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Monge Problem
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Fig. 3.1. Monge’s problem of déblais and remblais

B f(2),9(y) > 0st [p, f(x)de = [p. g(y)dy = 1 - mass distributions;
B C(z,y) : R x R? — R, —transportation cost function;
B Goal: transport map T : R — R?, sit. VA C R,
Ja9w)dy = [ LA) f(x)dz minimizing
C(z,T(x))f(x)dx.

Rd
G. Monge, Mémoire sur la théorie des déblais et des remblais, 1781.
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Fig. 3.1. Monge’s problem of déblais and remblais

B (E, D) - metric space;

m C(z,y) : E x E — R, —transportation cost function;

B 4, v € Py(E) - measures to be transported;

m transportmap T : E — E,st. VB, u(T~Y(B)) = v(B) <= v = Ty

inf /E ', T(2))p(de).

G. Monge, Mémoire sur la théorie des déblais et des remblais, 1781.
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Drawbacks of Monge formulation

B Highly non-linear constraint

/A 9ly)dy = /T oy f

Change of variable leads to nonlinear PDE

9(T(x))det(DT(x)) = f(2).

If T'(x) = Vu(z), we obtain a Monge-Ampere equation

2 [

NB: One of the ways to find the OT is to solve this equation.
B The mass can not be splitted and the solution does not exist in some situations

1

Image courtesy: Mathias Liero.
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Kantorovich’s relaxation \Z‘»; "6‘ J

Instead of Transport map 7" : E — F, consider transport plans m € P(E x E).
7(x, y) — amount of mass transported from x to .

Constraints become linear
) = {xePEx ) [ nwapty=pto). [ wtepas =)},
E E

inf / C(z,y)dr(z,y).
ExE

TEU(p,v)

B Linear objective and linear constraints, but larger dimension.
B Feasible set is compact in weak* topology and solution exists.
B Probabilistic interpretation

in E.[C(X,Y)], st X ~pu, Y ~u.
o [C(X,Y)], s 1 v

L. Kantorovich, On the transfer of masses, 1942.
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Kantorovich’s relaxation
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Image: Gabriel Peyré and Marco Cuturi. Computational Optimal Transport.
B Solves mass splitting problem in Monge formulation
B Monge transport maps are covered with transport plans of the form
mp = (Id, T)gp. ie. mp(A x B) = u({x € A: T(z) € B}).
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Non-uniqueness of transport plan

book shifting for C'(, i) = |1 — y|

N =

Image courtesy: Mathias Liero.
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Monge-Kantorovich (Wasserstein) distance xkzﬂwf‘e‘ J

E = R4, cost function C(z,y) = ||z — y|

P, p € [1,400) leads to
Monge-Kantorovich (Wasserstein) distances

W,(u,v))P = inf / x — y||Pdn(x,y).
W)y = _int [ = ylPan(a.y)

B )V, is a distance on the space of probability measures with finite p-th moments
Pp(RY).

B Topology is equivalent to weak™ convergence and convergence of p-th
moments.

B Has Riemannian structure (Benamou-Brenier formulation, Otto calculus).

B Geodesic curves as shortest connecting curves between two probability
measures.

B For p = 1is known as Earth mover’s distance.
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Monge-Kantorovich (Wasserstein) distance \kztxx;;,é‘ J

W,(u,v))? =  inf / x —y||Pdn(x,y).
Wy =t [ o= ylPdrtay)

B Natural distance between probability measures and a tool for comparing them.
B Gives rise to a topological space with Riemannian structure.
B “Horizontal” distance as opposed to L? distances

JaNs

N\ N/ "\
/ \\ / \_\ ) “."‘ ‘\/ / \ /\y_‘\ \_.
I f(Y) \ f f‘l 7\/ \/ .‘\\.‘ \
\ N\ /g \
IR /_,/ x_\
T Y T)

Image courtesy: Mathias Liero.
B In ML we need to find a probability measure which approximates the data

distribution. We can use this distance as a regularizer.
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Kantorovich duality xkzﬂwf‘e‘ J

win [ Claintay) iy = my = o).
EXE

™

Lagrange multipliers £ : E — R, n : E — R (Kantorovich potentials

)
we/&}iélw){ EXEC(:&y)dW z,y) +sup{/£ (b —my) + n(y)d(V—Wi)}}

E

—sup { [ c@an+ [ ntpar-+int { [t -ew)- n(y))dn(sc,y)}}
wet [ o)

sup { | st y)dv : Cla,y) - £() —n(y) > o}

Economic interpretation: Outsourcing transport to a vendor.

B £(x) vendor price for transportation of a unit mass from x;
m 7)(y) vendor price for transportation of a unit mass to y;

B Vendor prices are reasonable if £(x) + n(y) < C(z,y);
B Vendor maximizes the profit.
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Connection between Monge and Kantorovich problems 'Z’iié j"

Theorem [Brenier, 1991]. Assume:
B Lot E =R C(x,y) = ||z -yl
B One of the measures (say, 1) has a density w.r.t. Lebesgue measure.
Then:
B Optimal transport plan 7 in the Kantorovich formulation is unique and is
supported on the graph (x, T'(x)) of a transport map in the Monge formulation.

B = Id,T)xpuie.

VheC(ExE),/

ExXE

a)dn(e.y) = [ b T(@)dula),

B T is uniquely defined as the gradient of a convex function o, T'(z) = V(x),
where ¢(x) is unique (up to an additive constant) convex function s.t.

(Vo)up =v.
m o) =

(x), & - optimal dual solution.
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Distance between Gaussians hztz“‘;;,éﬂ é

Assume that i = N'(my,, 2,,), v = N(m,, S,) in R% Let
1
A=3" (zézuzé) PYL A NBIE, =%, = A=

T:x—m,+Alx—my) isst. Tup, = po.
1
T(x)=V (2<x —my, Az —my,)) + <mu7$>) .

WE (1, v) = Iy = mu |2 + tr (S + B — 2528, 5/2)12)).

