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Temperature-Driven Gapless Topological Insulator
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We investigate the phase diagram of the Haldane-Falicov-Kimball model—a model combining topology,
interactions, and spontaneous disorder at finite temperatures. Using an unbiased numerical method, we
map out the phase diagram on the interaction-temperature plane. Along with known phases, we unveil an
insulating charge ordered state with gapless excitations and a temperature-driven gapless topological
insulating phase. Intrinsic—temperature-generated—disorder is the key ingredient explaining the
unexpected behavior. Our findings support the possibility of having temperature-driven topological
transitions into gapped and gapless topological insulating phases in mass unbalanced systems with two
fermionic species.

DOI: 10.1103/PhysRevLett.122.126601

Understanding the effects of disorder, interactions, and
temperature on topological phases of matter is essential to
predict the topological properties and their stability in real-
world materials [1]. Some of these effects are quite subtle
and may have dichotomic features. For example, topologi-
cal phases are suppressed in the presence of strong nearest-
neighbor (NN) [2] or Hubbard-like interactions [3–12].
However, interaction-induced magnetic order was found to
coexist with topological phases [13–16], and some studies
showed that interactions themselves could induce a topo-
logical phase on a trivial band, forming the so-called
topological Mott insulator [17–24]. Even if this phase
is disputed outside the mean-field scope in some models
[25–28], it has been confirmed in others [29,30].
The influence of correlations at finite temperatures

on topological insulators (TIs) also shows opposite trends
[31–34]. Although thermal fluctuations are responsible for
the destruction of topological order when large enough
[35,36], they can also drive different types of topological
phases [31,37].
The role of disorder on topological phases is also subtle.

For TIs within the unitary class [38–40] (for which time-
reversal symmetry is broken), disorder effects localize
every eigenstate except two bulk extended states that carry
opposite Chern numbers [41,42]. The merging of these
states, for a sufficiently large disorder strength, is asso-
ciated with the destruction of the topological phase.
Interestingly, a disorder-induced transition into a new
topologically nontrivial phase—the topological Anderson
insulator (TAI)—was also proposed [43–47].
In this Letter, we explore some of the dichotomic aspects

above by fully characterizing an interacting quantummodel
that crucially combines nontrivial topology, disorder,

temperature, and interaction effects and which can be
efficiently studied by unbiased numerical methods. Our
main results are summarized in Fig. 1, which depicts the
different phases as a function of the temperature T and of
the interaction magnitudeU. As a central result, topological
order was found for intermediate U values when T is

FIG. 1. Phase diagram of the HFKM in the interaction-temper-
ature plane obtained with the Monte Carlo method. Phases at
intermediate to high T, outside the CDW: TI for smallU, GTI and
gapless insulator (GI) for intermediary U, and Mott-like insulat-
ing phase (MI) for large U. Phases at low T, inside the CDW
phase: Phases with similar features as their high-T counterparts
were found, and the suffix “-CDW”was added. The thin (red) and
dashed-dotted (blue) curves correspond, respectively, to the
topological and CDW phase transitions, and the thick (green)
curve bounds the gapless region of the phase diagram. The black
squares mark the points used in Figs. 2(b)–2(d).
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momentumkand spin-up and an electronwithmomentum−k
and spin-down. The gap parameter is determined in the above
mean-field Hamiltonian through a self-consistent mass gap
equation and it depends on the originalHamiltonian’s coupling
associated with the lattice-mediated pairing interaction V,
absorbed in Δk (for more details, see Ref. [16]). The solution
oftheequationrendersthegaptemperaturedependent. InFig.2,
we show the quantitative results for the fidelity and Δ. We
observe that both quantities show the existence of thermally
driven PTs, as their abrupt change in the point of criticality at
T ¼ 0, survive and drift, as temperature increases. Unlike
TSCs, in thismodel the temperature does not only appear in the
thermal state, but it is also a parameter of the effective
Hamiltonian, resulting in the change of the system’s eigenbasis
and, consequently, nontrivial Uhlmann connection. For a
detailedanalysis and theexplanationof thedifferencesbetween
the two, see the Supplemental Material, SM4 [43].
Finally, we also studied the behavior of the edge states for

the TIs and the Majorana modes for the Kitaev chain, on
open chains of 500 and 300 sites, respectively. In the case of
TIs, we showed that the edge states localized at the
boundary between two distinct topological phases, present
at zero temperature, are gradually smeared out with the
temperature increase, confirming the absence of temper-
ature-driven PTs (see the Supplemental Material, SM3.1
[43] for detailed quantitative results and technical analysis).
Our results on the edge states, obtained for systems in
thermal equilibrium, agree with those concerning open
systems treated within the Lindbladian approach [10]

