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Wilson loops and I,

o ConSider the W”SOn |00p [Korchemsky,Radyushkin'g7]

W= NLRTYR@}PBXP (ig]{dwu Al () Tﬁ) 0)

@ Path: Two segments that form a cusp of Euclidean angle ¢, closed at infinity

q .

"

V)
@ Have logW =log Z + O(")

e Z = MS renormalization constant (UV divergence)
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Wilson loops and I,

o ConSider the W”SOn |00p [Korchemsky,Radyushkin'g7]

W= NLRTYR@}PBXP (ig]{dwu Al () Tﬁ) 0)

@ Path: Two segments that form a cusp of Euclidean angle ¢, closed at infinity

q"

"

V)
@ Have logW =log Z + O(")
e Z = MS renormalization constant (UV divergence)

@ Angle-dependent cusp anomalous dimension defined via RGE of Z

_dlogZ
Fcusp(¢7 Oés) = dlog,u
@ Light-like limit of Teusp Via ¢ — +ioco
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Light-like cusp anomalous dimension

@ "eusp iS @ universal quantity

@ Governs structure of IR divergences in many physical quantities
— many applications
o Collider physics: resummation, . ..

@ Governs running of matching coefficients from QCD onto SCET
[Bell,Beneke,Li, TH'10]

d
dlnp

2
Cilh) = | e I 5+ + 7| Cily)

@ ~.usp has a loop expansion, e.g. in QCD

Qs 1 Qs \2 2
Yeusp = 7 %(us>p + (E) %(us)p + ...

@ Light-like vcusp mostly extracted from splitting functions, form factors, ...
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Light-like cusp anomalous dimension

o In QCD, ’Ycusp iS knOWh analytica“y to three |00pS [Moch,Vermaseren,Vogt'05]
@ Color structure to three loops

Qe Qs \2 g
Yeusp = T; Cr 'YcRusp + (E) Cr [CA ’Yc}zfp + (nsTr) 'Y(fjgp]

Qs

3
47r) Cr [CA1%" + (s Tr)* vald + Cr (nTr) vag + Ca (nsTr) vouey | + O(ad)

+(

@ Observe quadratic Casimir scaling up to three loops

[for generalisation at four loops, see: Sven'’s talk; Moch,Ruijl,Ueda,Vermaseren,Vogt'18; Becher,Neubert'19]
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Light-like cusp anomalous dimension

o In QCD, ’Ycusp iS knOWh analytica“y to three |00pS [Moch,Vermaseren,Vogt'05]

@ Color structure to three loops

Yeusp = CR 'VCusp + ( ) Cr [CA 'Ycusp + (nsTr) 'Ycusp]

4

Qs\3
+ (*) Cr [Cfl 'YCRUQ)A + (nfTF) ’Ycusp +Cr (nfTF) ’Ycusp +Ca (nfTF) ’chsp } + 0( )

4

@ Observe quadratic Casimir scaling up to three loops

[for generalisation at four loops, see: Sven'’s talk; Moch,Ruijl,Ueda, Vermaseren,Vogt'18; Becher,Neubert'19]

@ Color structure at four loops

drd
Yo = Cr Ch e + =2 2ais’ + (5Tr)" Crveidy” + Cr Cr (nsTw)* vclag’ ' + Cn Ca (ns Te)? sy’

+CrCE (nyTr) vases ! + Cr Cr Ca (nsTr) Yases + Cr Ch (n5Tr) voueg - + = (s Tr) Yoes *

drdp
R
@ New color structure: Quartic Casimir invariant build from

dged = Eﬂﬂ}ﬂﬁﬂh+pﬁmﬂbc®
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Light-like cusp malous dimension

[figures from 1902.05076]

@ Status of calculation of v{2

[Beneke,Braun’95] [Grozin,Henn,Korchemsky,Marquard’15]
[v. Manteuffel,Schabinger'16] [Grozin’'16; v. Manteuffel,Schabinger'19]
(Tan)2CRCA ﬁ (TFTLf)CRC%
[Henn,Smirnov,Smirnov,Steinhauser'16] [Grozin'18]