Image: Gabriel Peyré and Marco Cuturi. Computational Optimal Transport.
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Continuous formulation

Wl ))? =i { |

e — ylPdm(e,y) : T = o, 7% = ,“} .

dyRd

Benamou-Brenier “Dynamical” equivalent formulation: Consider connecting curves
b= pug

1
(W2(M03M1))2 = mgn {/0 /Rd ||’Ut(13)||2d,utdt CHt=0 = Mo, Ut=1 = M1,

sppt(p1) d
— di =0;.
= o+t =0}
o
7 sppt(ur)

spPt (ko)

Image courtesy: Mathias Liero.
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Discrete case hzx‘:"‘e‘ J

B2, € RY i =1,...,n—supportof 1i; le—) ./. . ’ a
my; €R?i=1,...,n—supportof v; ‘._.
mou=)" ad(z;), ae€Sy(1); ‘QOXIJ“
W=7 bd(y). b e Su(1); L R G
m C;; =C(x,y5), 4,j=1,...,n—ground cost h‘-" .

matrix;

B X,; =n(z,y;), 4,j=1,..,n—transportation
plan;

Optimal transport problem

min (C, X),
X€eU(a,b)

Ua,b) == {X eRY": X1 =a, XT1=0}.
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Kantorovich duality \kztzx;;,é“ J

min {(C,X) : X e R, X1 =a, X1 =0}.

Lagrange multipliers £, 7 € R™ (Kantorovich potentials)

min {(C’,X) —|—H§137X{(§,CL—X1> + <7lab_XT1>}}

nxn
)(GR+

= max {<£7> (n.b) + min {(C+€1T+IMT7X>}}

Rnxn

= HE%X{@’ ay+ (n,b) : Cij —& —mny >0}

_m?,x{ —|—Zb mln {C” &}}

ey T
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Semi-discrete case \kztzx;;,é“ J

m oy, €R?i=1,.. n-supportof v;
m = Z?:l bj(S(yj), be Sn(].),
m Cj(z),j =1,...,n— cost function;

B 7;(x), j = 1,...,n —transportation plan;

n

mgn Z/Rd x)dm;(x Zﬂ'] drj(z) =b;, j=1,...,n

i=1 R
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Kantorovich duality \kztxx;;,é‘ J

mm Z/Rdcj )dm;(x ZWJ ,/Rddﬂ'j(x) =b;,j=1,..,n

Lagrange multipliers £ : R — R, n € R™ (Kantorovich potentials)

rrgn{jzn;/w ¢;(x)dr; (z)
Lo ) L)
sup{/ &(x du—i-zn]b +mf{2/ —n)dm;(x )}}

sup { L min{C;(x) = nhdu + Z mbg}
R i=1

neRn”

= sup {]EXNM min{C; (X 77]}"‘2% }

neR™
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B Application examples
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Building blocks

P(E) - space of measures on E

C'(z,y) — transportation cost

T Y

F — basis space
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Image retrieval

Goal: given an image, find similar in the database

Basis space — CIELAB color space -

Cost — Euclidean distance 063 | 64-127 | 126-191 | 192-255
(short Euclidean distances correlate strongly with 063 |43 78 | 18 L
o 64-127 | 45 67 33 2
i imi i ue
human color discrimination performance) e = = p
Measures — histograms given by bins 192-255| 140 | 47 a7 13

2)8.16
29077.pg

Rubner, Tomasi, Guibas. The earth mover’s distance as a metric for image retrieval. 2000.

https://en.wikipedia.org/wiki/Color_histogram
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Image classification

Goal: classify images from MNIST dataset “

Basis space — pixel grid
MNIST Data: Average GV Error (SVM)

COSt - Squared EUCIidean diS' as a Function of Data Size
0.09
TV

tance . —

. . . .08_ W Chi
Measures — histograms of pixel in- § i
tensities 5 0? M Ewo

g 0.0 Il Sinkhorn

Test
o
=3
o

Run standard SVM based on dis-

tance between images
0.03

30005000 8000 12000 17000 25000
Dataset Size. 1/4 Train, 3/4 Test. 6 repeats

Cuturi. Sinkhorn distances: Lightspeed computation of optimal transport. NIPS 2013.
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Image color transfer

Goal: transfer color from one image to another

Source

Reference
5 T T

Blondel, Seguy, Rolet. Smooth and Sparse Optimal Transport. AISTATS 2018.
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Image color transfer

Basis space — RGB color space [
Cost — Squared Euclidean dis- [

tance
Measures — histograms given by

clustering
Hﬁﬁjg‘ E"EHrp ut:
ia I—hl:f"I: w® g
2 032, o B
JED:D l:BUI:‘IECI D:‘:I EU:‘E g
E a0 nEtE ”:u !
£58% = |F

Blondel, Seguy, Rolet. Smooth and Sparse Optimal Transport. AISTATS 2018.
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Barycenter

1 & 1 Zm 2
F=— E T; = argmin — ||33—$i||2-
m 4 x MM “
i=1 i=1
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Template image reconstruction

Goal: reconstruct template from its random transformations

o |7
> & S
o | © 9

Basis space — pixel grid

Cost — Squared Euclidean
distance

Measures — histograms given

by intensity of pixels

(b)

Euclidean distance OT distance

Cuturi, Doucet. Fast Computation of Wasserstein Barycenters. ICML 2014.
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Shape interpolation

= axgmin (1= )3 (o, ) + W3 (1, ) )

Solomon, de Goes, Peyré, Cuturi, Butscher, Nguyen, Du, Guibas Convolutional wasserstein

distances: efficient optimal transportation on geometric domains. ACM Trans. Graph. 2015.
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El Numerical methods for OT distance
m Sinkhorn’s algorithm
m Accelerated gradient method
m Homework
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E Numerical methods for OT distance
m Sinkhorn’s algorithm
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Possible approaches

Find X €U(a,b) st (C,X)< min (C,X)+e,
X eU(a,b)

U(a,b) == {X eRP™: X1 =a, XT1=0}.

B Linear programming problem with complexity ()(713 In n) arithmetic operations
[Pele & Werman, 2009].