(and, consequently, due to considerable computational
hardness, obtained for an open chain of 8 sites).
Similarly, we showed that the Majorana modes exhibit an
abrupt change at the zero-temperature point of the quantum
PT, while the finite-temperature behavior is smooth, con-
firming the results obtained through the fidelity and the
Uhlmann connection analysis (see the Supplemental
Material, SM3.2 [43]). In the case of zero-temperature,
Majorana modes of the Kitaev model are known to be good
candidates for encoding qubit states in stable quantum
memories, see Refs. [50,51] and references therein. The
presence of robust Majorana modes at low, but finite,
temperatures is a significant property which could be used
in designing stable quantum memories in realistic setups.
Conclusions and outlook.—We studied the relationship

between the fidelity and the Uhlmann connection over the
system’s parameter space (including parameters of the
system’s Hamiltonian and temperature) and found that their
behaviors are consistent whenever the variations of the
parameters producevariations in the eigenbasis of the density
matrix. By means of this analysis, we showed the absence of
temperature-driven PTs in 1D TIs and TSCs. We clarified
that the Uhlmann geometric phase considered in momentum
space is not adequate to infer such PTs, since it is only a part
of the information contained in the Uhlmann holonomy.
Indeed, this holonomy, as a function of temperature, is
smooth [Eq. (4)]; hence, noPT-like phenomenon is expected.
Furthermore, we performed the same analysis in the case of
BCS superconductivity, where, in contrast to the former

FIG. 1. The fidelity for thermal states ρ, when probing the parameter of the Hamiltonian that drives the topological PT δM ¼
M0 −M ¼ 0.01 (left), and the temperature δT ¼ T 0 − T ¼ 0.01 (center), and the Uhlmann connection, when probing the parameter of
the Hamiltonian M (right), for the Creutz ladder model (representative of the symmetry class AIII). The plot for Δ when deforming the
thermal state along T is omitted since it is equal to zero everywhere.

FIG. 2. The fidelity for thermal states ρwhen probing the parameter of the Hamiltonian δV ¼ V 0 − V ¼ 10−3 (left) and the temperature
δT ¼ T 0 − T ¼ 10−3 (center left), and the Uhlmann connection (center right and right, respectively), for BCS superconductivity.
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where the Pauli matrices sj act in spin space. P ∗ T symmetry
now reads PsyH

∗
0 (k)syP

− 1 = H0(k), with P = 1 and satisfies
(P ∗ T )2 = − 1. Here, we use the labels hij to represent the
term of σi and sj , with i = 0 or j = 0 for the identity matrix
in the corresponding subspace. These five terms form an
anticommuting set of Dirac matrices, but we note that there are
also other equivalent choices [30]. The spectrum of (1) and (2)
is simply given by E± = ±

√
h2

x 0 + h2
z0 + h2

yx + h2
yy + h2

yz.
The effective mass gapping out the NL is now |hy |, where
hy = (hyx ,hyy,hyz). Requiring |hy | = 0 may give a solution
of points (0D), lines (1D) or surfaces (2D), depending on the
number of nonzero k-dependent terms it has.

If |hy | contains two nonzero k-dependent terms, |hy | = 0
shall give one or several 1D lines. Thus the system is generally
an insulator, as the gap closing condition requires the crossing
of the NL and these 1D lines, which is accidental. Such a four-
component Dirac Hamiltonian describes a chiral topological
insulator [7], as the model satisfies SH (k)S− 1 = − H (k), with
the chiral operator S given by the absent fifth Dirac matrix.
In the absence of time-reversal symmetry, the system belongs
to the AIII class and can be characterized by a Z invariant [3].
We define a winding number of hy along the NL [29],

νNL =
!

