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High Dimensional classification

Ref.: Xxxx, Machin et al.

Ex.: 
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Training set to 
 predict labels "Rhino"

"Rhinos" 

�! ŷ(x)?

Estimation problem

(xi, yi) 2 R2242 ⇥ {1, ..., 1000}, i < 106

Not a "rhino"



Averaging makes euclidean distance meaningful in high 
dimension

3

x y kx� yk2 = 2

Averaging is the key 
 to get invariants

x y

Translation

Rotation



Group action
• Consider a signal x and a g from a group G. We 

typically consider action like: 

• Covariant representation: 

• Invariant representation:
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8u 2 R2, g.x(u) , x(g�1u)
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g2G

g.�(x)
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If covariance, invariance is simple to get:



Symmetry group hypothesis

• To each classification problem corresponds a 
canonic and unique symmetry group   :  

• We hypothesise there exists Lie groups, which could 
be progressively linearized: 

• Examples are given by the euclidean group:
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8x, 8g 2 G,�x = �g.x

G

G0 ⇢ G1 ⇢ ... ⇢ GJ ⇢ G

High dimensional

G0 = R2, G1 = G0 n SL2(R)

Ref.: Understanding deep  
convolutional networks 

S Mallat 



CNNs: state-of-the-art methods
6

Ref.: ImageNet Classification with Deep Convolutional Network,  A Krizhevsky  et al.



CNNs and generecity
• CNNs are a cascade of supervisedly optimized operators 

from raw signals: 
 
 
 
 
 
 

• They necessarily learn physical law, that are generic and 
relative to the nature of the signals
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Do we need to learn those laws?

x0

Ref.: Visualizing and 
understanding 

Convolutional Networks 
Zeiler, et al. 

Specifity

Generic layers Specific layers

well structured filters…Ref.: ImageNet Classification with 
Deep Convolutional Network,  A 

Krizhevsky  et al.



Fighting the curse of dimensionality
• Objective: building a representation      of x such that a 

simple (say euclidean) classifier    can estimate the label 
y:  
 

• Designing   : must be regular with respect to the class: 

• Necessary dimensionality reduction and separation to 
break the curse of dimensionality: 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�x

�

k�x� �x0k n 1 ) ŷ(x) = ŷ(x0)

ŷ

�
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How to tackle the curse of 
dimensionality?

• Weak differentiability property: 

• A linear projection (to kill   ) build an invariant

9

sup
L

k�Lx� �xk
kLx� xk < 1 ) 9 ”weak” @x�

) �Lx ⇡ �x+ @x�L+ o(kLk)

�

A linear operatorDisplacement

+ projection

L

L



Handcrafted features in 
classification

• Until 2012, SIFT, HoG, LBPs…combined with an 
(unsupervised) learning pipeline. 

• They incorporate invariances w.r.t. to geometric 
variabilities and discriminate them as well.  
 

• Yet, CNNs removed them and obtain better 
numerical results.

Ref.: Improving the fisher kernel for large-scale 
image classification, F Perronnin et al.
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x SIFT Fisher Vectors LinearSVM

cat

Why would we want to use them?



Feeding CNN with prior 
representations: for what?

• Features that bring interpretation 

• Speeding-up training time & computations 

• Speeding-up inferences 

• Reducing sample complexity (e.g., reducing 
overfitting)

11



Invariances in vision tasks

Before feeding a classifier, removing unnecessary variabilities 
is necessary:

12

Geometric variability Class variability
Groups acting on images:  

translation, rotation, scaling

Intraclass variability

Extraclass variabilityOther sources : luminosity, occlusion,  
small deformations

Not informative

I � ⌧
L⌧x(u) = x(u� ⌧(u)), ⌧ 2 C1



Discrete image to continuous 
image

• An image     corresponds to the discretisation of a 
physical anagogic signal (light!) 

• An array of numbers: 

• One can set 
 
then, 

• Nyquiest-Shannon sampling property:

13

x

x[n1, n2] 2 R, n1, n2  N

x(u) =
X

n2Z2

x[n]�n(u)

Fx(!) =
X

n2Z2

x[n]e�in!,Fx 2 L2[0, 1]

9!x̃ 2 L2(R), support(F x̃) ⇢ [�1

2
,
1

2
],F x̃|[� 1

2 ,
1
2 ]

= Fx

�1

2

1

2

!