[Davies, Vogt,Ruijl,Ueda,Vermaseren'16; v. Manteuffel, Schabinger'19]

(TFTLf)CRCFCA

p

[Moch,Ruijl,Ueda,Vermaseren,Vogt'17 (num.)]
[Briser,Grozin,Henn,Stahlhofen'19 (conj.)]
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Light-like cusp anomalous dimension

4 [figures from 1902.05076]
@ Status of calculation of v{2,

2 drdp
(Trny)CrCY " Nr

[Moch,Ruijl,Ueda,Vermaseren,Vogt'17 (num.)] [Moch,Ruijl,Ueda,Vermaseren,Vogt'17'18 (num.)]
[Briiser,Grozin,Henn,Stahlhofen’19 (conj.)] [Lee,Smirnov,Smirnov,Steinhauser'19; Henn,Peraro,Stahlhofen,Wasser'19]

CrC3 drda

rC S

A Nr

[Moch,Ruijl,Ueda,Vermaseren,Vogt'17'18 (num.)] [Moch,Ruijl,Ueda,Vermaseren,Vogt'17'18 (num.)]
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Light-like cusp anomalous dimension

4 [figures from 1902.05076]
@ Status of calculation of v{2,

2 drdp
(Teng)CrCY " Nr

[Moch,Ruijl,Ueda,Vermaseren,Vogt'17 (num.)] [Moch,Ruijl,Ueda,Vermaseren,Vogt'17'18 (num.)]
[Briiser,Grozin,Henn,Stahlhofen’19 (conj.)] [Lee,Smirnov,Smirnov,Steinhauser'19; Henn,Peraro,Stahlhofen,Wasser'19]

CrC3 drda

rC S

A Nr

[Moch,Ruijl,Ueda,Vermaseren,Vogt'17'18 (num.)] [Moch,Ruijl,Ueda,Vermaseren,Vogt'17'18 (num.)]

@ Contributions in lower line not known analytically until recently

o Sulfficient to calculate one, since complete large N. contribution known

[Henn,Lee,Smirnov,Smirnov,Steinhauser'16]

e Missing piece has leading transcendentality = compute in A" = 4 SYM

Wilson loop with a Lagrangian insertion Sudakov form factor
[Henn,Korchemsky,Mistlberger'19] [v. Manteuffel,Panzer,Schabinger,Yang, TH'19]
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N =4 SYM

@ Unique maximal supersymmetric gauge theory in D = 4
@ N = 4 SYM has vanishing 3-function

@ Related to QCD via maximal transcendentality principle

[Kotikov, Lipatov,Onishchenko, Velizhanin'04]

o N =4 SYMis ‘hardest part’ of QCD
[e% o 2
Yo = (§2) + [Ca (50 =20 = Png] (52) + .
e =129 80 2¢" + ...

o BES equation predicts leading-colour (o< N) 7aig” to all orders

[Beisert,Eden,Staudacher'04]

@ Verified to four |OOpS [Bern,Dixon,Smirnov’'05; Henn, TH'13]
g¥um Ne
@ Couplings: > = M _C (4r) e E 't Hooft coupling: a=2g"

(4m)
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The Sudakov form factor in N/ = 4 SYM

@ Introduce bilinear UV protected operator: O = Tr(d12¢12)
@ Definition of the form factor
Fs = ($54(p1) 934 (p2) O) = Te(T"T") Fs
o ¢5,(p:): on-shell states in the adjoint representation

e Kinematics: pf=p3=0, ¢°>= (p1+p2)’ b1

o Use dim. reg. with D =4 — 2¢
D2
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The Sudakov form factor in N/ = 4 SYM

@ Introduce bilinear UV protected operator: O = Tr(d12¢12)
@ Definition of the form factor
Fs = ($54(p1) 934 (p2) O) = Te(T"T") Fs
o ¢5,(p:): on-shell states in the adjoint representation

e Kinematics: pf=p3=0, ¢°>= (p1+p2)’ b1

o Use dim. reg. with D =4 — 2¢
D2

@ Perturbative expansion of the FF

Fs=1+ 92 (_q2)7e Fél) —|—g4 (_q2)72e FéQ) + ge (_q2)7se FéS)
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The Sudakov form factor in N/ = 4 SYM