NL

h2dh1 − h1dh2

|hy |2
, (3)

which can be shown to be equivalent to a Berry phase of the
occupied Bloch bands at half filling [31]. Here, h1 and h2
denote the two k-dependent terms of hy . If we consider the
kx -ky plane that contains the NL, the intersection of the 1D
lines and the plane produces a series of singularities, and the
winding number (3) of the NL is simply the summation of the
windings around the singularities within the NL, as shown in
Fig. 1. This winding number may take on any integer value,
as it is only associated with the number of lines going through
the NL. We also note that this model would fall into the CII
class in the presence of time-reversal symmetry. In such a case,
the winding number (3) can only take even integer values, as
the symmetry ensures that the NL always encloses pairs of
singularities. However, such a class is actually described by a
Z2 topological index instead [3].

kzν=1

ν=−1

FIG. 1. A sketch of the winding number of a NL. The blue circle
indicates the NL given by H0 = 0, the red lines indicate the 1D
solution of |hy | = 0 for models of the chiral class, and each line gives
a singularity in the integrand of (3) in the NL plane. The arrows
around each singularity show the direction of hy near this point, and
the corresponding winding numbers of these points are labeled in
the sketch. The winding number of the NL, νNL, is given by the
summation of winding numbers of every singularity within the NL,
as the integral path can be smoothly transformed into circles around
each singularity.

Finally, if all three terms of hy are dependent on k, |hy | = 0
shall give one or several 0D points. In this case, the intersection
of these points and the plane of the NL is also accidental. From
the symmetry classification point of view, the presence of the
fifth Dirac matrix breaks the chiral symmetry, and the model
falls into the A class, which is nontopological in 3D. In other
words, we could smoothly move a singularity out of the NL
without closing the gap.

Winding numbers and geometry of the loops for a lattice
model. In order to reveal the topological properties described
by the NL winding number, we next consider a lattice model
described by an anticommuting set of Dirac matrices # =
(σx s0,σzs0,σysx ,σysy,σysz), as

H = h(k) · #, h(k) = (hx 0,hz0,hyx ,hyy,hyz), (4)

with

hx 0 = µ − t∥(cos kx + cos ky), hz0 = − t⊥ cos kz, (5)

which form two NLs in the kx -ky plane for kz = π/2 and − π/2
when 0 < |µ/t∥| < 2. The positions and shapes of the NLs are
only associated with the ratio of µ and t∥, hence we can choose
t∥ = t⊥ = 1 for the sake of simplicity. In the following, we only
consider the case with positive µ, with the center of the NLs
given by kx = ky = 0. For negative µ, the center of the NLs
is at kx = ky = π , and a similar discussion applies. The two
NLs of kz = ±π/2 give two independent winding numbers,
ν±

NL, respectively, and we define the total winding number of
the system as

νsum = ν+
NL + ν−

NL. (6)

Without loss of generality, here we choose hyx = 0 to preserve
a chiral symmetry with the operator S = σysx . The other two
gap terms of hy are functions of k, and |hy | = 0 gives 1D lines
in the BZ. We consider the following form of hy that breaks
time-reversal symmetry,

hyy = − ty sin ky, hyz = µs − tx sin kx − tz sin kz, (7)

and the system falls into the AIII class. |hy | = 0 gives some
1D lines in the kx -kz plane with ky = 0 or π , which may or
may not be enclosed by the NLs. We would also like to point
out that although the gap terms need to be small for the system
to preserve a NL-like structure, the topological properties are
not related to the exact value of these terms, but only to the
ratios between them. For the sake of simplicity, we choose
ty = tx = 1 and positive µs hereafter.

We first consider a simple case with tz = 0. In this case,
the 1D solution of |hy | = 0 gives four lines perpendicular to
the kx -ky plane, two with ky = 0 and two with ky = π . For
positive µ, the pair of lines with ky = π are always outside the
loop. By tuning µs and µ, the NLs may enclose two, one, or
zero lines with ky = 0, as shown by Figs. 2(a)– 2(c). However,
the windings of these lines in the kx -ky plane have opposite
values (as in Fig. 1), and the NL enclosing either zero or two
lines will result in νNL = 0. On the other hand, as the system
preserves a reflection symmetry along the z direction, each
line will be enclosed by either two or none of the NLs, hence
the total winding number νsum in this case is always even.

In the presence of a nonzero tz, the reflection symmetry is
broken, and the lines of |hy | = 0 will change shape with tz and
eventually form a closed ring, as shown in Figs. 2(d)– 2(f). In

121107-2

Nodal loop semimetals 
Phys. Rev. B 95, 121107(R) (2017)
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antiferromagnetic Ising model. Thus, on the square lattice,
order ensues at sufficiently low T whereas the large-U limit
remains disordered for all T on the triangular lattice [1].
While it is an interesting question how this gets modified in
the presence of quantum fluctuations [24], the parent state
at large U is already a liquid. Here, however, we will in
what follows demonstrate that a classical liquid state can
result from an ordered phase, due to coupling to a
quantum field.
The Hamiltonian of the FKM is

