
The power of distillation

Happy 10-th Birthday! Signed, Robert Edwards
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Experimental meson spectrum
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ISOSPIN=1 MESON SPECTRUM

• Mesons classified by their conserved quantum numbers 
• Spin, isospin, charge-conjugation      JPC 
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ISOSPIN=1 MESON SPECTRUM

?

• Mesons classified by their conserved quantum numbers 
• Spin, isospin, charge-conjugation      JPC 
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Experimental meson spectrum
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ISOSPIN=1 MESON SPECTRUM

the constituent 
quark picture

?

n.b. 
absent: 

• Mesons classified by their conserved quantum numbers 
• Spin, isospin, charge-conjugation      JPC 
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ISOSPIN=1/2 BARYON SPECTRUM

• Baryons classified by their conserved quantum numbers 
• Spin, parity, isospin      JP 
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ISOSPIN=1/2 BARYON SPECTRUM

• Baryons classified by their conserved quantum numbers 
• Spin, parity, isospin      JP 

Antisymmetric under interchange

1S

1P
2S
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Experimental baryon spectrum
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ISOSPIN=1/2 BARYON SPECTRUM

• Some states are “missing”  ??? 

Antisymmetric under interchange

1S

1P
2S

??? ???
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Finite volume QCD & the hadron spectrum
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Compute correlation functions as an average over field configurations

Spectrum from two-point correlation functions

‘sum’ ‘field correlation’ ‘probability weight’

e.g.

C(t) = h0|O(t) O†(0)|0i

= Â
n

e�E(n)t
h0|O(0)|ni hn|O†(0)|0i

Field integration within a finite, but continuous, hypercube

Need some kind of ultraviolet regulator….

States      are finite-volume distorted|ni
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Lattice QCD & the hadron spectrum
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Compute correlation functions as a Monte Carlo average over field configurations

Spectrum from two-point correlation functions

‘sum’ ‘field correlation’ ‘probability weight’

e.g.

Discretize the action over sites

C(t) = h0|O(t) O†(0)|0i

= Â
n

e�E(n)t
h0|O(0)|ni hn|O†(0)|0i

Serves as an ultraviolet regulator

States      are finite-volume distorted|ni
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Excited states from correlators
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• How to get at excited QCD eigenstates ?

- optimal operator for state           : 

for a basis of 
meson operators

- can be obtained (in a variational sense) from the matrix of correlators 

- by solving a generalized eigenvalue problem

eigenvalues

- a large basis can be constructed using covariant derivatives : 

‘diagonalize the 
correlation matrix’
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• Scalar/Vector Dirac structures & covariant derivatives 

➡ Combine gamma & derivatives 

• Subduction of continuum to cubic reps.

Operators - quark bilinears

13
arxiv:1004.4930, 1104.5152, 1201.2349

O
[J]
⇤� =

X

M

S
JM
⇤µ O

JM

in terms of

h1s Ll|Jmih1l1 1l2|Lli ̄�s
 !
D l1

 !
D l2 ! J = 0, 1, 2, 3

h1m1 1m2|Jmi ̄
 !
Dm1

 !
Dm2 ! J = 0, 1, 2

 ̄�
 !
D
 !
D  

 ̄�5 ! J = 0

 ̄�i ! J = 0

 ̄
 !
Di ! J = 1
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Operators - three quarks
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arxiv:1004.4930, 1104.5152, 1201.2349

• Baryons operators are projectors acting on flavor, Dirac spin, and spatial indices 

• Symmetric under quark permutations 𝛑  & color is antisymmetric 

• Now CG-s in permutations 𝛑 and coupling spin and derivatives/space

(Flavor⇡F ⌦ Spin⇡S ⌦ Space⇡D) { 1 2 3}

e.g., two derivatives

Oi ⇠ (CGCs)i,j,k {
�!
D
�!
D}j {   }k 1⇥ 1⇥ S ! J = 1

2 ,
3
2 ,

5
2 ,

7
2
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Distillation

15
arxiv:0905.2160

• Define a low rank (spatial) smearing operator 

• Factorize propagators and operator constructions

e.g., quark bilinear

Cij(t) = h ̄⇤�i
t⇤ ·  ̄⇤�j

0⇤ i ⇤xy = VxV
†
y

matrix rep. of operator

Cij(t) = Tr
⇥
�i(t) P (t, 0) �j(0)P (0, t)