B Widespread approach [Cuturi, 2013]. Solve by Sinkhorn’s algorithm an
entropy-regularized optimal transport problem

i C. X)+~X. InX).
Xg/lfl(l(;,b)< X) + (X, InX)

B Complexity by accelerated gradient descent and by Sinkhorn’s algorithm [D.,
Gasnikov, Kroshnin, 2018], resp.

~ (n?d ~ (n?
()( - ) ()(52)
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Entropy-regularized OT

Primal problem
Xgljiab)(C’,X) + (X, In X) = XEIEI(I; b)fy( (X, lne_%> +(X,In X))
- Xerilll(% b) 7KL (X ei%) '
Ula,b) ={X e RT*": X1=aq, XT1 =10}
Dual problem
mas Z_ exp (=20 - 6= ) + 6+ )

Cf. with dual non-regularized problem
max{({, > <77v b>|cz_] —&i— 15 > O}

&n
NB: Regularization introduces error v(X,In X) € [~ In(n?), 0] = we need to

take vy = ©(¢/Inn).
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Sinkhorn’s algorithm: primal view Zé j

Primal problem  min {KL (X,e_%> X1=0a, XT1= b}.
XeRp™

C
Alternating minimization/projection X0 =e"~

X*+) — are min KL <X,X(’°)>, X*+2) —are min KL <X,X(’°+1)>
X:X1=a X:XT1=b

x(0)
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Sinkhorn’s algorithm: dual view

Dual problem
L 1
ma])( — Z exp (—W(Ci_j & - 77j)> + (& a) + (n,0)
T =
AN\T _c¢
:nglax—'y(ew> e 7 er +{&a)+ (n,b)
R

Optimality conditions (gradient equal to 0)

. £ _C n
diaglev ) e v er =a

n _e\T ¢
diag (eW> (e v) e’ =b

Alternating minimization in £, 7

a

é—(kﬁ+1) — ’Yh’l n(k‘_t,_l) — '71n

_c ,,(1\‘) c T g(k+1) :
e ve (e77> e 7
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Sinkhorn’s algorithm: equivalent formulations /é j

\T _c¢ 1
ng.ax—’y(e“/) e 7 e +(a)+(nb)
o

T _
= —v | min (ev) (&
&m

=—7 (min (eu)T e_%

=21Q
=
A

u,v

»U

= (Tinw(uw) i= 1" B(u,v)1 = (u,a) — <“ab>> ,

where K := ¢~ %/7 and B(u,v) := diag(e*)K diag(e’)

oam o (1)) ()
uFHD = 1n (a/ (K e”m)> oD = In (b/ (KT e“(kﬂ))) .

ﬂ[(k:+1> = a/Kﬁ(k) ,E,(k:+1) _ b/KT a(ki-i-l) .
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Sinkhorn’s algorithm (cont.) /é j

Primal problem  min (C, X) 4+ (X, In X),
XeU(a,b)

(a,

. . T _ _
Dual problem uglel%n{w(u,v) :=1" B(u,v)1 — (u, a) (U,b)},

where K := e~¢/7 and B(u,v) := diag(e*)K diag(e’)

Sinkhorn’s algorithm

1: repeat

2:  if k mod 2 = 0 then

3 g1 = ug + In(a/(Bug, vg)1)), Vg1 = vk

4: else

5: Vky1 = vp +In(b/(B(ug, vi) 1)), upy1 = up
6: endif

7 k=k+1

g: until || B(ug, vk)1 — all1 + || B(uk, ve)T1 = by <&
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Sinkhorn’s algorithm convergence rate

Bounds for the iterates and optimal solution [D., Gasnikov, Kroshnin, 2018]

Denote R := —In (vmin; ;{a’,b'}), v := min; ;K% = e~ 1Cll=/7 Then

maxiu}; — miniufc < R and the same bounds hold for v, u*, v*.

Objective residual and constraints feasibility [D., Gasnikov, Kroshnin, 2018]

Denote ) (u, v) := 1h(u, v) — 1 (u*, v*). Then

1/J(uk,vk) <R (HB(uk,’Uk)l — a||1 aF ||B(uk,vk)T1 — b||1)

Sinkhorn’s convergence rate [D., Gasnikov, Kroshnin, 2018]

Sinkhorn’s algorithm requires no more than

4R
k§2+?

iterations to find B(ug, vg) s.t. || B(ug, vi)1 — all1 + || B(ug, vg)T1 — blj; < €.
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Proof sketch

Y (uk, Vi) — Y (Upt1, V1)
= <1, Bk1> — <1 Bk+11> + <uk+1 — U, a) + <1)k+1 — Uk, b>
= (a,up+1 — uk) = (a,Ina — In(Bx1)) = KL(a||B1)

G(up, i) — Y(ups1, vps1) = KL (a By1)
1 D(ug,vi)? (€)?
- _ > A R
2 ”Bkl T||1 max { 2R2 ’ 2
~ ~ ~ 2
luntr, vp1) _ Yluw,ve) [ Ylug,op) ) 1
2R2 -  2R? 2R? k40
- < _2R?
where ¢/ = (uhvl) .Thus k <1+ w(uk’vk) = Tlaron)
. - 5/ 2m
'l/}(uker;le»m) S w(ukavk) - ( )2 ) k, > 0
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Approximate OT by Sinkhorn \‘Zﬂ“‘}"‘e‘ j

Require: Accuracy ¢.

1:

2:

Sety = e =

e e
4lnn’ 8[IClloo

Define (7,¢) = (1~ %) ((a,) + zzy(1,1)).

NB: min; ; {7, &} > €' /(8n).

. Calculate B(u;€7 vk) by Sinkhorn’s algorithm with marginals 7, ¢ and accuracy

e’ /2.

. Find X as the projection of B(uy, vx) onU(a, b) by Algorithm 2 in [Altschuler

et.al.,2017].

Complexity of OT by Sinkhorn [D., Gasnikov, Kroshnin, 2018]

Algorithm outputs X € U(a,b) st (C, )?) < minxey(a,p)(C; X) +€in

2 %
n?||C||Z, Inn
() (”!;O> arithmetic operations.
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Projection on the transport polytope [Altschuler et.al.,2017]

Require: Matrix Y to be projected, U (a, b).