@ Introduce bilinear UV protected operator: O = Tr(d12¢12)
@ Definition of the form factor
Fs = (¢3(p1)d3a(p2) O) = Te(T°T")Fis

o ¢5,(p:): on-shell states in the adjoint representation

e Kinematics: pf=p3=0, ¢°>= (p1+p2)’ b1

o Use dim. reg. with D =4 — 2¢
D2

@ Perturbative expansion of the FF
Fs=1+ 92 (_q2)7e Fél) —|—g4 (_q2)72e FéQ) + ge (—q2)736 FéS)

e 1
+9° (—¢*) 7 | FS) + 3z Fslvp| + 05"
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The Sudakov form factor in N/ = 4 SYM

@ Introduce bilinear UV protected operator: O = Tr(d12¢12)

@ Definition of the form factor

Fs = (¢35(p1)d3a(p2) O) = Te(T*T") Fs

o ¢5,(p:): on-shell states in the adjoint representation

e Kinematics: pf=p3=0, ¢°>= (p1+p2)’ b1

o Use dim. reg. with D =4 — 2¢
D2

@ Perturbative expansion of the FF
Fs=1+ 92 (_q2)7e Fél) —|—g4 (_q2)72e FéQ) + ge (—q2)736 FéS)

e 1
+9° (—¢*) 7 | FS) + 3z Fslvp| + 05"

o F{") has leading divergence o 1/¢*X,  but F§"},, must be o 1/¢2 only!
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The Sudakov form factor in N/ = 4 SYM

@ Non-planar correction at four loops appears through quartic Casimir invariant

‘1 n
3
c4 = 5 N?

daAbcdd?,Abcd 1

Te[TATATATATATATATA]/Na = - =
Ny 24
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The Sudakov form factor in N/ = 4 SYM

@ Non-planar correction at four loops appears through quartic Casimir invariant

la P
3
Ch = 5 N2

dabcddabcd 1
Te[TATATATATATATATA)/Na = = 2— — o
A

@ Relation to light-like cusp AD

e (L) (L)
_ 2L 2\—Le “Yeusp coll 0
long—Zg (=q) |:_(2L€)2_2LE:|+O(€)
L=1
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The Sudakov form factor in N/ = 4 SYM

@ Non-planar correction at four loops appears through quartic Casimir invariant

“ P1

q dabcddabcd 1 3
T[T T TS TS TS TS TS TS /Na = ANiA - —C4=2°N?
» A 24 2
(28)
@ Relation to light-like cusp AD
S 2L 2\—L ’Yc<uLsg (Lu) 0
log Fs = > ¢*" (-¢°) [_(2L6)2_ 226} +0 ()
L=1
@ Form factor to two loops [van Neerven's6]

Fs=1+ax‘R-2Di +a*2° R2-[4E\ + Es)

L4«
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Form factor at three loops

-
o

Fy

Fs=14az‘R.-2D1 4 a*2* R} - [AE, + )]

+ a2 R}-8FI —2F +4F3 +4Fy —4F5 —4Fs — 4 Fs + 2 Fy|
[Gehrmann,Henn,TH'11]
@ Through to three loops the result is remarkably simple.
@ Single irreducible numerators (p, + py)*

@ So far all integrals are of uniform transcendentality (UT) in e-expansion
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Four-loop integrand

@ Four-loop integrand was derived from colour-kinematic duality
[Boels,Kniehl, Tarasov, Yang'12]

@ Checks via unitarity cuts

@ Purely planar diagrams, six (8,11,15,16,18,20) have vanishing colour-factor

@ 12 propagators and 18 independent scalar products / topology
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Four-loop integrand

o Diagrams W|th non-planar Contributions [Boels,Kniehl, Tarasov, Yang'12]

e Four diagrams (21, 25, 30, 31) have also planar contributions

0y n 0y m t; n 0 !
‘ q q q
» ” P ’
(21) (22) (23) (24)
‘ ¢ ‘
» [ [ ‘ - n , - !
t 4
¢ q 0 d
P 7 P ’ P
(25) (26) (27) (28)
0 0 )
5 n t ”
q a
» ”
(20) (30)
PUTY n n n
&l I A 3
s 18 18 14
q q q q
T
(31) (32) (33) (34)

