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This talk

I Introduction to Flavour Physics and CP violation
I Defintion of εK

I CKM factors
I Effective Hamiltonian
I Results
I Conclusions
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Flavour SymmetryFlavour Symmetry
The standard model gauge sector  
is CP conserving and has a  
large global flavour symmetry  

Only Higgs Yukawa couplings 
break this symmetry in the SM

[Chivukula, Georgi `87]
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Mass eigenstates ≠ flavour eigenstates 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Neutral & Charged Current InteractionsNeutral & Charged Current Interactions

Introduction GUTs and SUSY Probe High Energies with Flavour Physics Conclusions

The Flavour Sector of the Standard Model
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SM: Flavour violation is ⇤ Vij

Flavour violating neutral current are
suppressed in the SM

Fluctuations at short distances
Heisenberg (�x�p � h)
FV: Test of high energies

SUSY: New Flavour violation

At low energies (long distances) we
have e⇥ective FV ⇥ Precision tests.

Classify new Physics as minimal
flavour violating (MFV) if ⇤ Vij: [Buras,

Gambino, Gorbahn, Jäger, Silvestrini ’01]

SM: Neutral currents do not 
change the flavour (i=j) at tree-level
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SM: Only charged currents  
change the flavour  (           )/ Vus

Mass ≠ flavour eigenstates

CKM matrix parametrises CP and flavour violation in the SM

VCKM =

�
�

Vud Vus Vub
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Vtd Vts Vtb

�
�

Standard Model: Higgs sector is the source of flavour violation
4

VCKM =


1 − λ2

2 λ Aλ3(ρ+ iη)

−λ 1 − λ2

2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1


I CKM matrix parametrises CP and flavour violation in

the SM
I Standard Model: Higgs sector is the source of flavour

violation
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Unitarity: 1 + (VudV ∗ub + VtdV ∗tb)/(VcdV ∗cb) = 0

I gives: 1 − [(ρ̄+ η̄) + (1 − ρ̄ − η̄)] = 0

I constraints from
∣∣∣∣∣Vub

Vcb

∣∣∣∣∣ and
∆Md
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.
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Flavour ProblemFlavour Problem
New physics like Supersymmetry, Extra Dimensions ... 
will have new sources of flavour violation,

while flavour observables agree well with in current 
precision.

If we will have new physics at a scale Λ we will generate

L = LSM + ⇤2�†� +
1
⇤2 (s̄dL)(s̄dR) + . . .

From the Λ2  term we expect Λ = O(MZ) 

From the        term we expect Λ >> MZ 
1
⇤2
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New Physics Sensitivity

I The New Physics (NP) and the Standard Model (SM)
compete

δL =
CNP

Λ2
NP

(s̄dL )(s̄dR) +
CSM

v2
ew

(s̄γµdL )(s̄γµdL )

I Since we have no particle physics evidence of new
physics
I Calculate the SM flavour violation as precisely as

possible.
I Understand the origin and correlation of NP flavour

violation to be able to interpret small deviations.
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Meson-antimeson mixing

Restricting to {|K 0
〉, |K

0
〉} basis we have

i
d
dt

|K 0
〉

|K
0
〉

 = Ĥ

|K 0
〉

|K
0
〉


a hermitian M̂ and anti-hermitian iΓ̂ contribution.

Ĥ =

(
H11 H12

H21 H22

)
=

〈K 0
|T |K 0

〉 〈K 0
|T |K

0
〉

〈K
0
|T |K 0

〉 〈K
0
|T |K

0
〉

 = M̂ −
i
2

Γ̂

QCD generates H11 = H22 (equality from CPT)
weak ∆F = 2 flavour change: H12 and H21
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εK : Indirect CP violation

I If CP is conserved KL 6→ ππ, but mixing allows:

εK ≡
〈(ππ)I=0|KL〉

〈(ππ)I=0|KS〉
= e iφε sinφε

1
2

arg

(
−M12

Γ12

)
= e iφε sinφε

(
Im(M12)Dis

∆MK
+ ξ

)
I 〈K 0

|H |∆S |=2
|K̄ 0
〉 → Im(M12)Dis

I
Im〈(ππ)I=0|K 0

〉

Re〈(ππ)I=0|K 0〉
→ ξ

I φε ≡ arctan
∆MK

∆ΓK/2
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Im(M12)