1:

2
3
4:
5
6

Set X = diag(z), where z; = min{a,;/[Y1];,1}.

- SetY’ = XY.
. Set X = diag(y), where y; = min{b; /[(Y")T1];,1}.

SetY”" =Y'X.

. Seterr, =a— Y"1, err, =b— (Y")T'1.
: Output)? =Y" +errserr] /| err,||1.
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Content

E Numerical methods for OT distance

m Accelerated gradient method
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Drawbacks of entropy regularization

B Blurring in the transportation plan.

B Dense transportation plan.

||||||IIII|I||n|||mJ. ||| IIII|I|||1||||..U.

|||| ([T

s s o s —

= ate. B
L B . Lt - ||
P . ae g™ e E
ks .- . b W ||
A T aghs e E
[ w ®=g © " cw g @ |
o g At e g - a £
B ’ I ¥
el H P F

Smoothed semi-dual (sq. 2-norm) Relaxed primal (Eucl.)
Sparsity: 87%

Smoothed semi-dual (ent.)

Sparsity: 0% Sparsity: 90%

Unregularized
Sparsity: 94%

Lower image: Blondel et al., 2017
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Our goals

m Better than O(n3 Inn) (LP solver) and O(n? Inn/e?) (Sinkhorn’s algorithm)

complexity bound.

B Flexibility w.r.t. the choice of the regularizer, e.g. squared Euclidean norm

instead of the entropy.
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Regularized optimal transport as a particular case \kztz“‘;‘;,é“ é

Jin {f(z): Az =c},

where
B F —finite-dimensional real vector space;
B () - simple closed convex set;
mA:FE—~HbeH,

B f(x)is y-strongly convex on Q w.rt | - || g. i.e. forall z,y € Q,
Y

fy) 2 f(2) +(Vf(2),y —2) + Sz~ yll%-
To obtain entropy-regularized optimal transport problem, set
mE=R"H=R"| |g=].Q=Swe);

B f(z) = (C, X) + (X, In X);
B{z:Az=c}={X:X1=aqa, XT1=0b}.
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Flexibility X“‘;”J

i X X
xé?f(%,b)@’ ) FYR(X),

U(a,b) == {X eRT": X1 =a, X1 =0}.

B Entropy regularization: f(X) = (C, X) + v(X, In X)) is strongly convex w.r.t.
I [l2 on Sy (1).

m Squared Euclidean norm: f(X) = (C, X) + ~|| X |3 is strongly convex w.r.t.
the squared Euclidean norm.
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Dual problem

wig (£(0): Ao = e} =mig { 10)+ (0, o — o)}

= e {000+ min ) + 0 400

AEH*

Dual problem

min {gp()\) =(\¢)+ rlneaéc{—f(i) —(\ Aa“>}} .

AEH*

V() == Aa(N), 2()) = argmax {~f(z) — (A, Av)}

NB: V() is Lipschitz-continuous

o) < 9l0)+ (Vo0 A - )+ LBy g
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Particular example xkzus;;,é“ J

in (C,X X,In X
Xé?f(ll,b)< ) + (X, In X)

Ula,b) = {X e R X1=a, XT1 =10}
={X€8,:2(1): X1 =0, XT1 =0}

Dual problem
= 1
max —vyln exp| ——(Cij —& —mn;) ) +{& a) + (n,b
nax = jzﬂ p( (G —¢ u)) (€, a) + (n,b)

Cf. with dual non-regularized problem
H{l&;}X{(f,d> + <7]v b>|ClJ - 51 — 1y > 0}

Hg&};c{@, ay +(n,b) + ngijn{Cij — &=tk
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Main assumptions

min {f(z): Az = ¢},

T€QCE

B Function f is y-strongly convex.

B The problem

max (—f(x) = (A"A, )

is simple: has a closed form solution or can be solved very fast up to the

machine precision.

H The dual problem has a solution A* and there exist some R > 0 such that
[IN)l2 < R < 4o0.

NB: R is used only in the convergence analysis, but not in the algorithm itself.
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Idea of adaptivity to Lipschitz constant

PN) < $0) +(V(C) A = ) + oA =

6

0
/ 08 10 12 14
x

|— f(x) = parabola, L-correct = parabola, L-incorrect|
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Algorithm

Require: Accuracy €7,¢c¢q > 0, initial estimate Lo s.t. 0 < Lo < 2L.
1: Set’ioik:O,M_l:Lg,ﬁ():a():o,no:cO:)\():O.
2: repeat {Main iterate}

3:
4:

9:
10:

repeat {Line search}
Set My, = 21 My, find s 1 St Brat1 i= B + Qpe1 = Mkaiﬂ. Set
Tk = ey1/Brr1.
Akt = TwCr + (1 = %) 0k
[Update momentum] (x+1 = Ck — ak+1 VO (Apt1)-
[Gradient step] k11 = TwCrr1 + (1 — 7o)k ~
M1 = Net1 = 3 VEAkt1)-
until

M,
©t1) < eNkt1) + (VoNt1)s Mt — Agyr) + THTNH—l = Xetll3-

[Primal update] 541 = TR (Agr1) + (1 — 71) k-
Setirt1 =0,k=k+1.

1o until f(Zr41) + e(Mes1) < €5, || A k1 — bll2 < €eq-
Ensure: i1, Nkt1.
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Convergence theorem [D., Gasnikov, Kroshnin, 2018]

Assume that the objective in the primal problem is ~y-strongly convex and that the dual
solution \* satisfies || \*||2 < R. Then, for k > 1, the points 2, 7y in our Algorithm
satisfy

f(@r) = f* < f(@r) + o) < Y2 2

2
||Ajkb||2§16”A”E—>HRO<1>’

AR (L),

’7]62 k2
R 8 ||A||E_>HR 1
—r* < =m0 =
I ="l < 7= =),

where x* and f* are respectively an optimal solution and the optimal value in the
primal problem.
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Complexity for optimal transport problem \Z‘»; 4 %

€
5Inn

1. Given a target accuracy € > 0, choose v = and apply our Algorithm to

entropy-regularized OT problem

in (C,X)+v(X,InX
Xé{l}@c>< ) + (X, In X)

with stopping criterion

F(Xi) +elm) < 15

Output: X ;. NB: Can happen that X}, ¢ U(r,c).
2. Round X}, to X € U(r, c) by Algorithm 2 in [Altschuler et.al.,2017].