⇤

perambulator

�i
↵�(t) = V (t)†�i

↵�(t)V (t)

P↵�(t, 0) = V (t)†M�1
↵�(t, 0)V (0)
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Distillation

15
arxiv:0905.2160

• Define a low rank (spatial) smearing operator 

• Factorize propagators and operator constructions

e.g., quark bilinear

Cij(t) = h ̄⇤�i
t⇤ ·  ̄⇤�j

0⇤ i ⇤xy = VxV
†
y

matrix rep. of operator

Multigrid  & KNLs+GPUs have been key to 
construction quark line

`and a powerful ally it is’

Cij(t) = Tr
⇥
�i(t) P (t, 0) �j(0)P (0, t)

⇤

perambulator

�i
↵�(t) = V (t)†�i

↵�(t)V (t)

P↵�(t, 0) = V (t)†M�1
↵�(t, 0)V (0)
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Glimpse of meson spectrum from lattice QCD

16

• Appears to be some qq-like near-degeneracy patterns - isovectors
_

PRL 103;  PRD 82, 88

Monte Carlo 
stat. uncertainty
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• Appears to be some qq-like near-degeneracy patterns - isovectors
_

PRL 103;  PRD 82, 88

Monte Carlo 
stat. uncertainty
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qq interpretation?
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• “Extra” non-exotic states at same energy scale as lightest exotic?

_
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qq interpretation?
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• Consider the relative size of operator overlaps

_
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1−− operator overlaps
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• Consider the relative size of operator overlaps
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Glimpse of meson spectrum from lattice QCD
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PRL 103;  PRD 82, 88

• ‘super’-multiplet of hybrid mesons roughly 1.2 GeV above the ρ

• these states have a dominant overlap onto 
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Glimpse of meson spectrum from lattice QCD

21

EXOTIC MESONSMultiple exotic mesons within range of GlueX

PRL 103;  PRD 82, 88
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Excited light quark baryons
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PRD84 074508 (2011)
PRD85 054016 (2012)

• A ‘super’-multiplet of hybrid baryons

spectrum from large basis of baryon operators 

Searches in CLAS12
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Light quarks – SU(3) 
flavor broken

Excited strange (and charm) quark baryons

23

Full non-relativistic 
quark model counting

Some mixing of SU(3) 
flavor irreps

PRD87 054506 (2013) 
PRD90 074504 (2014) 
PRD91 054502 (2015)
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Charmonium spectrum

24

Cheung, O’Hara, Tims, Moir, Peardon, Ryan, Thomas (2016)

⌘c

J/ 

hc

�c0

�c1

�c2

⌘0c
 0

• A ‘super’-multiplet of hybrid mesons
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Chromo-magnetic excitation

25

• Subtract the ‘quark mass’ contribution

0.5
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1.5
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1.5

2.0

SU(3)F point

HADRON SPECTRUM: PRD83 (2011); PRD88 (2013)
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Chromo-magnetic excitation

25

• Subtract the ‘quark mass’ contribution

0.5

1.0

1.5

2.0

0.5

1.0

1.5

2.0

SU(3)F point

- Common energy scale of gluonic excitation
Pattern of states suggest 
gluonic excitations 

HADRON SPECTRUM: PRD83 (2011); PRD88 (2013)

➡ Need to know decay modes and rates to compare to expt.
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Excited states are resonances

26

• Initial determination of spectrum with only         style operatorsqqq

- Some initial results in  S11 & P33 have appeared      (Graz group)

→ missing scattering states

ppN thr

pN thr



Trinity 2019

Resonances

27

Manifest as behavior of real scattering amplitudes 
- E.g.,  πN πN  

Re(E)

Im(E)

E (MeV)