�1

2

1

2

!



Reminder about Fourier 14

x(u)
<latexit sha1_base64="CIr8n0WFYmxlq3lC1j9K8C27KbU=">AAAB/HicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtqhk0mYORFrqI/gVh/Anbj1XVz7Ik7aLGzrDwMf/zmHc+b3Y8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOkoUZQ0aiUi1faKZ4JI1kKNg7VgxEvqCtfzRTVZvPTCleSTvcRwzLyQDyQNOCWbWYyU565XKTtWZyl4GN4cy5Kr3Sj/dfkSTkEmkgmjdcZ0YvZQo5FSwSbGbaBYTOiID1jEoSci0l05vndinxunbQaTMk2hP3b8TKQm1Hoe+6QwJDvViLTP/q3USDK68lMs4QSbpbFGQCBsjO/u43eeKURRjA4Qqbm616ZAoQtHEM7cF+ehpYlJxFzNYhuZ51TV8d1GuXef5FOAYTqACLlxCDW6hDg2gMIQXeIU369l6tz6sz1nripXPHMGcrK9ft3WVdQ==</latexit><latexit sha1_base64="CIr8n0WFYmxlq3lC1j9K8C27KbU=">AAAB/HicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtqhk0mYORFrqI/gVh/Anbj1XVz7Ik7aLGzrDwMf/zmHc+b3Y8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOkoUZQ0aiUi1faKZ4JI1kKNg7VgxEvqCtfzRTVZvPTCleSTvcRwzLyQDyQNOCWbWYyU565XKTtWZyl4GN4cy5Kr3Sj/dfkSTkEmkgmjdcZ0YvZQo5FSwSbGbaBYTOiID1jEoSci0l05vndinxunbQaTMk2hP3b8TKQm1Hoe+6QwJDvViLTP/q3USDK68lMs4QSbpbFGQCBsjO/u43eeKURRjA4Qqbm616ZAoQtHEM7cF+ehpYlJxFzNYhuZ51TV8d1GuXef5FOAYTqACLlxCDW6hDg2gMIQXeIU369l6tz6sz1nripXPHMGcrK9ft3WVdQ==</latexit><latexit sha1_base64="CIr8n0WFYmxlq3lC1j9K8C27KbU=">AAAB/HicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtqhk0mYORFrqI/gVh/Anbj1XVz7Ik7aLGzrDwMf/zmHc+b3Y8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOkoUZQ0aiUi1faKZ4JI1kKNg7VgxEvqCtfzRTVZvPTCleSTvcRwzLyQDyQNOCWbWYyU565XKTtWZyl4GN4cy5Kr3Sj/dfkSTkEmkgmjdcZ0YvZQo5FSwSbGbaBYTOiID1jEoSci0l05vndinxunbQaTMk2hP3b8TKQm1Hoe+6QwJDvViLTP/q3USDK68lMs4QSbpbFGQCBsjO/u43eeKURRjA4Qqbm616ZAoQtHEM7cF+ehpYlJxFzNYhuZ51TV8d1GuXef5FOAYTqACLlxCDW6hDg2gMIQXeIU369l6tz6sz1nripXPHMGcrK9ft3WVdQ==</latexit><latexit sha1_base64="CIr8n0WFYmxlq3lC1j9K8C27KbU=">AAAB/HicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtqhk0mYORFrqI/gVh/Anbj1XVz7Ik7aLGzrDwMf/zmHc+b3Y8E1Os63tbK6tr6xWdgqbu/s7u2XDg6bOkoUZQ0aiUi1faKZ4JI1kKNg7VgxEvqCtfzRTVZvPTCleSTvcRwzLyQDyQNOCWbWYyU565XKTtWZyl4GN4cy5Kr3Sj/dfkSTkEmkgmjdcZ0YvZQo5FSwSbGbaBYTOiID1jEoSci0l05vndinxunbQaTMk2hP3b8TKQm1Hoe+6QwJDvViLTP/q3USDK68lMs4QSbpbFGQCBsjO/u43eeKURRjA4Qqbm616ZAoQtHEM7cF+ehpYlJxFzNYhuZ51TV8d1GuXef5FOAYTqACLlxCDW6hDg2gMIQXeIU369l6tz6sz1nripXPHMGcrK9ft3WVdQ==</latexit>