~ ~ g
Xpl— XF1 - < ———.
H k THl + H k C||1 = 10||O||oo

Complexity theorem [D., Gasnikov, Kroshnin, 2018]

Total number of a.0. to obtain X s.t. (C, X’) < minyey(re)(C, X) +€is

O (min{n9/4v [CllcRInn n? 1nn||C||OOR}>

€ g2
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Comparison with existing results

B Sinkhorn’s algorithm, [Altschuler, Weed, Rigollet, 2017]
(nzncnio 1nn>
o——2=—).
€
B Sinkhorn’s algorithm, [D., Gasnikov, Kroshnin, 2018]
2 2
n?||C||%, Inn
o (Gl
€

B It can be shown [Guminov, 2019] that R < ||C|| /7. Then for Accelerated
Gradient Descent, [D., Gasnikov, Kroshnin, 2018]

o <n2'5||C|OO\/lnn>

3
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Adaptive vs non-adaptive algorithm

600 Accuracy 0.05, N = 100

o
=
3

Time (sec)
@ a
g 3
3 8

[N
=
3

100

gamma

Images: S. Omelchenko
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Comparison with Sinkhorn’s algorithm

Working time
2.9 -
===Sinkhorn = APDAGD

T s Linear (Sinkhorn) - Linear (APDAGD) y = 1.0816x + 0.97

™~
n

Ind
w

M
-

™y = 0.9133x + 0.8685

log{wWall-clack time (s))
b

17

15
0.9 1 11 1.2 13 1.4 1.5 1.6

log(1/€)

MNIST dataset, average in 10 randomly chosen images.
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Comparison with Sinkhorn’s algorithm 2

Working time

4.8
===Sinkhorn ===APDAGD

log(Wall-clock time,s)
= I I w w o
=] w [=:] w [=:] w

=
w

08 log(n)

2.5 3 3.5 4 4.5

MNIST dataset, average in 5 randomly chosen and scaled images,
n e [282 = 784,224 = 50176], e = 0.1.
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Content

E Numerical methods for OT distance

® Homework
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Data .zf\g,}
Histograms
B Discrete-discrete case. Generate two random vectors a, b € S,,(1).
B Quasi Semi-discrete case. Generate a € S, (1) and an empirical counterpart of
1D Gaussian distribution.
B Quasi Continuous case. Generate two empirical counterpart of 1D Gaussian

distribution.
Case 1. Equal variances, different expectation. Case 2. Different variances,

different expectation.

B MNIST dataset.
Case 1. Image of 1 and 3. Case 2. Image of 1 and 7.

Cost
B Cyj = ||z; — xj||]2 (Wasserstein - 1)

B C;j = ||z — ;|3 (Wasserstein - 2)
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Solvers %

B Standard LP solver https://www.cvxpy.org/. Interior point methods
O(n?) complexity. Allows also to construct dual variables.

B Apply directly to the linear program.
B Apply to the entropy-regularized problem.
B Apply to the squared-Euclidean norm regularized problem.

B Sinkhorn's method K = exp(—C/~).

akt+1) — a/K,lj,(k) s+ b/KT (k1)

g+ exp(—C/’y)’Z'(k“) — approximation for the transport plan

Exercise: How to find the approximation for the distance?
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https://www.cvxpy.org/

Output

B Transport plan.
B Dual variables.

B Distance.
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Bl OT barycenters
m [terative Bregman Projections
m Accelerated gradient method
m Stochastic accelerated gradient method
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Barycenter
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One extra level

)

(P(FE)) - space of measures on P(E)

P(E) - space of measures on E/

C(z,y) — transportation cost

Y

FE —basis space
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Wasserstein barycenter

1 m
UV =arg min — WP (v
gyepz(ﬂ)m; p(ILL'l) )a
where W, (i, v) is the Wasserstein distance between measures  and v on §2.
WB is efficient in machine learning problems with geometric data, e.g. template

image reconstruction from random sample:

e [T (D] 7] 4
° " e oY= :
IR

e 9 oo &
© @Q@—»

Y 3

&

EREAE

Images from [Cuturi & Doucet, 2014]
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Template estimation from admissible deformations \kztxx;;,é“ g

Assume
B T - bounded random admissible transformation with finite moment ET’
m 7;,¢=1,...,m—-random sample of realizations of T’
By = (Ti)#u —random sample of measures, where 1 is compactly supported.
B D= argming,ep, o) il W3 (i, v)
Then -
B IfET = Id, then W3(?, ) — O a.s.as m — oo.
B If||7 — Id| 2 < M as., then
£2
PWa (2, 1) > €) < 2exp (_mM) .

Boissard, Le Gouic, Loubes. Distribution’s template estimate with Wasserstein metrics. 2015
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Wasserstein barycenters

p-Kantorovich-Wasserstein distance W, (a, b)
Wy(a,b))/?= min (C,X),
Wy (a,b)) Xéll}{l(l(},b< , X,
Ula,b) = {X e R : X1=a, X1 =10}

Given a set of m measures b; € S, (1), 4 = 1, ..., m, their Wasserstein barycenter is

m m

1 1
a=arg min — W,(a,b;)) =arg min — min (C, X;
8 1c5n 1 m ;( p(a b)) gaESn(l) m xieu(a,b@-)< )
) 1 m
= arg min — (C, X5).
a€Sn(1) M
XieRix—n, 1=

X;1=a, X 1=b;

Large-scale linear program of dimension mn? + n.