I We can factorise perturbatively calculated
I short distance contributions at µt = mt ,
I from long distance effects calculated on Lattice

〈Heff〉 = 〈Q |∆S=2|
〉(µhad) U(µhad, µc) U(µc , µW ) C(µW )

I factorising U(µhad, µc) = u−1(µhad)u(µc) we write:

I
2
3

f2
K M2

K B̂K = 〈K̄ 0
|Q |∆S=2|

|K 0
〉u−1(µhad)

I ηij S(xi , xj) = u(µc)U(µc , µW )C(µW )
is the short distance contribution

I QS2 = (sLγµdL ) ⊗ (sLγ
µdL )
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ξ: from |∆S = 1| Hamiltonian

K̄0 K0

π

π

I ξ from the absorptive (imaginary) part of∫
d4x〈K̄ 0

|H |∆S=1|(x)H |∆S=1|(0)|K 0
〉

I Estimated from χ PT: +2.4% [Buras et. al. 1002.3612]

I Can also be extracted from Lattice and ε′/ε [Blum et. al.

1502.00263, 1505.07863]

I Paramterise φε , π/4 and ξ , 0 by κε = 0.94(2)
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CKM structure of ∆S = 2 Hamiltonian

u,c,t∑

ui,uj
λui

λuj
×

s d

sd

ujui

W±

W±

We define λi = VidV ∗is
I Using λu = −λc − λt we have

A = λ2
t (Att − 2Atu + Auu) +

2λtλc(Atc − Atu + Auu − Acu)

λ2
c(Auu − 2Acu + Acc)

I One could eliminate λc = −λu − λt .
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CKM structure of ∆S = 2 Hamiltonian

u,c,t∑

ui,uj
λui

λuj
×

s d

sd

ujui

W±

W±

Im Re O

λ2
t ~ λ10 ~ λ10 m2

t /M2
W

λc λt ~ λ6 ~ λ6 m2
c/M2

W ln(mt/mc)
λ2

c ~ λ6 ~ λ2 m2
c/M2

W
λu λt ~ λ6 ~ λ6 m2

c/M2
W ln(mt/mc)

λ2
u 0 ~ λ2 m2

c/M2
W

Where λi = VidV ∗is, λ ≡ |Vus | ∼ 0.2 and we eliminated
either: λu = −λc − λt or λc = −λu − λt .
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∆S = 2 Hamiltonian - Phase (In)Dependence
I Recall εK ∝ arg(−M12/Γ12)

I Trick: pull out λ∗u and (λ∗u)2 from H∆S=1 and H∆S=2:
I Rephaseing invariant: λiλ

∗

j = VidV ∗isV ∗jdVjs

I Γ12 ' A ∗0Ā0 where A0 = 〈(ππ)I=0|K 0
〉

H
∆S=2
f=3 =

G2
FM2

W

4π2(λ∗u)2 QS2

{
f1C1(µ) + iJ [f2 C2(µ) + f3 C3(µ)]

}
+ h.c.

I J = Im(VusVcbV ∗ubV ∗cs), f1, f2 and f3 are rephasing
invariant

I Real part f1 = |λu|
4 is unique

I Splitting of f2 and f3 not
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Traditional Form
Traditionally the effective Hamiltonian is written as:

H
∆=2
f=3 =

G2
FM2

W

4π2

[
λ2

cCcc
S2(µ)+λ2

t C tt
S2(µ)+λcλtCct

S2(µ)
]
QS2+h.c.

where f2 = Re(λtλ
∗

u), f3 = Re(λcλ
∗

u) and

Ccc
S2 ≡ C1, Cct

S2 ≡ 2C1 + C3, 2C tt
S2 ≡ 2C1 + C2 + C3

I C1 ← Auu − 2Acu + Acc has bad short distance
behaviour

I C1 determines ∆MK via ReM12

I But C1 contributes to ImM12 and hence εK
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RGEs d62
→ d8 for ηct

Renormalise Heff at 3-loop

H
eff
f=5 =

4GF
√

2

6∑
i=+,−,3

Ci

 ∑
j=+,−

Zij

∑
k ,l=u,c

V ∗ksVldQkl
j − λt

6∑
j=3

ZijQj


+ 8G2

Fλcλt

 ∑
k=+,−

6∑
l=+,−,3

Ck ClẐkl,7 + C̃7Z̃77

 Q̃7 + h.c.