@ All but one topology (26) have internal box(es) or triangle(s)

@ Many have one or more graph symmetries
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Four-loop integrand, integration strategies

@ Complicated integrals with up to double irreducible numerators

Symmetry
Graph Numerator factor Color factor b Y
factor

(£3-p1)* = (€3 p2)* — 6(¢s - p1) (63 - p2)
+(€s - p1)(a - (pr + 5p2))
—(£3p2)(€a - (3p1 — p2)

+(p1-p2)[203 - (pr2 + €3 — La)
4+ (pr —p2) —p1-p2)
+(a1 +1)[(¢ - pr2 — pr - p2)?
—%(ls - pr2 — p1 - p2)(ls - (Tpy — p2))
—3(t5- (€5 — p12) +p1-p2)(p1 - p2)]

(@) 24 N2 boya 1

@ |IBP & Laporta reduction to ~ 280 master integrals achieved with Reduze

[Boels,Kniehl,Yang'15]

o Free parameter «; drops out of result

@ Subset of rational IBP relations* will prove useful
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Four-loop integrand, integration strategies

@ Complicated integrals with up to double irreducible numerators

Symmetry
Graph Numerator factor Color factor b Y
factor

(£3-p1)* = (€3 p2)* — 6(¢s - p1) (63 - p2)
+(€s - p1)(a - (pr + 5p2))
—(£3p2)(€a - (3p1 — p2)

+(p1-p2)[203 - (pr2 + €3 — La)
4+ (pr —p2) —p1-p2)
+(a1 +1)[(¢ - pr2 — pr - p2)?
—%(ls - pr2 — p1 - p2)(ls - (Tpy — p2))
—3(t5- (€5 — p12) +p1-p2)(p1 - p2)]

(@) 24 N2 boya 1

@ |IBP & Laporta reduction to ~ 280 master integrals achieved with Reduze

[Boels,Kniehl,Yang'15]

o Free parameter «; drops out of result

@ Subset of rational IBP relations* will prove useful

@ Our integration strategies
o Integrate non-planar FF numerically in UT basis of masters  (soeis vang 117

o Integrate complete FF analytically in e-finite basis

[v. Manteuffel,Panzer,Schabinger,Yang, TH'19]

T. Huber
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UT basis and dlog forms

@ How to find a UT basis in single-scale problems?

@ How to know an integral is UT without explicit calculation?
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UT basis and dlog forms

@ How to find a UT basis in single-scale problems?
@ How to know an integral is UT without explicit calculation?

@ dLog form

[Arkani-Hamed,Bourjaily,Cachazo, Trnka’14; Bern,Herrmann,Litsey,Stankowicz, Trnka'14'15]

o Change variables to scalar parameters as, b;, ¢;, d; in four dimensions

le = a1p1 + azp2 + asq1 + aaq2 I3 = dip1 + dap2 + d3q1 + dagqe
Is = bip1 + bap2 + b3q1 + bagz, G =q-pi=0 Vij
ly = cip1 + c2p2 + c3q1 + caqz, q1q2 = —p1-p2

o In terms of spinor-helicity variables

pL=A1 A, g1 =M As,
P2 = A2 Az, 2=\

4 16
/d% d*lad*ls dls (...) = (p1-p2)® / [ da: dbi de ddi (....) = (p1-p2)® / [[ dtog[1:(@ b, d)]
i=1 j=1
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dLog forms at four loops

Four-loop example with two boxes:
Topology 28 with numerator

(Is —ls — p2)* x (Is — p1)*

(28)

day ...ddy (didz — dzds)(=c1 + c1c2 — caeq + di — cadi — c1da + dida + cads + cady — dady)
(ara2 — azas)(araz — azas — azby — arba + biba + asbs + azbs — babs)(cica — czca)(—c2 + c1c2 — czcq)(dy + didz — dyda)(—da + didz — d3da)