x̂(!)
<latexit sha1_base64="Nu0+7DWh/e5HZRoksutzYlPvTmc=">AAACBnicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImgZtLGMYC6QXcPsZJIMmdlZZs6KcUnvI9jqA9iJra9h7Ys4SbYwiT8c+PjPOZzDH8aCG3Ddbye3srq2vpHfLGxt7+zuFfcPGkYlmrI6VULpVkgMEzxideAgWCvWjMhQsGY4vJ70mw9MG66iOxjFLJCkH/EepwSsde8PCODHsq8k65PTTrHkVtyp8DJ4GZRQplqn+ON3FU0ki4AKYkzbc2MIUqKBU8HGBT8xLCZ0SPqsbTEikpkgnX49xifW6eKe0rYiwFP370ZKpDEjGdpJSWBgFnsT879eO4HeZZDyKE6ARXR2qJcIDApPIsBdrhkFMbJAqOb2V0wHRBMKNqi5K8CHT2ObireYwTI0ziqe5dvzUvUqyyePjtAxKiMPXaAqukE1VEcUafSCXtGb8+y8Ox/O52w052Q7h2hOztcvEuGZgg==</latexit><latexit sha1_base64="Nu0+7DWh/e5HZRoksutzYlPvTmc=">AAACBnicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImgZtLGMYC6QXcPsZJIMmdlZZs6KcUnvI9jqA9iJra9h7Ys4SbYwiT8c+PjPOZzDH8aCG3Ddbye3srq2vpHfLGxt7+zuFfcPGkYlmrI6VULpVkgMEzxideAgWCvWjMhQsGY4vJ70mw9MG66iOxjFLJCkH/EepwSsde8PCODHsq8k65PTTrHkVtyp8DJ4GZRQplqn+ON3FU0ki4AKYkzbc2MIUqKBU8HGBT8xLCZ0SPqsbTEikpkgnX49xifW6eKe0rYiwFP370ZKpDEjGdpJSWBgFnsT879eO4HeZZDyKE6ARXR2qJcIDApPIsBdrhkFMbJAqOb2V0wHRBMKNqi5K8CHT2ObireYwTI0ziqe5dvzUvUqyyePjtAxKiMPXaAqukE1VEcUafSCXtGb8+y8Ox/O52w052Q7h2hOztcvEuGZgg==</latexit><latexit sha1_base64="Nu0+7DWh/e5HZRoksutzYlPvTmc=">AAACBnicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImgZtLGMYC6QXcPsZJIMmdlZZs6KcUnvI9jqA9iJra9h7Ys4SbYwiT8c+PjPOZzDH8aCG3Ddbye3srq2vpHfLGxt7+zuFfcPGkYlmrI6VULpVkgMEzxideAgWCvWjMhQsGY4vJ70mw9MG66iOxjFLJCkH/EepwSsde8PCODHsq8k65PTTrHkVtyp8DJ4GZRQplqn+ON3FU0ki4AKYkzbc2MIUqKBU8HGBT8xLCZ0SPqsbTEikpkgnX49xifW6eKe0rYiwFP370ZKpDEjGdpJSWBgFnsT879eO4HeZZDyKE6ARXR2qJcIDApPIsBdrhkFMbJAqOb2V0wHRBMKNqi5K8CHT2ObireYwTI0ziqe5dvzUvUqyyePjtAxKiMPXaAqukE1VEcUafSCXtGb8+y8Ox/O52w052Q7h2hOztcvEuGZgg==</latexit><latexit sha1_base64="Nu0+7DWh/e5HZRoksutzYlPvTmc=">AAACBnicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImgZtLGMYC6QXcPsZJIMmdlZZs6KcUnvI9jqA9iJra9h7Ys4SbYwiT8c+PjPOZzDH8aCG3Ddbye3srq2vpHfLGxt7+zuFfcPGkYlmrI6VULpVkgMEzxideAgWCvWjMhQsGY4vJ70mw9MG66iOxjFLJCkH/EepwSsde8PCODHsq8k65PTTrHkVtyp8DJ4GZRQplqn+ON3FU0ki4AKYkzbc2MIUqKBU8HGBT8xLCZ0SPqsbTEikpkgnX49xifW6eKe0rYiwFP370ZKpDEjGdpJSWBgFnsT879eO4HeZZDyKE6ARXR2qJcIDApPIsBdrhkFMbJAqOb2V0wHRBMKNqi5K8CHT2ObireYwTI0ziqe5dvzUvUqyyePjtAxKiMPXaAqukE1VEcUafSCXtGb8+y8Ox/O52w052Q7h2hOztcvEuGZgg==</latexit>