Trinity 2019

Resonances

27

Manifest as behavior of real scattering amplitudes 
- E.g.,  πN πN  

Re(E)

Im(E)

E (MeV)

Formally defined as a pole in a partial-wave scattering amplitude 

Different channels should have same pole location 

Pole structure (location and residue) gives decay information

tl(s) ⇠
R

s0 � s
+ . . .

s0 = sr0 + si0
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QFT in a periodic cube

28

Lüscher (1986) : application to 3+1dim quantum field theories 

phase-space

scattering matrix

finite-volume function

( )

solutions, En, of 

subsequent extensions for moving frames, coupled-channel systems - will come back to this

quantization condition:
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technicalities: partial-wave basis not ‘diagonal’ in a cube
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QFT in a periodic cube
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Lüscher (1986) : application to 3+1dim quantum field theories 

need to compute the spectrum …

solutions, En, of 

quantization condition:

simplest case — elastic scattering of a single partial wave:

⇒ En value maps to δ(En)

subsequent extensions for moving frames, coupled-channel systems - will come back to this
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An elastic resonance — the ρ in ππ

30

500 600 700 800 900 1000 1100

s c a t t e r i n g  ph a se - s h i f t

canonical resonance ‘bump’  
described by a rapidly rising phase-shift

<latexit sha1_base64="YMK39D7G13jkm+QtAVipUdJ3l+w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lspu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LejFMMYjqQvM8ZNVZqdyMUhva8XrXm1t0ZyDLxClKDAs1e9asbJSyLURomqNYdz01NkFNlOBM4qXQzjSllIzrAjqWSxqiDfHbvhJxYJSL9RNmShszU3xM5jbUex6HtjKkZ6kVvKv7ndTLTvwxyLtPMoGTzRf1MEJOQ6fMk4gqZEWNLKFPc3krYkCrKjI2oYkPwFl9eJv5Z/aru3Z3XGtdFGmU4gmM4BQ8uoAG30AQfGAh4hld4cx6dF+fd+Zi3lpxi5hD+wPn8ASbFj5Q=</latexit>

<latexit sha1_base64="enQpCQFzRhp3A+GYCVClXYFVXh8=">AAAB+3icbVBPS8MwHE39O+e/6o5egkPwMGYrgnobiuhxgt0Gaxlplm1hSVqSVChlfhUvHlS8+kW8+W1Mtx5080Hg8d7vx+/lhTGjSjvOt7W0vLK6tl7aKG9ube/s2nv7LRUlEhMPRyySnRApwqggnqaakU4sCeIhI+1wfJ377UciFY3Eg05jEnA0FHRAMdJG6tmVG+jXTvyaz5EeSZ7dktakZ1edujMFXCRuQaqgQLNnf/n9CCecCI0ZUqrrOrEOMiQ1xYxMyn6iSIzwGA1J11CBOFFBNg0/gUdG6cNBJM0TGk7V3xsZ4kqlPDSTeUY17+Xif1430YOLIKMiTjQReHZokDCoI5g3AftUEqxZagjCkpqsEI+QRFibvsqmBHf+y4vEO61f1t37s2rjqmijBA7AITgGLjgHDXAHmsADGKTgGbyCN+vJerHerY/Z6JJV7FTAH1ifP7yPk8A=</latexit>

m(ππ)
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Lattice QCD spectrum

31

Variational analysis of a matrix of correlation functions

operator basis:     ‘single-meson’         +          ‘meson-meson’

( & tetraquark & … ) maximum momentum  
guided by non-interacting 
energies
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Lattice QCD spectrum
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Variational analysis of a matrix of correlation functions

operator basis:     ‘single-meson’         +          ‘meson-meson’

( & tetraquark & … ) maximum momentum  
guided by non-interacting 
energies
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Variational analysis of a matrix of correlation functions

operator basis:     ‘single-meson’         +          ‘meson-meson’

( & tetraquark & … ) maximum momentum  
guided by non-interacting 
energies

now need to evaluate 
diagrams like
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Variational analysis of a matrix of correlation functions

operator basis:     ‘single-meson’         +          ‘meson-meson’