H ¼ −t
X

hiji
c†i cj þ U

X

i

c†i cinf;i − μc
X

i

c†i ci − μf
X

i

nf;i;

ð1Þ

where c†i creates a celectron and nf;i, a conserved quantity,
counts the number of immobile classical charges on site i,
and μ is the chemical potential of the system. t will be used
as a unit of energy (t ¼ 1). The summation

P
hi;ji runs over

all nearest-neighbor pairs on a triangular lattice with a
volume V ¼ L2 (L being the system’s linear dimension)
and periodic boundary conditions. As the collection of nf;i
constitutes a set of conserved quantities, the partition
function is given by a summation over noninteracting
contributions for every configuration nf of f charges
and thus can be evaluated by an efficient Monte Carlo
sampling [5,6]. An additional difficulty arises as the
chemical potentials μcðT;U; LÞ and μfðT;U; LÞ need to
be self-consistently determined to ensure constant occu-
pation as a function of T, U, and L (Ref. [25], S2).
In the following, we consider a macrocanonical ensem-

ble with the chemical potentials μc and μf determined such
that xc ¼ Nc=V ¼ 2=3 and xf ¼ Nf=V ¼ 1=3, where
Nc ¼ h

P
i c

†
i cii and Nf ¼

P
ihnf;ii, see, however, the

Supplemental Material S6 [25]. Our findings are summa-
rized in the phase diagram of Fig. 1. At large U and
sufficiently low T, [T < TcðUÞ], the system develops a
CDW. For large T and/or U, the phase diagram resembles
that of its counterpart on the square lattice. While this could
have been anticipated, there are important differences with
regard to the type of order, see below. The most surprising
feature is the two regions at low T and small U, labeled
classical charge liquid (CL) and quantum charge liquid
(QL), respectively, that remain disordered down to the
lowest T. At large U, the T-driven phase transition is
continuous and within the universality class of the three-
state Potts model. For small U, our data point to a
discontinuous transition between the CDW and the CL
down to TcðUcÞ ¼ 0, corresponding to Uc≃ 5.2. For large
T, a “strange metal region” (WL) is found, where the
electrons are weakly localized, followed by an Anderson
insulating (AI) and finally a Mott insulting (MI) phase as U
increases which arises due to the condition xcþ xf ¼ 1,
generalizing the half-filling condition of the (spinfull)
Hubbard model. The WL region is only stabilized by

the finite extent of the system and is expected to vanish in
the thermodynamic limit [6]. AI is characterized by a finite
density of states (DOS) at the Fermi level and a volume-
independent inverse participation ratio (IPR). In the MI
phase, the chemical potential lies within a U-dependent
spectral gap. This all closely resembles earlier findings for
the FKM on a square lattice of Ref. [6], where a full
characterization of these phases, including a discussion of
the optical conductivity, can be found. In what follows, we
focus on the fundamentally new features that emerge from
the interplay of localized and itinerant d.o.f. in a geomet-
rically frustrated environment.
In the expansion in terms of t=U, higher order terms

beyond the nearest-neighbor Ising-like interaction propor-
tional to t2=U can be systematically derived [26]. In next-
to-leading order, i.e., t3=U2, it yields a term that couples the
d.o.f. on a triangular plaquette. The range of the effective
interaction increases with powers of t=U, increasing the
frustration that eventually leads to the melting of the order.
This procedure is carried out in Ref. [25] up to order t4=U3.
At large U, the effective term together with the xf ¼ 1=3

restriction favors the existence of a low-T ordered phase
possessing a threefold degeneracy. A possible order para-
meter for this phase is ϕ1=3 ¼ ð3=VÞ

P
r e

ið2π=3Þðrx−ryÞnf;r
that equals ϕ1=3 ¼ 1; eið2π=3Þ or eið4π=3Þ depending on which
of the three degenerate ground states is realized. One such

FIG. 1. (a) Phase diagram of the FK model on the triangular
lattice in the T-U plane for xf ¼ 1=3 and xc ¼ 2=3. The red star
indicates the quantum phase transition between the liquid states.
The inset depicts a sketch of the phases in the thermodynamic
limit. Band structure assuming CDW order for U ¼ 2 (b) and
U ¼ 5 (c).

PHYSICAL REVIEW LETTERS 122, 197601 (2019)
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Fig. 21. PDT one-electron removal spectral-weight distribution in the vicinity of the TTF (ne = 1.41 andU/t = 5.61) and TCNQ (ne = 0.59 andU/t = 4.90)
stack of molecules spectral features in Fig. 20.
Source: From Ref. [13].