F
<latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit>

d

du
x(u)

<latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit><latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit><latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit><latexit sha1_base64="TXOELKN1isX5evqKRW5ObCuBxq8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbAIdVMSEXRZdOOygr1AW8pkMmmHTiZh5kyxhryBj+BWH8CduPUlXPsiTtssbOsPB37+cw7n8PkJZwpc99sqrK1vbG4Vt0s7u3v7B/bhUVPFWhLaIDGPZdvHinImaAMYcNpOJMWRz2nLH91O+60xlYrF4gEmCe1FeCBYyAgGE/VtuxtKTNIgSwOdPVb0ed8uu1V3JmfVeLkpo1z1vv3TDWKiIyqAcKxUx3MT6KVYAiOcZqWuVjTBZIQHtGOswBFVvXT2eeacmSRwwliaEuDM0r8bKY6UmkS+mYwwDNVybxr+1+toCK97KROJBirI/FCouQOxM8XgBExSAnxiDCaSmV8dMsQGBRhYC1eAjZ4yQ8VbZrBqmhdVz/j7y3LtJudTRCfoFFWQh65QDd2hOmoggsboBb2iN+vZerc+rM/5aMHKd47RgqyvX0GJm0M=</latexit>

i!x̂(!)
<latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit><latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit><latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit><latexit sha1_base64="scJOnR9byzxT8bTExiyfjAaFNQ0=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoIui25cVrAXaEKZTCft0JkkzJyINfQhfAS3+gDuxK2P4NoXcdpmYVt/GPjmP+dwDn+QCK7Bcb6twsrq2vpGcbO0tb2zu2fvHzR1nCrKGjQWsWoHRDPBI9YADoK1E8WIDARrBcObSb31wJTmcXQPo4T5kvQjHnJKwFhd+4h7sWR94g0I4MfK7HPWtctO1ZkKL4ObQxnlqnftH68X01SyCKggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiMimfaz6fljfGqcHg5jZV4EeOr+nciI1HokA9MpCQz0Ym1i/lfrpBBe+RmPkhRYRGeLwlRgiPEkC9zjilEQIwOEKm5uxXRAFKFgEpvbAnz4NDapuIsZLEPzvOoavrso167zfIroGJ2gCnLRJaqhW1RHDURRhl7QK3qznq1368P6nLUWrHzmEM3J+voFMOycxw==</latexit>

Fx(!) , x̂(!) ,
Z

Rd

e�2i⇡!Tux(u) du
<latexit sha1_base64="xwsSFApsJiqtcRncNwbtYNQ83Qc="></latexit><latexit sha1_base64="xwsSFApsJiqtcRncNwbtYNQ83Qc="></latexit><latexit sha1_base64="xwsSFApsJiqtcRncNwbtYNQ83Qc="></latexit><latexit sha1_base64="xwsSFApsJiqtcRncNwbtYNQ83Qc="></latexit>