For simplicity, we omit p below.
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Motivation \kztxx;;,é“ J

Main question: How much work is it needed to find their barycenter & € Sy, (1) with

accuracy €?

m m

1 1
— > W(a,b)— min —> W(a,b)<e
a€Sn (1) M =1

Challenges:
B Fine discrete approximation for v and p = large n,
B Large amount of data = large m,
B Data produced and stored distributedly (e.g. produced by a network of sensors),

B Possibly continuous measures ;.
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Entropic regularization [Cuturi & Doucet, 2014]

~y-regularized Monge-Kantorovich (Wasserstein) distance (Sinkhorn’s distance)
Wy (a,b)

W, (a,b) = i C, X X,In X),
+(a,b) Xé?f(ﬂ,b)< )+ (X, In X)
U(a,b) = {X e R : X1 =a, X1 =0}
Given a set of m measures b; € Sy, (1), 7 = 1, ..., m, their regularized Wasserstein

barycenter is

1 m
a, =arg min — E W, (a, b;
T Paesa () m v(@ i)

Cuturi, Doucet. Fast Computation of Wasserstein Barycenters. ICML 2014.
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Smoothing by regularization

= ﬁ(z, D) " =
0.06 —M(=2,1/4)  10.0g -
—W - A0, 5/8
~ -~
0.04 0.04 i
f
0.02 0.02] g
) \\.__ - 'rr
4 2 0 2 4 4 2 0 4
=T —1
0.06 :gﬁv 0.06 :giv
X —Pwjlo. —5
0.04 | 0.04
f
0.02 0.02
4 2 0 2 4 & -2 0 4

Cuturi, Peyré. A smoothed dual approach for variational Wasserstein problems, 2015

Optimal Transport - 26-27.11.2019 - Page 70 (103)



Background \Z“ i "6‘ J

G~ = W, (a,b;) > 0.
oy = g a;f;“a)mZ (@b, 72

Algorithms for barycenter
B Sinkhorn + Gradient Descent [Cuturi, Doucet, ICML14]
B lterative Bregman Projections [Benamou et al., SIAM J Sci Comp’15]

B (Accelerated) Gradient Descent [Cuturi, Peyre, SIAM J Im Sci’16; Dvurechensky
et al, NeurlPS’18; Uribe et al., CDC’18].

B Stochastic Gradient Descent [Staib et al., NeurlPS’17; Claici, Chen, Solomon,
ICML18]

Question of complexity was open.
How to choose y?

Optimal Transport - 26-27.11.2019 - Page 71 (103) W



Sinkhorn + Gradient Descent [Cuturi, Doucet, ICML14]

By the duality
- 1
Waa,t) =max =y 3 exp (=2(Chy = &= ) )+ (60) + (1)
&m P Y
i,j=1
By the Demyanov-Danskin theorem

VoW, (a,b) = £*.

Idea

1. Given current approximation afy ), find (& )(k)

2. Make a gradient descent step
o m o m
k k (K
aff D =l =25V, Y W (0l b) = ol = TEVL Y ()™
i=1 ;

Cuturi, Doucet. Fast Computation of Wasserstein Barycenters. ICML 2014.
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Content

Bl OT barycenters
m lterative Bregman Projections
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Iterative Bregman Projections [Benamou et al., 2015] 'Z“{“’g

m

min ZW (a,b;) = min 1 min  {(C, X;) +v(X;,In X;)} .

a€S,(1)m 4 a€Sn,(1)m 4 1X¢EL{((L,bi)
=3

X;eU(aby),i=1,....m+= X; e R X1 =0, X;1=X,11,i=1,..

1 m
n - X, X, X)) = mi KL( )
oo m;ﬂ i C) +7(Xi,In X)} x?é?%czmz :
XT1=b;, X;1=X,;111,
i=1,....m
where

C={X=[X1,....Xpn] : Vi X[ 1 =1},
Cy = {X = [Xl,...,Xm] :da € S”(l) Vi X;1= (1,}.

Benamou, Carlier, Cuturi, Peyré. lterative Bregman Projections for Regularized Transportation Problems, 2015
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Iterative Bregman Projections [Benamou et al., 2015]

m

. 1 _c
min  — KL (Xi,e v),
XeCinCa m 4 ]

1=

where

G ={X=[X1,....Xn] :ViX"1 =10},
Co={X=[X1,...,Xm]:Jac S, (1) Vi X;1=a}.

Alternating minimization X° = [e™ 7, ..., e*%]
x (k1) — argminZKL (Xi,X;k)) , X2 — arg minZKL (Xi,Xl»(k+1>>.
Xel, i—1 XeCy i—1

Benamou, Carlier, Cuturi, Peyré. lterative Bregman Projections for Regularized Transportation Problems, 2015
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Iterative Bregman Projections: Dual view

. 1 ¢
min —Z{(Xi,C) +9(X;,In X;)}

X R mi=

XT1=b;, X;1=X,;11,i=1,...,m
Dual problem:
1 m
1 I{ll’ivn flu,v) = - Z{(l,Bl(ul,w)l) — (ui,by) },

21y u=0 =1

U= (U, ..y Up), V=[01,...,0n], u,v €R",
By (i, vy) = diag (e") exp (=C/v) diag (e”), K = exp (—C/).

IBP is equivalent to alternating minimization for the dual problem.

.
By i=Inb —InKe', vt =y
t+1 . 1 xm T jul T uf o t+1 . .t
K .—mzkzlanek—anel,u =u
P 1 m .,
B 0= s B D Yoy Bi(u,v)1

Kroshnin, Tupitsa, Dvinskikh, D., Gasnikov, Uribe. On the complexity of approximating Wasserstein barycenters, ICML

2019.
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IBP complexity @

B To find an € approximation of the y-regularized WB, Iterative Bregman
Projections (IBP) needs % iterations. (cf. % for the Sinkhorn’s algorithm)
B Setting v = © (¢/Inn) allows to find an e-approximation for the

non-regularized WB with arithmetic operations complexity "167;2 . (cf. Z—j for the

Sinkhorn’s algorithm).

B [BP can be implemented distributedly in a centralized architecture
(master/slaves).

