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Introduction.

Propagator:
1

Crld) e et

Cauchy's residue theorem:

Res[f(z), z0] = ;m?{f(z)dz
r

(1)

Amplitude —> Residue theorem — LTD

o

Our duality approach.
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© Singular behaviour @1-loop.
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Singular behaviour @1-loop.

Loop-Tree Duality @1-loop:

A= /N(ﬁ, {pj}N)HGF(qi)

__ /N(e, pitn) © Y 3(a) [T Golasi ),
i J#i

1
Gp(aiiq;) = :
q]2. — m? —10nk;;

with k;; = ¢; — ¢; and 1 a future-like vector (9 > 0, n* > 0).

P
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Singular behaviour @1-loop.

LTD®1-loop:
D1 Di-1 6(q) D;
q
P2
N 1
= - >, (¢ +p)° —i0np;
PN =1
Pi+1
P3
Defining qj(.fg) = 4 /qj2. + m?,
~ 1
A== [Nt [[—
iy J# qu,o - (q]',o ) - @Onka‘
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Singular behaviour @1-loop.

Dual amplitudes singularities: As q; = g; + kj;, then,
qz(o) + Q(H + kjio = 0. (5)

4ty = a0 + kjio = 0. (6)
Equation (5) — Ellipsoid in the 3 — momentum space.
Equation (6) — Hyperboloid in the 3 — momentum space.

Defining )\ii = :l:qz(O) + q]( 0) + kﬂo, the conditions of the divergence of
the dual amplltude are given by )‘w — 0.
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Singular behaviour @1-loop.

)\;-"j+ — 0: orange; )\;;_ — 0: blue.
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Singular behaviour @1-loop.

Potential singularities: /\jEjE j:qZ(O) + q(+) + kjio — 0.

threshold

Location of the singularities in the massive Location of the singularities in the massless
case. case.
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Causal singularities @1-loop.

First potential singularity: )\g* = qﬁ;) + q](~J6) + kjio — 0.
@ Only possible for kj;; o < 0.

o Restricted by the masses: (m; + m;)? < l<:]2Z

Defining Si(jl) = (2m)~! [GD(qi; 4;)0(q:) + Gplygj; qi)g(qj)} it is given that

2 2
e s — OChi0)0(KS — (mi + my)*)

i +O (D) ™
)\2;.+—>0 J 4q§$)q§£)(_Ajj+_Ziji:0) ( ’ )

These singularities are unitary thresholds, and their position do not depend
on the representation.
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Unphysical singularities @1-loop.

Second potential singularity: )\;;* = q%) — q](-+0) + kjio — 0.
@ Possible for kj; 0 € R.
@ Restricted by the masses: k?l < (mj —m;)?

Each of the singularities is unphysical and the sum of the two involved dual
contributions is finite:

im Y =0 (7)) (8)

)\jj*—>0

As kijo = krio — kji0, for non-singular propagators lim, +- Gp(qj; qx) =
ij
lim, G (i qr)-
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Unphysical singularities @1-loop.

Second potential singularity: )\;;_ = qz(fg) — q](-g) + kjio — 0.
The cancellation of this integrand singularity is fully local,
(+)

e = %0 Golaa)|, (9)

iJ ij

q§$)GD(qi; )

The position of these singularities does depend on the momentum flow. E.g.

1
/ (61 — p)2 — m2 4+140)(£3 — m3 +10)’ (10)

with p = (pg,0). If 0 < ma —m1 < pg < my + ma, the two point function

is free of singularities.
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Anomalous thresholds @1-loop.

Anomalous thresholds: More than two internal particles go on-shell.

Example of an anomalous threshold.
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Anomalous thresholds @1-loop.

Defining S.) = (2m0) G p (a1 4)Gp(ai3 41)d(a:) + perm. and if
Tijk = SqE;)q](-jg)ql(;B), it is given that
s L k)0, — (i m,)?)
AT 0 kT a i =\ =10k, 0 (11)

+0 (0

Although /\j—Jr =M\ — )\;;Jr, the series expansion of SZ.(;;) around )\j_,:r is
free of singularities.
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© Singular behaviour ©2-loop

Jestis Aguilera (IFIC CSIC/UV) PARTICLEFACE 2020



Singular behaviour @2-loop.

Definitions:
Gr(e) =[] Gr(a), Gple)=> da) ] Gnlas a)- (12)
[1<te 1EQ JEa
i
LTD ©@2-loops:

A{pnln) = / N (1, Lo, {pn}N)[Gp(a1)Gp(ag Uas)
£1,l2 (13)

+ GD(—a1 U OéQ)GF(Oé3) — GD(al)Gp(ag)GD(ag)].

(Alternative representation, Selomit’s talk.)
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Singular behaviour @2-loop.

Two-loop Feynman diagram and momentum flow.

With the shorthand notation ¢ € a1, 7 € as, kK € a3 and S(qz»,qj) =

0(¢i)0(q;), we focus on the function

S = (2m) 2 [GD(%'; 1)0(qi, 45) + Gp(—a55 1) (a5 ar)

3 (14)
+ [Gp(ar; 45) + Gplai; —q;) — Gr(q;)]0(q;, Qk)] :
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Singular behaviour @2-loop.

The function 81(1212 becomes singular whenever

NEEE = 4qly) £ a5 + ) + ko — 0. (15)

With the choice of the momenta, ky(;;) = qx — (gi+;) does not depend on
the internal momenta. Also

b S O(—kn(ij),0)0 (3 iy — (mi +my +my)?)
1 =
Aj;‘-l:+_>0 Tijk (—)\erJr — ZOk‘kjp) (16)

ijk
o) <()\+++)o>

ijk

_ () _ :
However, kkj’0|)‘;‘;‘<lg+*>0 =q;0 T k()0 <0, so that —i0ky; o = +20. This

happens whenever the momentum flow of the three internal lines go in the
same direction.
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Singular behaviour @2-loop.

For the divergences )\:;;g_ — 0 and )\;;,;_ — 0, the conditions are given by

)\;;;_ - 0= qi(:;) + kk(ij),o > 0.

However these singularities vanish because of the momentum dependence
of the 20 prescription.
For instance, the sunrise diagram can be written as

1 1 1
(2) — —
- | 20 (x. A.+++>- (1%)
2

. 0 ijk ijk
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Singular behaviour at more than two loops.

For a Feynman diagram with more than two loop, the arising singularities
are the intersection of several on-shell manifolds, such as elipsoids and
hyperboloids. The former are physical singularities and they remain in this
duality representation, while the latter are spurious singularities that vanish
when adding all the dual contributions dual cancellations (Selomit’s

talk).
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@ Conclusions.
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Conclusions.

@ Loop-Tree Duality splits loop-level diagrams into connected tree-level
diagrams (dual amplitudes).

@ This Loop-Tree Duality approach introduces non-physical singularities
in each of the dual amplitudes.

@ Singularities in dual amplitudes are interpreted as ellipsoids and
hyperboloids in the 3-momenta space.

@ The spurious singularities vanish locally when the dual amplitudes are
added.

@ Physical singularities are contained in a compact region of the
3-momenta space.
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