kFxk2 = kxk2
<latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit><latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit><latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit><latexit sha1_base64="sr/YVfKW1rFXaxkMwttwcycy990=">AAACInicbVDLSsNAFJ34rPUVdelmsAhdlaQIuhGKgrisYB/QhjCZTtqhkwczN2IN/QW/wk9wqx/gTlwJ7vwRp2kE23pg4Nxz7uXeOV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7yc+K07JhWPwlsYxcwJSD/kPqcEtOSa5W6TScDdgMCAEpFeje8zxa2eT53f0jVLVsXKgBeJnZMSylF3ze9uL6JJwEKggijVsa0YnJRI4FSwcbGbKBYTOiR91tE0JAFTTpr9aIyPtdLDfiT1CwFn6t+JlARKjQJPd04uV/PeRPzP6yTgnzkpD+MEWEini/xEYIjwJB7c45JRECNNCJVc34rpgEhCQYc4swX48GGsU7HnM1gkzWrF1vzmpFS7yPMpoEN0hMrIRqeohq5RHTUQRY/oGb2gV+PJeDPejY9p65KRzxygGRhfP0mBpMc=</latexit>

F
<latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit>

Isometry:

xa(u) , x(u� a)
<latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit><latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit><latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit><latexit sha1_base64="BIpk56OJnbJ+UH3XZEdx/vFhM9g=">AAACEXicbZBLTgJBEIZ78IX4Ql24cNORmMBCMmNMdEl04xITeSRASE3TQIeenrG7xoCEU3gEt3oAd8atJ3DtRWweCwH/pJMvf1Wlqn8/ksKg6347iZXVtfWN5GZqa3tndy+9f1A2YawZL7FQhrrqg+FSKF5CgZJXI80h8CWv+L2bcb3yyLURobrHQcQbAXSUaAsGaK1m+qjfhGycq6MWoDqSP9B+Nj6DXDOdcfPuRHQZvBlkyEzFZvqn3gpZHHCFTIIxNc+NsDEEjYJJPkrVY8MjYD3o8JpFBQE3jeHkAyN6ap0WbYfaPoV04v6dGEJgzCDwbWcA2DWLtbH5X60WY/uqMRQqipErNl3UjiXFkI7ToC2hOUM5sABMC3srZV3QwNBmNrcFRe9pZFPxFjNYhvJ53rN8d5EpXM/ySZJjckKyxCOXpEBuSZGUCCMj8kJeyZvz7Lw7H87ntDXhzGYOyZycr18TN50z</latexit> e2i⇡!