Kroshnin, Tupitsa, Dvinskikh, D., Gasnikov, Uribe. On the complexity of approximating Wasserstein barycenters, ICML

2019.
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Content

Bl OT barycenters

m Accelerated gradient method
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Dual reformulation

m

1
min ZW a, b;) min — ZWW(ai, b;)
a€8,(1) ™M al,.ifamés’”(l) m &

Define symmetric p.s.d. matrix L s.t. Ker(L) = span(1).
Example: graph Laplace matrix

O—C 2 0
-1 -1 -1
® |
0 -1 1 0
o -1 -1 0 2
Leta = [a1,....am), L =L® I, Thena; = ... = a,, <= La = 0.

Equivalent form of the WB problem

maXy, . a,, e, (1) —% ;WW(ai, b;) st La=0.

Uribe, Dvinskikh, D., Gasnikov, Nedi¢. Distributed Computation of Wasserstein Barycenters over Networks, CDC 2018; D.,

Dvinskikh, Gasnikov, Uribe, Nedi¢ Decentralize and Randomize: Faster Algorithm for Wasserstein Barycenters, NeurlPS
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Dual reformulation \kztzx;;,é“ J

,Iglw?lgsn(l {_ ZW a“ + )\Igﬁé}}n ¢ <)\1,, [La]z>}

i=1 i=1

= min max i<<ai,[L)\]i>—;W'y(ai7bi)>

AER™™ qq,...,am €Sy (1) =1
Dual problem
m
min D(A) E (m[LA];),
AGRNL‘M nl

where W , is the Fenchel-Legandre conjugate for W, (-, b)

W3 p(8) i= aglga:é){(a ,8) — Wy (a,b)}.

a(s) = arg aerr;a;(a){(a ,8) =W,y (a,b)}.
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Gradient descent for the dual problem \;Zm;;f J

min ®(A) := iZW; (m [LX
m “—

AeRmn

By the chain rule
m

L], VW, ([LA}j)
j=1

Gradient descent step

AEHD — A®) _ v (AR

)\ (k+1) )\(k? _ az VW:;,bj <|:L)\(k):| )
J
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Distributed gradient descent illustration

)\EkJrl) _ )\Ek) _ azm: [L],; VWZ,, ([L,\(k)L) )

Jj=1

W, ([LA]) 2 -1 0 -1
-1 3 -1 -1
0 -1 1 0
-1 -1 0 2

VW, (LA

VW . ([LA]
PO W (LA

Boyd, Parikh, Chu, Peleato, and Eckstein. Distributed optimization and statistical learning via the alternating direction
method of multipliers. 2011.

Jakoveti¢, Moura, Xavier. Linear convergence rate of a class of distributed augmented Lagrangian algorithms. 2015.
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Convergence theorem hzx‘:"‘e‘ 3

We run (accelerated) gradient descent for the dual

AFFD = 2\ —az 5 VYW, ([L)Jk)] )
J

and average the obtained primal information,
a(s) = argmax,eg, (1){(a, s) — W, (a,b)}.

k
al? = Z (1LAD])
=0

Convergence rate [Kroshnin, Dvinskikh, D., Gasnikov, Tupitsa, Uribe, 2019]

N 1 ” n . n
oW )= Y Wit 0 =0 (1), 1241 =0 (%)
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AGM complexity 'Zf‘ﬂ’g

B To find an € approximation of the y-regularized WB, accelerated gradient
method (AGM) needs , /% iterations. (cf. with , /% iterations for OT distance.)

B Setting v = © (¢/Inn) allows to find an e-approximation for the
2.5

non-regularized WB with arithmetic operations complexity ’”Z . (cf. with #

a.o. for OT distance.)

B AGM can be implemented distributedly in a decentralized architecture.

Kroshnin, Dvinskikh, D., Gasnikov, Tupitsa, Uribe. On the Complexity of Approximating Wasserstein Barycenter, ICML 2019
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Complexity of barycenter problem

B lterative Bregman Projections algorithms with v = 41n ~ requires
2
mn
O <2> a.o.
€
to obtain a s.t.
1 & 1 &
=3 " Wlab) — — > W(a",b) <e
mi4 mi3
B Accelerated gradient descent with v = 41f1 - requires

2.5
mn
0 () a0
g

I . 1 & . .
E2W@M—E§WWM§QM%§3

to obtain a;, 2 = 1,...,m s.t.

Kroshnin, Dvinskikh, D., Gasnikov, Tupitsa, Uribe. On the Complexity of Approximating Wasserstein Barycenter, ICML 2019

W

Optimal Transport - 26-27.11.2019 - Page 85 (103) A



Content

Bl OT barycenters

m Stochastic accelerated gradient method
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Semi-discrete regularized Wasserstein distance xkzﬂwf‘e‘ %

Given: A) Probability measure p with density ¢(y) on V.

B) Discrete probability measure v = >, p;8(z;) with finite support given by points
21y 2n € Z.

Regularized Wasserstein distance in semi-discrete setting:

W, (p,v) = Trelﬁ}(iﬁm {Z /y ci(y)mi(y)dy + ’YKL(W|5)} ,

ci(y) = c(zi,y) = cost function, K L(7|§) = 371, [}, mi(y) log (M(y)) dy, § -
uniform distribution on ) x Z, the set of admissible coupling measures 7 is defined
as follows

u(ﬂ'a _{ Z”TZ _Q( yey/ﬂ—z dy pwVZ_]- }
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Discrete approximation for barycenter

m
a~, = arg min W .. (a
¥ gaesl(n), s (@)
=1
where we fixed the support 21, ..., 2, € Z of the barycenter v and characterize it

by the vector a € S,,(1),i.e., v =Y . [al;0(z;) and W, ,.(p) := W, (1, v).
Equivalent form

min Z Wy i (ai).

at,...,am€S1(n) i=1
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Primal-Dual pair of problems

Primal-Dual pair of problems

m m
- W2 ([LA];
at,.. ,amIéngl)%n La=0 ZW Vb al Agﬁéﬂn P Vshbi ([ ]1)7
where a = [a,{’ o m] Rmn A= [)‘1 )t ,)\gL]T e R™™,

Given a measure . with density g(y) on a metric space ), the Fenchel-Legendre
dual function for W, ,,(p) is

Wi, (A) = / < zf: <l_—cl(y))> q(y)dy
:Eyw,/ylog< Ze p< l-cz(Y))>’

and its gradient is 1/ Lipschitz-continuous w.r.t. 2-norm.