1
X
(araz — azas — azcr — arca + cica + ascs + ascs — czea)(biba — bsby — bacy — bica + c1c2 + bacs + bacs — czca)

1
x (—a1 + a1a2 — asas + di — azdy — ardz + didz + asds + asds — dzdas)(biba — bsbs — bady — bida + dida + bads + bzds — dzdas)

1
" (b1 + baba — bobs & dr — bads — brda + dada + bads + bada — dada)(cica — ¢

= c2di — crda + didz + cads + czda — dzda)

(cre2 — eca) - (mextcies —esea) . ds - ds §
((.12—(,“—(,41.«,,1‘; Herez — aac —ml.wm) 1+ di —da + didz — dgda)” 1+ di —da + didz — dyda)’

= — dLog|

(@20 — ayas)(esds — erds)) ]
a0s® — arazerds + asaserds + arcicads — areseads + azerdids — arcaduds + azesdids — ageadids — arerds + aresdd)

x dLog!

((asercadh) + arazesdh — asasesdy + ascscads + ase

(@12 = asas — aser — arcs + crcs + ases + ases = cea)(esds — erdy))
(—(ascicad)) + arazcady — asascsdy + asescady + agcad? — azesd? — ayazerds + asascids + arciczds — arcscads + azerdids — ayczdidy + ascadids — ageadids 7mud‘+ﬂv(u’fz\‘

x dLog|

(esdh — crds)(~ar +a1az — asas +dy — asdy — ardy + didy + auds + asds — dyda))
((arcroadh) + arazeath = anasoads F ascacads + 0302 — dacad] — arascads + asascrds + arorcads — arcacads + azcrdads — ncadods ¥ ascadeds — arcadeds — arerdl ¥ arcadd))

x dLog|

((esds — erdy)(arazes — agaser — arerca + areges — araady + agasdy — aserds + aready + crcady = eaeady + ard} = eadf + aserds — aresds — asdidy + cadds + agerds — areads — agdids + cydidy + ardyds — erdyds)

x dL -

o (—(ascrcads) + arazesds — asascads + ascacsds + azead? — azesd? — arazerds + asaserds + arercads — arcacads + azerdids — arcadids + ascadids — aseadids — aserds + arcedd)
g (€162 = €aes = cxds — v+ duda + eads + exdy —dade) 1 (ercads — eacas — cad + cudy F exts —eudad)y 0t duds —dady) (—da+didy —dsdla)
(c1cz — csca — cads + cads) (crca — caca — cady + cads) TR di = da + dvd — dada)” ‘(7l+rl‘frlx+4lula dzds)’

¢ dog| (€102 = 0304 = azby — arba + bibs + asby + asbs = babe) o (brbs = bubs — brcr — brcs + enca bacy bves = o))

Flbr. b2, by, ba] . b1 b2, by, ba]
(bib2 — byba — bady — bidz + dida + bads + byds f«l“b) ,( b1 + bibz — bsba + di — body — bida + didz + bads + bsdy *dcd.t),
x dLog| Flbr, bz by, ba] 8 Flbr b2, b, ba] \/
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Four-loop Sudakov form factor in UT basis

@ Use representation in terms of a;, b;, ¢;, d; to find more UT candidates
o Procedure: Take subsequent residues in all 16 parameters a1, ..., ds

o Rule: If other than simple pole appears for any of the
remaining parameters: not UT

@ Idea of algorithm: Make product-ansatz for numerator
[A1I§+ A 13+ ...+ Aweq®| x [B11g + Bal5 + ...+ Bioq’]

o Appearance of other than simple pole gives constraint on A;, B;
= find set of UT candidates
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Four-loop Sudakov form factor in UT basis

@ Use representation in terms of a;, bs, ¢;, d; to find more UT candidates
o Procedure: Take subsequent residues in all 16 parameters a1, ..., ds
o Rule: If other than simple pole appears for any of the
remaining parameters: not UT