T ax̂(!)
<latexit sha1_base64="0jK6uF3ld58yiKV4KgKOWGj4SmI=">AAACGnicbZDJSgNBEIZ7XOMe9eilMQjxEmZE0GPQi8cIWYRMDDWdStKkZ6G7RoxDrj6Fj+BVH8CbePXi2Rexsxzcfmj4+KuKqv6DRElDrvvhzM0vLC4t51ZW19Y3Nrfy2zt1E6daYE3EKtZXARhUMsIaSVJ4lWiEMFDYCAbn43rjBrWRcVSlYYKtEHqR7EoBZK12nuN1diT9RPpxiD24rsLI7wPx2+LUOGznC27JnYj/BW8GBTZTpZ3/9DuxSEOMSCgwpum5CbUy0CSFwtGqnxpMQAygh02LEYRoWtnkJyN+YJ0O78bavoj4xP0+kUFozDAMbGcI1De/a2Pzv1ozpe5pK5NRkhJGYrqomypOMR/HwjtSoyA1tABCS3srF33QIMiG92MLycHdyKbi/c7gL9SPSp7ly+NC+WyWT47tsX1WZB47YWV2wSqsxgS7Z4/siT07D86L8+q8TVvnnNnMLvsh5/0L4Huhag==</latexit><latexit sha1_base64="0jK6uF3ld58yiKV4KgKOWGj4SmI=">AAACGnicbZDJSgNBEIZ7XOMe9eilMQjxEmZE0GPQi8cIWYRMDDWdStKkZ6G7RoxDrj6Fj+BVH8CbePXi2Rexsxzcfmj4+KuKqv6DRElDrvvhzM0vLC4t51ZW19Y3Nrfy2zt1E6daYE3EKtZXARhUMsIaSVJ4lWiEMFDYCAbn43rjBrWRcVSlYYKtEHqR7EoBZK12nuN1diT9RPpxiD24rsLI7wPx2+LUOGznC27JnYj/BW8GBTZTpZ3/9DuxSEOMSCgwpum5CbUy0CSFwtGqnxpMQAygh02LEYRoWtnkJyN+YJ0O78bavoj4xP0+kUFozDAMbGcI1De/a2Pzv1ozpe5pK5NRkhJGYrqomypOMR/HwjtSoyA1tABCS3srF33QIMiG92MLycHdyKbi/c7gL9SPSp7ly+NC+WyWT47tsX1WZB47YWV2wSqsxgS7Z4/siT07D86L8+q8TVvnnNnMLvsh5/0L4Huhag==</latexit><latexit sha1_base64="0jK6uF3ld58yiKV4KgKOWGj4SmI=">AAACGnicbZDJSgNBEIZ7XOMe9eilMQjxEmZE0GPQi8cIWYRMDDWdStKkZ6G7RoxDrj6Fj+BVH8CbePXi2Rexsxzcfmj4+KuKqv6DRElDrvvhzM0vLC4t51ZW19Y3Nrfy2zt1E6daYE3EKtZXARhUMsIaSVJ4lWiEMFDYCAbn43rjBrWRcVSlYYKtEHqR7EoBZK12nuN1diT9RPpxiD24rsLI7wPx2+LUOGznC27JnYj/BW8GBTZTpZ3/9DuxSEOMSCgwpum5CbUy0CSFwtGqnxpMQAygh02LEYRoWtnkJyN+YJ0O78bavoj4xP0+kUFozDAMbGcI1De/a2Pzv1ozpe5pK5NRkhJGYrqomypOMR/HwjtSoyA1tABCS3srF33QIMiG92MLycHdyKbi/c7gL9SPSp7ly+NC+WyWT47tsX1WZB47YWV2wSqsxgS7Z4/siT07D86L8+q8TVvnnNnMLvsh5/0L4Huhag==</latexit><latexit sha1_base64="0jK6uF3ld58yiKV4KgKOWGj4SmI=">AAACGnicbZDJSgNBEIZ7XOMe9eilMQjxEmZE0GPQi8cIWYRMDDWdStKkZ6G7RoxDrj6Fj+BVH8CbePXi2Rexsxzcfmj4+KuKqv6DRElDrvvhzM0vLC4t51ZW19Y3Nrfy2zt1E6daYE3EKtZXARhUMsIaSVJ4lWiEMFDYCAbn43rjBrWRcVSlYYKtEHqR7EoBZK12nuN1diT9RPpxiD24rsLI7wPx2+LUOGznC27JnYj/BW8GBTZTpZ3/9DuxSEOMSCgwpum5CbUy0CSFwtGqnxpMQAygh02LEYRoWtnkJyN+YJ0O78bavoj4xP0+kUFozDAMbGcI1De/a2Pzv1ozpe5pK5NRkhJGYrqomypOMR/HwjtSoyA1tABCS3srF33QIMiG92MLycHdyKbi/c7gL9SPSp7ly+NC+WyWT47tsX1WZB47YWV2wSqsxgS7Z4/siT07D86L8+q8TVvnnNnMLvsh5/0L4Huhag==</latexit>

F
<latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit><latexit sha1_base64="knxABTjcI3AaAyqNyt+xgj4eVQk=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LIoiMsKthWmQ8mkmTY0kwzJHaEOXfoJbvUD3IlbP8S1P2KmnYVtPRA4nHMv9+SEieAGXPfbKa2srq1vlDcrW9s7u3vV/YO2UammrEWVUPohJIYJLlkLOAj2kGhG4lCwTji6zv3OI9OGK3kP44QFMRlIHnFKwEp+NyYwpERkN5NetebW3SnwMvEKUkMFmr3qT7evaBozCVQQY3zPTSDIiAZOBZtUuqlhCaEjMmC+pZLEzATZNPIEn1iljyOl7ZOAp+rfjYzExozj0E7mEc2il4v/eX4K0WWQcZmkwCSdHYpSgUHh/P+4zzWjIMaWEKq5zYrpkGhCwbY0dwX46ClvxVvsYJm0z+qe5XfntcZV0U8ZHaFjdIo8dIEa6BY1UQtRpNALekVvzrPz7nw4n7PRklPsHKI5OF+/4xuY8Q==</latexit>