D., Dvinskikh, Gasnikov, Uribe, Nedi¢ Decentralize and Randomize: Faster Algorithm for Wasserstein Barycenters, 2018

W
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More on the dual problem properties ‘.Za‘ '6‘ é

Lemma [D., Dvinskikh, Gasnikov, Uribe, Nedi¢, 2018]

VW3 (A) is Amax (L) /~-Lipschitz-continuous w.r.t. 2-norm.
If its stochastic approximation is defined as

VW2 (A ZL”vw; o (Ag)s =1, ..,m, with
VW:M (A\;) Zp] A\, j=1,.;m

(Bl a(¥?)/v)
S ep((Ple — ce(¥)) /)

M - batch size, \j := [LA];, Y{, ..., Y/ is a sample from the measure /u;.
ThenE, MVW;(A) = VW3 () and

[pi (X)) =

,i=1..m,1l=1,..n,

~pgog=1 e mr=1,.,

Eyip ittt VVI) = VWIN)IB < Ama(L)/M, A € R™.

W
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General setup \;Zsu;;é“ J

Primal Problem
min {f(z): Az =c}.

z€QCE

Dual problem

min {ap()\) = (\ )+ Ixném(?({ff(r) — (A, AT>}} .

AEH*

VoA =c—Az(N), z(A):=arg r;leaé({—f(x) — (N Ax)}.
NB: V() is Lipschitz-continuous
PN < @(Q) + (Vo0 A = ) + SIA = ¢

EcVR(A,§) = Ve(X), Eel|[VE(X &) — Ve(W)|3 < 0.
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Gradient method

P < () + (Ve(0). A = ) + S IA = Il

M = argmin o(G) + (V(G): A= Gi) + 5 1A = Gl
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Stochastic gradient method hztz“‘;;,éﬂ é

Batch of size r
(A, {€}7) Z VO, &)

Efey-V'O(\{E)7) = Vo), Eggr VRN {€)7) = Ve(WV)]3 <

#(A) < 9(Q) + (V). A = O+ 51N = ¢l
= @(Q) + (V' R(CAEY A =) + (Vo) = VI R(E ALY A =€) + G A = Clle
< @(Q) + (V' R(CAEY) A= O) + [ V(C) = V' R(¢ ALY [ml]A = s
+ ZIA = ¢l
< Q)+ (VTR AEY) A = O + o 96(0) — V(¢ €I
+ ZIA = Gl + S 1A = ¢l

<e(Q) + (VTR ), A - O + 2§H/\ — (. + illvw@) = V"¢ A
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Stochastic gradient method

M1 = argmin o(G) + (V7 8(Cu, {67, A = ) + 5 1A = Gl

2K o?
Ep(1) < @(Gr) + (Vo) s = G + - llws1 — Ckll%[,,ﬂr;-
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Algorithm

Require: Each agent i € V is assigned its measure f;.
1: All agents set [7o); = [Coli = [Mo]i =0 € R?, Cy = g = 0and N
2: For each agenti € V:
3: for k=0,...,N—1 do
4:  Find a1 as the largest root of the equation
Cry1:=Cr + a1 = 2Lo¢i+1,
Tit1 = Woy1/Crp1-
5. Set M1 = max {1, [yChi1/(ag412)]}
6 [Arg1li = Trr1 [Crli + (1 — 7o 1) [k]i
7. Generate M}, 1 samples {Yj}f”z*l“ from the measure 11; and set
?W;%([XHJ,;).
8 Share VWZ  ([Ary1]i) with {7 | (i,7) € E'}
o [Curili = [Celi — ansr 7L, Liy VWS, (Araly)
100 [Tl = T [Ceali + (1= Thst) [T i
11: - Set [ayr1)i = Thprai([Ara]i) + (1 — i) [Bk]i
12: end for
Ensure: ay.
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Convergence theorem \Zx‘ 4 %

Theorem [D., Dvinskikh, Gasnikov, Uribe, Nedi¢, 2018]

Algorithm after N = /16,4 (L) R2/(£7) iterations returns an approximation &y
for the barycenter which satisfies

ZWW% wan i) <e, ||LEan[2 <e/R.

Moreover, the total complexity in arithmetic operations is
O | n-max )\max(L)RQ Amax (L) 2
g2 ’ £y ’

If all ;’s are discrete, one can apply a deterministic algorithm with complexity

o )

ey

fn > % our new approach is better.
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Convergence
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Figure: Dual function value and distance to consensus for graphs with 200, 100, 10, 500
agents, M}, = 100 and v = 0.1.
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Gaussian distribution

102 10—2 10—2 10—2

Y

! \ L
"7 20 2 4 0 14920 ° i 2 0 °Tr 20 2 4
z,N=1 :L'N—lOO mN—?OD z, N =500

(a) Local Gaussian Distributions

Figure: Local barycenter generated by the Algorithm for a set of 10 agents over an
Erdds-Rényi random graph at different iteration numbers. Each agent can access private
realizations from a Gaussian random variable.
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MNIST

> 2| %22z|8e2 Va2 aa
2,32 .2 8 g2 440222
N=1 N =1000 N = 2000 N = 3000 N = 4000

Figure: Wasserstein Barycenter of a subset of images of the digit 2 from the MNIST dataset.
Each block shows a subset of 9 randomly selected local barycenters, generated by our
Algorithm at different time instances. The 9 agents are selected from a network of 500 agents
on an Erdds-Rényi random graph.
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Brain images

N=1 N =100 N = 1000 N = 6000 N = 10000

Figure: Wasserstein Barycenter for a subset of images from the IXI dataset. Each block shows
the local barycenters, of 4 agents, generated by our Algorithm at different time instances. The 4

agents are connected on a cycle graph.
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Conclusion

Optimal Transport is an interesting topic which connects many fields and has
interesting applications

B Applications in image analysis

B Interplay between geometry, probability and PDEs
B Convexity, duality

B Numerical optimization

B Statistics and Machine Learning
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Thank you!
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