@ Idea of algorithm: Make product-ansatz for numerator
[A1I§+ A 13+ ...+ Aweq®| x [B11g + Bal5 + ...+ Bioq’]
o Appearance of other than simple pole gives constraint on A;, B;
= find set of UT candidates
@ Use IBP relations to write four-loop N' = 4 Sudakov form factor in UT basis

e Leading color piece is rational linear combination of 32 integrals

@ Sub-leading color piece is rational linear combination of only 23 integrals
o Topologies (31) — (34) drop out completely!

e Most UT integrals come with full 1/¢® pole

T. Huber The N/ = 4 Sudakov form factor and cusp AD at four loops 16/23



Numerical integration of UT integrals

@ Use two strategies: Sector decomposition and Mellin Barnes
@ Sector decomposition: Mostly FIESTA, also SecDec  smimovos:: Borowka Heinrich et al:124]

o UT integrals generate considerably fewer integration terms
than non-UT siblings of comparable complexity

@ Pole resolution and preparation of integrand still takes
~ two weeks for each integral

@ Subsequent numerical integration takes O(days)

@ Mellin Barnes: Use mostly MB.m [Czakon'05]
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Numerical integration of UT integrals

@ Use two strategies: Sector decomposition and Mellin Barnes
@ Sector decomposition: Mostly FIESTA, also SecDec  smimovos:: Borowka Heinrich et al:124]

o UT integrals generate considerably fewer integration terms
than non-UT siblings of comparable complexity

@ Pole resolution and preparation of integrand still takes
~ two weeks for each integral

@ Subsequent numerical integration takes O(days)

@ Mellin Barnes: Use mostly MB.m [Czakon'05]

12-line integral in topology 25 with numerator

[(pr = €)* +2(0a — £5)* + (L3 — £4)* — (b5 — £5)* — (p1 — [4)2]2

—4(ls—l5)% (p1 — L3+ La — £5)° (25)

0.00347222  0.0114231(13) = 1.163106(20) ~ 14.04762(26) = 109.8742(34) = 647.669(44)
8 + 6 + 5 + 4 + 3 + 2
€ € € € € €
3530.846 + 1.921
e
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Numerical Results

@ Non-planar part of four-loop Sudakov form factor in N' = 4 SYM

4 C_8 C—7
F()P:2><24><[€—8+6—7+. 4O )]

¢ order -8 -7 -6 -5
result —3.8x107% | +4.4x107° | =1.2x107% | —1.2x 107
uncertainty - +57x 1077 | £1.0x107° | £1.2x 1074

¢ order —4 -3 -2 -1
result +3.5x 107% | +0.0007 | +1.60 | —17.98
uncertainty | £1.5x 107% | £0.0186 | £0.19 | +3.25
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Numerical Results

@ Non-planar part of four-loop Sudakov form factor in N' = 4 SYM

F{p=2x24 % [0;—88+(36’—77+...+C;€1+(9(e°)]

¢ order -8

-7

—6

-5

result —38x107% | +4.4 x 107

-1.2x107¢

—1.2x 107°

uncertainty - +5.7x 1077

+1.0x107° | +1

2x107*

€ order —4

-3

-2

-

result +3.5%x 107°

+ 0.0007

+1.60

—17.98

uncertainty | £1.5 x 1072

+0.0186

+0.19

+3.25

o Numerical value of c_» confirmed by more precise numerical analysis
(1528(2)) [Henn,Peraro,Stahlhofen,Wasser'19] and analytic result (15274)

[Henn,Korchemsky,Mistlberger'19; v. Manteuffel,Panzer,Schabinger,Yang, TH'19]
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Numerical Results

@ Non-planar part of four-loop Sudakov form factor in N' = 4 SYM

F{p=2x24 % [0;—88+(36’—77+...+C;€1+(9(e°)]

¢ order -8

-7

—6

-5

result —38x107% | +4.4 x 107

~12x107% | —1.2x107°

uncertainty - +5.7x 1077

+1.0x107° | £1.2x 107*

€ order —4

-3

-2

-

result +3.5%x 107°

+ 0.0007

+1.60

—17.98

uncertainty | £1.5 x 1072

+0.0186

+0.19

+3.25

o Numerical value of c_» confirmed by more precise numerical analysis
(1528(2)) [Henn,Peraro,Stahlhofen,Wasser'19] and analytic result (15274)