Let                    continuous, if                      for any x thenL : L2 ! L2
<latexit sha1_base64="E/z2U+5LivAFXxXymiVa7+iQQYQ=">AAACH3icbZDLSsNAFIYn9VbrLerSTbAUXJWkCIqrohsXXVSwF2himUwn7dDJhZkTpYY8gU/hI7jVB3Anbrv2RZy0WdjWHwY+/nMO58zvRpxJMM2pVlhb39jcKm6Xdnb39g/0w6O2DGNBaIuEPBRdF0vKWUBbwIDTbiQo9l1OO+74Jqt3HqmQLAzuYRJRx8fDgHmMYFBWX680rmwfw8h1k0b6ULMFG44ACxE+/bX7etmsmjMZq2DlUEa5mn39xx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKewgD7VDrJ7DupUVHOwPBCoV4Axsz9O5FgX8qJ76rO7Ea5XMvM/2q9GLxLJ2FBFAMNyHyRF3MDQiPLxhgwQQnwiQJMBFO3GmSEBSagElzYAmz8nKpUrOUMVqFdq1qK787L9es8nyI6QafoDFnoAtXRLWqiFiLoBb2hd/ShvWqf2pf2PW8taPnMMVqQNv0Fza2kGQ==</latexit><latexit sha1_base64="E/z2U+5LivAFXxXymiVa7+iQQYQ=">AAACH3icbZDLSsNAFIYn9VbrLerSTbAUXJWkCIqrohsXXVSwF2himUwn7dDJhZkTpYY8gU/hI7jVB3Anbrv2RZy0WdjWHwY+/nMO58zvRpxJMM2pVlhb39jcKm6Xdnb39g/0w6O2DGNBaIuEPBRdF0vKWUBbwIDTbiQo9l1OO+74Jqt3HqmQLAzuYRJRx8fDgHmMYFBWX680rmwfw8h1k0b6ULMFG44ACxE+/bX7etmsmjMZq2DlUEa5mn39xx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKewgD7VDrJ7DupUVHOwPBCoV4Axsz9O5FgX8qJ76rO7Ea5XMvM/2q9GLxLJ2FBFAMNyHyRF3MDQiPLxhgwQQnwiQJMBFO3GmSEBSagElzYAmz8nKpUrOUMVqFdq1qK787L9es8nyI6QafoDFnoAtXRLWqiFiLoBb2hd/ShvWqf2pf2PW8taPnMMVqQNv0Fza2kGQ==</latexit><latexit sha1_base64="E/z2U+5LivAFXxXymiVa7+iQQYQ=">AAACH3icbZDLSsNAFIYn9VbrLerSTbAUXJWkCIqrohsXXVSwF2himUwn7dDJhZkTpYY8gU/hI7jVB3Anbrv2RZy0WdjWHwY+/nMO58zvRpxJMM2pVlhb39jcKm6Xdnb39g/0w6O2DGNBaIuEPBRdF0vKWUBbwIDTbiQo9l1OO+74Jqt3HqmQLAzuYRJRx8fDgHmMYFBWX680rmwfw8h1k0b6ULMFG44ACxE+/bX7etmsmjMZq2DlUEa5mn39xx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKewgD7VDrJ7DupUVHOwPBCoV4Axsz9O5FgX8qJ76rO7Ea5XMvM/2q9GLxLJ2FBFAMNyHyRF3MDQiPLxhgwQQnwiQJMBFO3GmSEBSagElzYAmz8nKpUrOUMVqFdq1qK787L9es8nyI6QafoDFnoAtXRLWqiFiLoBb2hd/ShvWqf2pf2PW8taPnMMVqQNv0Fza2kGQ==</latexit><latexit sha1_base64="E/z2U+5LivAFXxXymiVa7+iQQYQ=">AAACH3icbZDLSsNAFIYn9VbrLerSTbAUXJWkCIqrohsXXVSwF2himUwn7dDJhZkTpYY8gU/hI7jVB3Anbrv2RZy0WdjWHwY+/nMO58zvRpxJMM2pVlhb39jcKm6Xdnb39g/0w6O2DGNBaIuEPBRdF0vKWUBbwIDTbiQo9l1OO+74Jqt3HqmQLAzuYRJRx8fDgHmMYFBWX680rmwfw8h1k0b6ULMFG44ACxE+/bX7etmsmjMZq2DlUEa5mn39xx6EJPZpAIRjKXuWGYGTYAGMcJqW7FjSCJMxHtKewgD7VDrJ7DupUVHOwPBCoV4Axsz9O5FgX8qJ76rO7Ea5XMvM/2q9GLxLJ2FBFAMNyHyRF3MDQiPLxhgwQQnwiQJMBFO3GmSEBSagElzYAmz8nKpUrOUMVqFdq1qK787L9es8nyI6QafoDFnoAtXRLWqiFiLoBb2hd/ShvWqf2pf2PW8taPnMMVqQNv0Fza2kGQ==</latexit>