( & tetraquark & … ) maximum momentum  
guided by non-interacting 
energies

now need to evaluate 
diagrams like

Linear ops from KNLs+GPUs

Distillation handles  
quark annihilation lines
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Lattice QCD spectrum

32

Variational analysis of a matrix of correlation functions

operator basis:     ‘single-meson’         +          ‘meson-meson’

( & tetraquark & … ) maximum momentum  
guided by non-interacting 
energies

now need to evaluate 
diagrams like

Linear ops from KNLs+GPUs

Distillation handles  
quark annihilation lines

`Don’t underestimate the power…’



Trinity 2019

Lattice QCD spectrum

33

Variational analysis of a matrix of correlation functions

operator basis:     ‘single-meson’         +          ‘meson-meson’

( & tetraquark & … ) maximum momentum  
guided by non-interacting 
energies

Can be lots of Wick contractions, and momentum projections

Worst case: rest-frame —>  p=100 -> 6x,  p=110 -> 12x, p=111 -> 8x



Optimize order of operations 

34

t=0t=T = 48

Graph 1

Graph 2

Graph 3

t=1t=2t=3

Device 1Device 2Device 3Device 4

I=1/2  K*π   arXiv:1406.4158 

• Traverse graphs along a t-slice 

- 10,000’s of graphs 

• 3-particles and more… 

• Common sub-expression elimination 

• For fixed t-slice -  100’s vertices



Optimize order of operations 
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t=0t=T = 48

Graph 1

Graph 2

Graph 3

t=1t=2t=3

Device 1Device 2Device 3Device 4

I=1/2  K*π   arXiv:1406.4158 

• Traverse graphs along a t-slice 

- 10,000’s of graphs 

• 3-particles and more… 

• Common sub-expression elimination 

• For fixed t-slice -  100’s vertices

Solutions: 

Equivalent graph identification 

Dijkstra’s method - optimal walk through space of 
evaluation order 



Workflow is choreographed
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t=0t=T = 48

Graph 1

Graph 2

Graph 3

t=1t=2t=3

Device 1Device 2Device 3Device 4

B B

M M

• Topology 

- Vertices can have different ordinalities 

• Order of evaluation is important 

- Baryons ~ O(N4), Mesons ~ O(N3)
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t=0t=T = 48

Graph 1

Graph 2

Graph 3

t=1t=2t=3

Device 1Device 2Device 3Device 4

Yuk

M M

B B

M M

Bad• Topology 

- Vertices can have different ordinalities 

• Order of evaluation is important 

- Baryons ~ O(N4), Mesons ~ O(N3) 

- Avoid creating larger ranked objects
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t=0t=T = 48

Graph 1

Graph 2

Graph 3

t=1t=2t=3

Device 1Device 2Device 3Device 4

B B

M M

B’ B

M

B’ B’’

Good• Topology 

- Vertices can have different ordinalities 

• Order of evaluation is important 

- Baryons ~ O(N4), Mesons ~ O(N3) 

- Avoid creating larger ranked objects 

• Lots of mat-muls 

• Obvious application for accelerators
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An elastic resonance — the ρ in ππ — lattice QCD

39
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An elastic resonance — the ρ in ππ — lattice QCD
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An elastic resonance — the ρ in ππ — lattice QCD
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PRD 9 3  0 5 4 5 0 9  ( 2 0 1 6 )

Bali et al | u,d | mπ~150 MeV
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Coupled-channel resonances

42

Most resonances decay into more than one final state

e.g. two-channel scattering described by a t-matrix
<latexit sha1_base64="JqUqFcSlHCgRsBiFZ7OvZDBs8vY="></latexit>