[Henn,Korchemsky,Mistlberger'19; v. Manteuffel,Panzer,Schabinger,Yang, TH'19]

@ Non-planar light-like cusp AD

(4) 2% 24 x 64
Yeusp. NP = Tz

T. Huber

x (1.60 £ 0.19)

4 Sudakov form factor and cusp AD at four loops

Ne=3
I

—546 £ 65

18/23



Numerical Results

@ Non-planar part of four-loop Sudakov form factor in N' = 4 SYM

F{p=2x24 % [%SJF%JF...JF%JFO(EO)]

¢ order -8 -7 -6 -5
result —3.8x107% | +4.4x107° | =1.2x107% | —1.2x 107
uncertainty - +57x 1077 | £1.0x 107° | £1.2x 107*
¢ order —4 -3 -2 -1
result +3.5%x 107% | +0.0007 | +1.60 | —17.98
uncertainty | £1.5x 107% | £0.0186 | £0.19 | +3.25

o Numerical value of c_» confirmed by more precise numerical analysis
(1528(2)) [Henn,Peraro,Stahlhofen,Wasser'19] and analytic result (15274)

[Henn,Korchemsky,Mistlberger'19; v. Manteuffel,Panzer,Schabinger,Yang, TH'19]

@ Non-planar light-like cusp AD

2 x 24 x 64 _
78 = XTQM % (1.60 £0.19) V<=° —546 4 65
@ Non-planar light-like collinear AD
4 _
Gl = ?]’502 x (—17.98 £3.25) V&0 4767 + 139
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Analytic calculation

@ Switch to a basis of finite master integrals. Requires

[Panzer'14; v. Manteuffel,Panzer,Schabinger'14'15; Schabinger'18]
e finding of finite integrals
@ relation to uniformly transcendental basis
e analytic integration of finite integrals through to weight six
@ Use integral finder in Reduze 2 to find finite integrals [v. Manteuffel, Studerus'12]

@ Need shifted dimension and many dots on propagators

(10—2¢) (6-26)
e
/./i/l,
- T
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Analytic calculation

@ To relate uniform and finite basis need

o IBP reduction of integrals with many dots

@ dimensional recurrence relations

@ In reduction procedure, apply methods from
o finite field artihmetic (finite fields, rational reconstruction)
[v. Manteuffel,Schabinger'14'16; Maierhéfer,Usovitsch,Uwer’'17; Peraro’16'19]

@ No intermediate expression swell, allows for massive parallelization

@ syzygies to avoid numerators in reductions of integrals with many dots

[Gluza,Kajda,Kosower’'10; Kosower'18; Lee'14; v. Manteuffel, Schabinger'19; Bitoun,Bogner,Klausen,Panzer'17]
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Analytic calculation

@ To relate uniform and finite basis need

o IBP reduction of integrals with many dots

@ dimensional recurrence relations

@ In reduction procedure, apply methods from

o finite field artihmetic (finite fields, rational reconstruction)

[v. Manteuffel,Schabinger'14'16; Maierhéfer,Usovitsch,Uwer’'17; Peraro’16'19]

@ No intermediate expression swell, allows for massive parallelization

@ syzygies to avoid numerators in reductions of integrals with many dots

[Gluza,Kajda,Kosower'10; Kosower'18; Lee'14; v. Manteuffel,Schabinger'19; Bitoun,Bogner,Klausen,Panzer'17]

@ If finite integrals are linearly reducible, integrate their
Feynman parameter representation with HyperInt [Panzer14]

o Otherwise, one can choose finite integrals in the relevant topology which
first contribute at weight seven

e Works for cusp, but not for full FF

T. Huber The N
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Analytic results for integrals

@ Confirm uniform-weight expansion of all 55 integrals through to weight six

[partial results in Henn,Smirnov,Smirnov,Lee,Steinhauser'16'17'19; v. Manteuffel, Schabinger'16'19]

