) = Weul/ap (pO - p-— 3U) P+

(16)
Shift ambiguity of formal linear divergence of
integral — undetermined 4-vector Uy,

N.e

1% g Up
—Wewape“(q)po(mw—) (—) (17)

A —
433



Parametrize
Uy = biqy + ba(py — p-) + b3(py + p-)u

where only term ~ b, survives in A and yields an
extra contribution to F37

N_.e —3b
3r c 2
AR = 1272f3 ( 2a° ) ’ (18)

b, is dimensionless and as yet undetermined. Fix it
using LET (1), requiring that the unwanted terms
(~1/a% ~ 1/a%) in (10) vanish

1
by=a+ 35 =192 (19)