to determine the relevant renormalisation group equations

µ
d

dµ
C̃7(µ) = C̃7(µ)γ̃77 +

∑
k=+,−

6∑
n=+,−,3

Ck (µ)Cn(µ)γ̂kn,7
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λcλt Coefficient in Traditional Form
ηct @ NNLO – Calculation

s

d s

d

u
c
t

u
c
t

W

W

Initial conditions: Matching at MW

s

d s

d

u

c

u
c

Running to mc

O(100 000) Feynman diagrams

RGE for double insertion

Include threshold corrections at mb
s

d s

d

Matching at mc

RGE in three-flavor EFT

Joachim Brod (U Cincinnati) Kaon Mixing 22 / 54
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Residual scale dependence
ηct @ NNLO – Scale Dependence
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λ2
c Coefficient in Traditional Form

ηcc @ NNLO – Calculation

s

d s

d

u
c
t

u
c
t

W

W

Initial conditions at MW vanish by GIM
[E. Witten, Nucl.Phys. B122 (1977) 109-143]

s

d s

d

u

c

u
c

Running to mc

Only |∆S| = 1 operators contribute

Double insertions are finite (GIM)

s

d s

d
Matching at mc

O(100 000) Feynman diagrams

Including finite pieces

Joachim Brod (U Cincinnati) Kaon Mixing 25 / 54
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Residual scale dependence
ηcc @ NNLO – Scale Dependence
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ηcc = 1.87(76)
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ImM12 without ∆MK pollution
I Choose f2 = 2Re(λtλ

∗

u) and f3 = |λu|
2

H
∆=2
f=3 =

G2
FM2

W

4π2

[
λ2

uCuu
S2(µ)+λ2

t C tt
S2(µ)+λuλtCut

S2(µ)
]
QS2+h.c.

I Now real ReM12 and ImM12 are disentangled
Cuu

S2 ≡ C1, C tt
S2 ≡ C2, Cut

S2 ≡ C3

C3 ← (Atu − Atc + Acc − Acu)←

← (Auu − 2Acu + Acc) − (Atc − Atu + Auu − Acu)

I Extract anomalous dimensions and matching from
old calculation and incorporate matching from ηcc

21 / 27



Residual scale dependenceηut @ NNLO – Scale Dependence
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The top-quark: good convergenceηtt @ NLO – Scale Dependence
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Joachim Brod (U Cincinnati) Kaon Mixing 41 / 54Can be improved with NNLO calculation
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SM prediction using PDG input

|εK | = κεCεB̂K |Vcb |
2λ2η̄ ×

[
|Vcb |

2(1 − ρ̄)ηtt(xt) − ηut(xc , xt)
]

|εK | – Result and Error Budget

|εK | ∝ κεBK |Vcb|2sin β
(
|Vcb|2cos βηttS(xt)+ηctS(xc , xt)−ηccS(xc)

)

Ctt (4%)
Cut (2%)

Vcb

35 %

sin 2β

14 %

param. 14 %

ξs

13 %

κε

11 %

BK

7 %

B̂K = 0.7625(97)
[FLAG 2019, 1902.08191]

|εSM
K | = 2.16(18) × 10−3

|εexp
K | = 2.228(11) × 10−3

Joachim Brod (U Cincinnati) Kaon Mixing 44 / 54
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Using exclusive Vcb and lattice κε

I exclusive Vcb = 0.0403(8)

I Lattice κε = 0.923(6)

I |εK (SM)| = 1.81(14) × 10−3

I |εK (exp)| = 2.228(11) × 10−3

Improvements can come from:
I Vcb

I NNLO calculation for ηtt [Brod, MG, Stamou, Yu in
progress]

I NNLO matching of BK to continuum [Kvedaraite, MG,
Jäger in progress]

I Calculation of ξ without ε′/ε form Lattice
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CKMfitter 2019 update
Incorporating new formalism shows reduced uncertainty,
but ρ̄ and η̄ not the (only) dominant CKM factors.
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εK-Konclusions

I Precise theory prediction of εK possible
I bottelneck of bad pertubation

I Theory prediction can be systematically improved:
I Matching Lattice↔ continuum
I S0 at NNLO.

I Measure
I SM parameters: Vcb and mt
I or new physics
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