12-line integral in topology 25 with numerator

[(pr = €)* +2(Ca — £5)* + (£s — £4)* — (b3 — £5)* — (p1 — 54)2]2
P2

—4(ba—t5)% (p1 — b3 + La — £5)° (25)

000347222 0.0114231(13) | 1.163106(20) , 14.04762(26) _ 109.8742(34) _G647.669(44)

€8 €6 €b et €3 €2
1 G, 209¢; 623 | 1 (39449 205 ) 1 (11621 , . 38501 3)
= 288 T 1ade T 2166 T aser T\ 360 @ 1089) Ta (e © T 315 @
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Analytic results for integrals

@ Confirm uniform-weight expansion of all 55 integrals through to weight six

[partial results in Henn,Smirnov,Smirnov,Lee,Steinhauser'16'17'19; v. Manteuffel, Schabinger'16'19]

12-line integral in topology 25 with numerator

[(pr = €)* +2(Ca — £5)* + (£s — £4)* — (b3 — £5)* — (p1 — 54)2]2
P2

— 4ty —l5)* (p1 — L3+ La — 05)° (25)

000347222 0.0114231(13) | 1.163106(20) , 14.04762(26) _ 109.8742(34) _G647.669(44)

68 66 65 64 63 62
1 G, 209¢; 623 | 1 (39449 205 ) 1 (11621 , . 38501 3)
= 388 T Taae T 2160 T ase T (o0 © 10899 Y (e Ot 3 @

10-line integral in topology 22 with numerator

£ (pr — a)*

_ 1.34678628(2) 11, 31 3)
= = 5 (19
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Analytic results for form factor and cusp

@ Four-loop Sudakov FF in A = 4SYM

=5 (5)ra (G9)+ 5 (50) v (59) + 5 (e Foe)

+l(10853<2 95477<2) %[é (18432 @42)] o).

251 @7 055

o Analytic result of uniform weight through to O(e=?)

e ¢ % —¢73 poles can be predicted from lower-loop results
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Analytic results for form factor and cusp

@ Four-loop Sudakov FF in A = 4SYM

=g (5)ra(Ge) s (5e)ra () + 5 (e oe)

+l(10853<§ 95477<2) %[é (1843+@42)] o).

€2 54 945

o Analytic result of uniform weight through to O(e=?)

e ¢ % —¢73 poles can be predicted from lower-loop results

@ Light-like cusp anomalous dimension at four loops

1 7008 1 . 11904
3 Mok = —32G3 — 523 + 7 | — 576¢3 —

Gl

o Leading CO|0I’ piece knOWn Since |0ng [Bern et al.06; Beisert,Eden,Staudacher'06; Henn, TH’13]
o AnalytiC result of SUb'Ieading color piece agrees with [Henn,Korchemsky,Mistlberger'19]

o Complete four-loop light-like QCD ~cusp Now known analytically
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Conclusion and Outlook

@ Conclusion

o We computed the Sudakov form factor to four loops in N' = 4 SYM

@ First calculation:
Numerical integration of sub-leading colour piece in UT basis to O(1/¢)

@ Second calculation:
Analytic integration of complete FF in e-finite basis to O(1/¢?)

e Leading-transcendental part of the light-like cusp
anomalous dimension at four loops in QCD can be extracted
@ Last missing ingredient to obtain a complete analytic expression
for vG<5 at four loops [except for two “num. +con.” colour structures]

o Agrees with analytiC result by [Henn,Korchemsky,Mistlberger'19]
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Conclusion and Outlook

@ Conclusion

o We computed the Sudakov form factor to four loops in N' = 4 SYM

@ First calculation:
Numerical integration of sub-leading colour piece in UT basis to O(1/¢)

@ Second calculation:
Analytic integration of complete FF in e-finite basis to O(1/¢?)

e Leading-transcendental part of the light-like cusp
anomalous dimension at four loops in QCD can be extracted

@ Last missing ingredient to obtain a complete analytic expression

for ’YSJCS;[? at four |OOpS [except for two “num.+conj.” colour structures]
o Agrees with analytiC result by [Henn,Korchemsky,Mistlberger'19]

@ Outlook
o Five-loop calculation? N' = 4 SYM integrand known [Yang'16]
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