Fig. 22. Momentum dependence of a one-electron spectral function s1 branch-line exponent, Eq. (195), called ⇣s in the figure, for densities ne = 0.59 and
m = 0 and several U/t values. (As in Ref. [16], ne is here denoted by n.)
Source: From Ref. [16].

latter is that appropriate for the theoretical TTF s00 branch line plotted in Fig. 20 for the small range of momentum values
k > kF for which that exponent is negative.

The experimental peak dispersions shown in Fig. 20 show significant discrepancies from the conventional band-structure
predictions. Fig. 7 of Ref. [15] represents the experimental spectral features in that figure in comparisonwith the conduction
band dispersions obtained by density functional theory. In contrast to the line shapes obtained within the 1D Hubbard
model by the PDT, those predicted by density functional theory do not agree with the experimental ARPES features. The
corresponding non-perturbative many-electron physics justifies why standard density functional theory fails to describe
such unusual ARPES spectral-line shapes. The theoretical description of the microscopic mechanisms behind the spectral
properties of 1D systems and quasi-1D metals can be further improved by the use of a renormalized PDT [26]. It accounts
for the effects of electron finite-range interactions beyond the conventional 1D Hubbard model.

The results discussed in this section and in Section 6 illustrate how the 1D Hubbard model physics is fully controlled by
the scattering events of the pseudofermions. The model one-particle spectral functions has also been studied by numerical
methods. The authors of Ref. [269] found that the 1D Hubbard model one-electron removal spectral function s1 branch line
exact exponent plotted in Fig. 22 for the momentum range k 2 [0, kF ] fully agrees with that exponent values obtained by
the density matrix renormalization group (DMRG). The PDT exponent for the line shape near the c branch line in Fig. 20 is
not exact. Indeed, there is some small amount of spectral weight above that line. It is though a very good approximation.
Consistently, the authors of Ref. [269] have found small minor quantitative deviations from the DMRG values of that
exponent.

The numerical results derived by theMQIM in Section VIII of Ref. [54] for themomentum dependence of the one-electron
removal spectral-function s1 branch line exponent of Fig. 22 are in full quantitative agreement with those obtained by use
of the PDT [13,16,58] for electronic density ne = 0.59, interaction values U/t = 1.00, 4.90, 10.00. This applies to the whole
range of that figure momentum values k 2 [0, kF ] associated with electron removal. Moreover, the same exponent was also
calculated in the framework of the MQIM in Ref. [55], using input from the BA solution. It has been plotted in that reference
as a function of the momentum for densities ne = 0.17, 0.25, and U/t = 2.00, 5.00, 10.00, 20.00. Again, such results are in
accord with those of the PDT.

Interacting 1d systems
Physics Reports 749 (2018)
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case ∂ z̄Wðz̄iÞ ¼ 0. This condition is used to determine the
curves seen in Fig. 1, which can be parametrized as λkðxÞ.
The roots rk are depicted as orange crosses on the inset of
Fig. 1 for some illustrative eigenstates.
At leading order, the quantization condition, given byR

γ dz̄G0ðz̄Þ ¼ 2π i n=ð2s − qÞ, fixes the value of λ as a
function of the number of roots inside γ. For the particular
example given here we choose γ as in Fig. 2(upper panel).
In this way the nth eigenmode has exactly n roots inside
the cut. A comparison between the values of λ obtained
imposing this leading order quantization condition and the
numerically exact results obtained by exact diagonalization
of the Liouvillian is given in Fig. 2(lower panel).
The density of eigenmodes as a function of λ defined as

D xðλÞ ¼ ½ð1 − xÞ=2πi%∂λ

R
γ dz̄G0ðz̄Þ, normalized such that

RmaxkλkðxÞ
minkλkðxÞ dλD ðλÞ ¼ 1 − x is given by particularly simple
expressions

D I
xðλÞ ¼

4

πΓðp þ 1Þ
K½ðr1−r2Þðr3−r4Þðr3−r2Þðr1−r4Þ

%
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 − r3Þðr1 − r4Þ

p ð12Þ

and

D II
x ðλÞ ¼

2

πΓðp þ 1Þ
K̃½ðr2−r3Þðr1−r4Þðr1−r3Þðr2−r4Þ

%
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 − r3Þðr4 − r2Þ

p ð13Þ

in terms of the complete elliptic integral of the first kind
KðzÞ ¼

R π=2
0 ð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − zsin2t

p
Þdt, and where K̃ðzÞ ¼ KðzÞ −

2iKð1 − zÞ is obtained from KðzÞ by analytic continuation,
changing its branch cut from ð1;∞Þ to ð−∞; 1Þ. The
density of eigenvalues, DðΛ=sÞ ¼ D −ðImΛ=2hsÞðReΛ=sÞ,
in the complex Λ=s plane is depicted in Fig. 3. The
logarithmic divergence of D along the line separating
regions I and II signals an accumulation of eigenvalues
at these points. The inset, in the upper-left part of Fig. 3,