Finite-volume spectrum as a function of scattering becomes more complicated

coup l ed - channe l  s pec t r um

solutions En(L) of

No longer a one-to-one mapping from energy to scattering … 

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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Coupled-channels
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but how do we perform the inverse mapping ?
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parameterize the energy dependence of the t-matrix

phase-space

scattering matrix

finite-volume function

solutions, En, of 

K-matrix is a convenient approach (manifest unitarity)

where K-matrix is “any” real matrix
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parameterize the energy dependence of the t-matrix

phase-space

scattering matrix

finite-volume function

solutions, En, of 

K-matrix is a convenient approach (manifest unitarity)

where K-matrix is “any” real matrix

Want pole mass and residues/couplings of t-matrix

In recent years, progress towards establishing this approach
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Don’t know the equation that describes 2𝛑 - 4𝛑, but must have the form:

If                      , then factorizes 

See no clear evidence of 4𝛑
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Figure 2: Data on ⇡⇡ ! ⇡⇡ scattering phase shifts: Protopopescu et al. from [31], Grayer et al. from [33] (Solution
B also from [32]), Estabrooks and Martin from [35], Kaminski et al. from[36]. Left panel: The scalar-isoscalar phase
shift �(0)

0 . Note the huge di↵erences due to systematic uncertainties, which exist even within data sets from the same
experimental collaboration [33] (Something similar happens with [31], but we only show the most commonly used and
consistent data set). Please note that there is no Breit-Wigner-like sharp increase of 180o on the phase between threshold
and 800 MeV. Such sharp phase increase is seen around 980 MeV, corresponding to the f0(980) meson, although starting
over a background phase of about 100o degrees. Right panel: For comparison we also show the vector-isovector �1 phase
shift, where the ⇢(770) resonance can be seen to follow the familiar Breit-Wigner shape [38] to a very good degree of
approximation.

Sometimes, as in [33], statistical uncertainties were provided for each set of solutions. However,
since these data sets are incompatible among themselves within statistical uncertainties, the dif-
ferences between sets should be interpreted as an indication of the systematic uncertainty. As an
example, the left panel of Fig.2 displays the data on ⇡⇡! ⇡⇡ scattering phase shifts of the scalar
isoscalar wave. Note the large di↵erences even within data sets coming from the same exper-
iment [33] (Solution B was published first in [32]) due to systematic uncertainties. Something
similar happens with [31], but we only show the most commonly used data set, since it will be
seen later that the others are even more inconsistent with fundamental dispersive constraints.

Another relevant indication of the interest on ⇡⇡ scattering in the early seventies was the
appearance of Ke4 experiments [39, 40]. These correspond to the K ! ⇡⇡e⌫ decay and provide
an indirect measurement of the �00 � �1 phase combination well below 500 MeV, a region that
could not be reached with ⇡N ! ⇡⇡N experiments. At that time these low energy data were not
very determinant in the � discussion, but we will see that recent Ke4 experiments have actually
been decisive to enter the precision era for light scalars.

At this point, and in view of Fig.2 it is important to emphasize that the � is so wide that
right from the very beginning it was clear that the familiar Breit-Wigner description [38], valid
for narrow isolated resonances, is not appropriate to describe the S-wave data. Actually, note in
Fig.2 that there is no isolated Breit-Wigner shape around 500-600 MeV, corresponding to a � or
f0(500) resonance. This means that the � resonance does not appear as a peak in the ⇡⇡ ! ⇡⇡
cross section nor in many other amplitudes which contain in the final state two pions with the
quantum numbers of the f0(500). Of course, a Breit-Wigner-like shape over a background phase
of about 100 degrees is seen around 980 MeV in Fig.2, corresponding to the f0(980), but even

8

Figure 58. Partial wave analysis of the K−π+ → K−π+ amplitudes deduced from the
LASS results of Fig. 57, showing the magnitude and phase for the S , P and D-waves [103].