shows two cuts at fixed ImΛ=s: in the upper case D has
support in I and II and a divergence seen when the
separating line is crossed; in the lower, D has support
only in II. Note that for the point p ¼ 0, the region I
vanishes. In this special case (see below) there is a square-
root divergence of D for Λ=s → 0 instead of the logarith-
mic accumulation observed for finite p.
Let us now turn to the steady state properties. The steady

state density matrix ρ0 corresponds to the zero eigenvalue
of the Liouvillian (Λ0 ¼ 0) and belongs to the sector q ¼ 0,
since only this sector contains tracefull components. Within
this sector cq¼0;κ ¼ 1, therefore, for a density matrix ρ ¼P

2s
κ¼0 wκjκ − sihκ − sj in this sector, the corresponding

polynomial is simply given by Ψð0Þ
ρ ðz̄Þ ¼

P
2s
κ¼0 wκzκ.

This implies that Ψð0Þ
ρ ðz̄ ¼ 1Þ ¼ tr½ρ%. The steady state

polynomial representation can be obtained by solving
the differential equation Lð0Þðz̄; ∂ z̄ÞΨ

ð0Þ
ρ0 ðz̄Þ ¼ 0, imposing

that the solution is a polynomial in z̄ normalized such that
Ψð0Þ

ρ ð1Þ ¼ 1. In this way we obtain

Ψð0Þ
ρ0 ðz̄Þ ¼

zp − 1

z2sþ 1
p − 1

ðz̄zpÞ2sþ 1 − 1

z̄zp − 1
ð14Þ

with zp ¼ 1−p
1þ p. It worth noting that this solution is equiv-

alent to taking wκ ∝zκp. With the explicit expression of the
steady state we can now compute its properties. Fig. 4 (left
panel) shows the mean value of

hSzi ¼ Ψð0Þ
Szρ0

ðz̄ ¼ 1Þ ¼ ð2s þ 1Þ
1 − z2sþ 1

p
−

1

1 − zp
− s ð15Þ

as a function of p together with numerical data obtained by
exact diagonalization of the Liouvilian. At the thermody-
namic limit there is a discontinuous transition in the spin
polarization at p ¼ 0, where the fluctuations ΔS2z ¼ hS2zi−
hSzi2, given at the thermodynamic by lims→∞ΔS2z ¼
ð1 − 1=p2Þ=4, diverge as ΔS2zðp ¼ 0Þ ¼ sðs þ 1Þ=3. This
can also be seen in the steady state entropy, defined as
SE ¼ −tr½ρ0 ln ρ0%, that can also be simply computed

FIG. 3. Density of eigenvalues of the Liouvillian in the
thermodynamic limit, D, plotted for h ¼ 1, Γ ¼ 1.2, p ¼ 0.9,
Γ0 ¼ 0.2, and s ¼ 17. Inset: cut of the 3D plot for Λ=s ¼ −0.3
(upper) and Λ=s ¼ −1.5 (lower).

FIG. 4. Steady state magnetization along the z direction (left)
and entropy (right) of the nonequilibrium steady state as a
function of p for h ¼ 1, Γ ¼ 1.2, p ¼ 0.9, Γ0 ¼ 0.2, and several
values of s. Dots are numerical data obtained by exact diago-
nalization and lines are analytic results.
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A symmetry-breaking quantum phase transition far from equilibrium
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We study the current-carrying steady-state of a transverse field Ising chain coupled to magnetic
thermal reservoirs and obtain the non-equilibrium phase diagram as a function of the magnetization
potential of the reservoirs. Upon increasing the magnetization bias we observe a discontinuous
jump of the magnetic order parameter that coincides with a divergence of the correlation length.
For steady-states with a non-vanishing conductance, the entanglement entropy at zero temperature
displays a bias dependent logarithmic correction that violates the area law and differs from the
well-known equilibrium case. Our findings show that out-of-equilibrium conditions allow for novel
critical phenomena not possible at equilibrium.