Figure 59. Mass distribution for π0η from the GAMS experiment [11] on π−p → (π0η)n ,
where both π0 and η are detected in the γγ decay mode. Partial wave analysis reveals that
the J = 0 wave has two possible resonances a0(980) and a0(1430) in this mass region.
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a0(980)

f0(980)

σ(‘500’)

κ(‘700’)

ππ πK KK
_

a0(980)
f0(980)

Γ~500 MeV

σ(‘500’)

κ(‘700’)

Conventional wisdom: an ‘inverted’ mass nonet

Similar? Vastly different imaginary parts…

Γ~50 MeV

πη

What does QCD have to say?
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flavor tagging 
by decays 

PDG f2(1525) 
⤷ KK 89%

_f2(1270) 
⤷ ππ 84%

Used as motivation in  
GlueX detector upgrade proposal
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Several resonances reported near        thresholds

PD G

DD̄
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Isospin 1 charmonium?

PD G

?? Tetraquarks ???
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•  Production mechanisms - e.g., photo-production
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up to O(e�m⇡L)

corrections
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Lüscher 
formalism
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a rX i v : 1 812 . 10504

Provides a method to probe internal structure of resonances (e.g., charge radii, form-factors, even PDF-s)

Not directly accessible experimentally

Establishing formalism

E . g . ,   γ *  ππ  →  ππ

γ*

π

π

π

π
A
�
Ein

⇡⇡, E
out
⇡⇡ , Q2

�

Energy regimes probe diagrams contributing

A. Jackura’s talk (Fri.)
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Status of scattering formalisms

63

Two-body coupled channel(s) 

- finite-volume formalism 

- amplitude formalism (good) except cross-channels (not-good) 

- can provide branching fractions for phenomenologists

✔

✔
😐😊



“the three-body problem”



Thanks to Raul…
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Status of scattering formalisms
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Three-body coupled channel 

- unitarity in 3-body 

- finite-volume formalism for spinless particles 

- coupled 2-body & 3-body 

- determinant condition 

- integral equations 

- 3-body amplitude formalism - not well understood! 

- comparisons and cross-checks of existing forms 

- need 3-body energies. Codes ready and optimized!

✔

😕

✔

✔

✔

😐

a rX i v : 1 905 . 11188

PRD 9 9  0 1 4 5 0 6  ( 2 0 1 8 )

a r X i v : 1 905 . 12007

JH EP  1 7 1 1  0 3 3  ( 2 0 1 7 )  -  t e t r a q u a r k s a r X i v : 1 904 . 04136  -  b 1 a rX i v : 1 905 . 04277  -  3 𝛑NPLQCD
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Hadron Spectroscopy - role of the glue
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• Subtract the ‘quark mass’ contribution
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Hadron Spectroscopy - role of the glue
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• Subtract the ‘quark mass’ contribution
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- Common energy scale of gluonic excitation     ~ 1.3 GeV 

- Strong overlap of gluonic constructions with ground-states 

Relevant for EIC?



Trinity 2019

Electron Ion Collider(s)

68

Efforts in US (Jefferson Lab & Brookhaven Lab), EicC (IMP, Lanzhou), and eLHC

Particular interest is role of glue in QCD

Partonic structure of gluonic states  
complementary to such a program

fi r s t  b a b y - s t e p s  PRD 9 8  0 1 4 5 1 1  ( 2 0 1 8 )
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• Early results suggest rich spectrum of mesons & baryons - including hybrids 
➡ @JLab → new expt. proposals  

➡ GlueX: kaon PID upgrade,   CLAS12: hybrid baryons
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Distillation is powerful
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• Early results suggest rich spectrum of mesons & baryons - including hybrids 
➡ @JLab → new expt. proposals  

➡ GlueX: kaon PID upgrade,   CLAS12: hybrid baryons

But this is a program in its infancy
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Distillation is powerful
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• Early results suggest rich spectrum of mesons & baryons - including hybrids 

➡ GlueX: kaon PID upgrade,   CLAS12: hybrid baryons

• Near term: 

- See projects use range of light/charm-quark masses →  poles & couplings 
➡ Estimates of branching fractions useful for expt. analysis 

- 3-body 

• Opportunities & challenges 

- XYZ-s & Pc 

- Hybrid hadrons 

- Quantitative understanding of resonant structures 

• Long term: 

- Near light-cone formalism 

- Envision merging spectroscopy and structure projects 
➡ Understanding role of gluonic structures

➡ @JLab → new expt. proposals