I. INTRODUCTION

Non-equilibrium phases of quantum matter in open
systems is a topical issue of immediate experimental rele-
vance. However, a theoretical framework for the descrip-
tion of out-of-equilibrium strongly-correlated systems is
at present incomplete and requires the further develop-
ment of reliable techniques for non-equilibrium condi-
tions. The influence of a non-thermal drive on phase
boundaries and quantum critical points (QCP) is of par-
ticular interest.

An important class of non-equilibrium states are
current-carrying steady-states (CCSS) that emerge in the
long-time limit of systems coupled to reservoirs which are
held at different thermodynamic potentials. These states
are characterized by a steady flow of otherwise conserved
quantities, such as energy, spin or charge. They can be
realized in solid-state devices1–3 and have recently also
became available in cold atomic setups4.

For Markovian processes, substantial progress has been
made due the discovery of exact solutions for boundary
driven Lindblad dynamics5–8 allowing for the characteri-
zation of certain non-equilibrium phases and phase tran-
sitions. In these cases, however, the Markovian condi-
tion substantially simplifies the dynamics. As a result,
its validity is confined to extreme non-equilibrium con-
ditions (e.g., large bias) that cannot be connected to
thermal equilibrium9,10. Non-thermal steady-states in
Luttinger liquids have also been studied11–13, but the
results are less general than their equilibrium counter-
parts. Other methods to study CCSS include, looking at
the asymptotic dynamics in pairs of semi-infinite quan-
tum wires following quenches of the hopping connecting
the pairs14–18, Bethe ansatz-based approaches19,20 that
exploit the properties of integrable systems, hybrid ap-
proaches involving Lindblad dynamics21 and more phe-
nomenological approximations based on Boltzmann ki-
netic equations22,23.

Another guiding element is the occurrence of scaling
and criticality, which signal the absence of intrinsic en-
ergy scales and make the system particularly susceptible
to any non-equilibrium drive24–30. Phase-transitions un-

Figure 1. (a) Schematic picture of the Ising transverse field
spin chain in contact with the magnetic reservoirs. (b) Phase
diagram as a function of the magnetization potentials mL and
mR. The color coding depicts the qualitative value of the cur-
rent used to classify the phases (see Fig. 2(a)). (c) Correlation
length along the red-dashed line in panel (b). The inset shows
the scaling of ⇠ near the transitions at mR = ±m1. (d) Order
parameter along the same line of panel (c).

der non-equilibrium conditions31–40 were shown to allow
intrinsic non-equilibrium universal properties, not seen
at equilibrium. Nevertheless, a systematic approach de-
scribing CCSS is not available and exact solutions there-
fore must serve as a guiding principle.

In this letter we discuss an order-disorder symmetry
breaking transition induced by non-equilibrium condi-
tions in one of such exactly-solvable models, i.e., a spin
chain that admits an exact solution by a mapping to
a non-interacting fermionic system. Besides present-
ing the phase diagram and a characterization of various
non-equilibrium phases, we identify a remarkable mixed-
order quantum phase transition, where a discontinuous
jump of the order parameter occurs in the presence of
a divergent correlation length. The coexistence of such
defining features of first- and second-order phase transi-
tions implies the emergence a universality class specific to
non-equilibrium conditions, for which an effective field-
theoretic description is yet to be developed.
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FIG. 1. (a) A schematic phase diagram of spinless fermions in
quasiperiodic potential with strength λ in the presence of supercon-
ducting pairing !. There are three distinct phases, where the bulk
states are either localized, critical, or extended. In the last two cases,
localized zero energy edge modes are present in finite (open) systems
(marked by T), while the first case is topologically trivial (marked by
N). (b), (c), and (d) Contour plots of the logarithm of the average
mean NPR R/L as a function of the strength λ of the quasiperiodic
kicks on the on-site energies and of the superconducting pairing
!, at fixed chemical potential µ = 0, for various kicking periods:
T = 0.01, 0.5, and 2.0, corresponding to high, intermediate, and low
frequencies, respectively. The system size is L = 500 and each point
is averaged over ten disorder realizations (r = 10).

eigenstates [69]. In 1D, contrasting the case of an uncorrelated
disordered potential [17], the quasiperiodic case induces a
metal-insulator transition at a finite value of the potential
strength (λ = 2) [18]. In turn, if this potential is used as a kick
[70], a sharp transition occurs at λ/T = 2 up to intermediate
kicking periods (T ∼ 0.5), where both the critical exponent
ν, which describes the behavior of localization near the tran-
sition, and the fractal dimension are unaltered in comparison
to the static case [47].

Now, turning on the pairing term !, we notice that the
static Hamiltonian (which, as we previously described, corre-
sponds to the high frequency limit of the kicked case) has been
already investigated on what concerns its topological [71,72]
and bulk properties [73]; the corresponding phase diagram
is shown in Fig. 1(a). There are essentially three phases,
classifying the states in the bulk: (i) localized, (ii) critical
or multifractal, and (iii) delocalized states. If open boundary
conditions are used, regions (ii) and (iii) host Majorana edge
modes and are topologically nontrivial. We emphasize two
special points in the phase diagram: AA highlights the duality
point [18], where the metal-insulator transition occurs for
! = 0, while FB marks the flat band point, where all the states
are degenerate (with energy 2) in a periodic, translationally
invariant system, whereas two perfectly localized Majorana
zero energy states appear in the open system.

Localization of the bulk states can be studied via the
nonergodic properties of the system’s eigenvalues and eigen-
vectors [25]. To quantify the level of ergodicity, we use the

participation ratio (PR) of the eigenvectors of the Hamiltio-
nian. In that case, we define the PR as Rm = 1/

!
i (p

m
i )2,

where the occupation of the Bogoliubov quasiparticle m on
site i is given as pm

i = |um
i |2 + |vm

i |2 and um
i , vm

i are the
corresponding particle and hole coefficients, respectively. The
average PR is then R = ⟨Rm⟩r , where we first average over
all the eigenstates m and then take an average over differ-
ent disorder realizations r . The average PR thus quantifies
localization of the eigenvectors in real space. A completely
localized state has R = 1, while a perfectly delocalized state
(such as a plane wave) has R = L. In contrast, critical states
scale with the multifractal dimension of the wave function
[74– 77]. The three distinct regions of the phase diagram will
thus be: (i) localized with the average normalized PR (NPR)
R/L ∼ O(1/L), (ii) critical with O(1/L) < R/L < O(1),
and (iii) delocalized with R/L ∼ O(1).

However, when dealing with a time-periodic problem one
instead investigates the level of ergodicity of the eigenstates
of the time-evolution operator after one period—the Floquet
operator—Û (T ), with similar definitions for the PR. We
report in Fig. 1(b) the phase diagram in the regime of high
frequency of the kicks (T = 0.01); one can easily infer its
similarity with the case of the static problem [71– 73] that
persists up to periods T ∼ 0.1. At this period, a second plateau
of intermediate mean average NPR, R/L, starts to emerge at
high pairing (! ∼ 2) in the large λ side of the transition line
between the critical and localized regions. By increasing the
period, the second plateau grows into what was originally a
localized region in the high frequency limit. This can be seen
in Fig. 1(c), where we show the phase diagram for period
T = 0.5. When further increasing the period, the second
plateau region moves towards lower values of the pairing
! (until it reaches ! = 0 at T ∼ 0.7—not shown), while
simultaneously breaking down at higher !, where the average
mean NPR indicates localization, as also seen in Fig. 1(c).
This breakdown eventually destroys also the critical region
(at T ∼ 1) and starts moving into the delocalized region as
can be seen from Fig. 1(d) for the period T = 2. The absence
of a sharp metal-insulator transition for large periods of the
kicks was also seen in other contexts, as for instance, when the
superconductivity is not present [46,47]. Lastly, it is important
to point out that finite-size effects do not substantially change
this picture: we have observed qualitatively the same phase
diagrams for smaller system sizes, down to L = 20 (not
shown) [78].

To further study the various phases, we focus on the case
T = 0.5 and consider a line cut in the phase diagram with
fixed ! = 0.5—a clear two plateau structure, as shown in
Fig. 2(a) is observed. To understand the nature of the states
giving rise to these plateaus, we look into representative points
in the phase diagram and instead of checking their correspond-
ing average NPR, we study the actual normalized distribution
P (R) in Fig. 2(b) for a large lattice (L = 16 000). Large and
small kick amplitudes lead to typically narrow distributions
centered around R/L ∼ O(1/L) and O(1), respectively. On
the other hand, a kick amplitude which would correspond to
the first plateau in Fig. 2(a), leads to a distribution centered
around an average NPR which is not within these previous
limits: these are essentially critical states (across the whole
spectrum). Furthermore, the distribution of NPRs associated
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