Lxa = (Lx)a
<latexit sha1_base64="NZuHlmp4qN27+y7Gi4qqLW4D1GU=">AAACA3icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgTdCEU3LrqoYGthOgyZNNOGZjJDkpHW0qWP4FYfwJ249UFc+yKm7Sxs64HAx7n3cm9OkHCmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVHEqCW2QmMeyFWBFORO0oZnmtJVIiqOA04egfzOpPzxSqVgs7vUwoV6Eu4KFjGBtLLc28PFVuTY49bFfLNkVeyq0DE4GJchU94s/7U5M0ogKTThWynXsRHsjLDUjnI4L7VTRBJM+7lLXoMARVd5oevIYnRing8JYmic0mrp/J0Y4UmoYBaYzwrqnFmsT87+am+rw0hsxkaSaCjJbFKYc6RhN/o86TFKi+dAAJpKZWxHpYYmJNinNbdGs/zQ2qTiLGSxD86ziGL47L1Wvs3zycATHUAYHLqAKt1CHBhCI4QVe4c16tt6tD+tz1pqzsplDmJP19QuAIJgT</latexit><latexit sha1_base64="NZuHlmp4qN27+y7Gi4qqLW4D1GU=">AAACA3icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgTdCEU3LrqoYGthOgyZNNOGZjJDkpHW0qWP4FYfwJ249UFc+yKm7Sxs64HAx7n3cm9OkHCmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVHEqCW2QmMeyFWBFORO0oZnmtJVIiqOA04egfzOpPzxSqVgs7vUwoV6Eu4KFjGBtLLc28PFVuTY49bFfLNkVeyq0DE4GJchU94s/7U5M0ogKTThWynXsRHsjLDUjnI4L7VTRBJM+7lLXoMARVd5oevIYnRing8JYmic0mrp/J0Y4UmoYBaYzwrqnFmsT87+am+rw0hsxkaSaCjJbFKYc6RhN/o86TFKi+dAAJpKZWxHpYYmJNinNbdGs/zQ2qTiLGSxD86ziGL47L1Wvs3zycATHUAYHLqAKt1CHBhCI4QVe4c16tt6tD+tz1pqzsplDmJP19QuAIJgT</latexit><latexit sha1_base64="NZuHlmp4qN27+y7Gi4qqLW4D1GU=">AAACA3icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgTdCEU3LrqoYGthOgyZNNOGZjJDkpHW0qWP4FYfwJ249UFc+yKm7Sxs64HAx7n3cm9OkHCmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVHEqCW2QmMeyFWBFORO0oZnmtJVIiqOA04egfzOpPzxSqVgs7vUwoV6Eu4KFjGBtLLc28PFVuTY49bFfLNkVeyq0DE4GJchU94s/7U5M0ogKTThWynXsRHsjLDUjnI4L7VTRBJM+7lLXoMARVd5oevIYnRing8JYmic0mrp/J0Y4UmoYBaYzwrqnFmsT87+am+rw0hsxkaSaCjJbFKYc6RhN/o86TFKi+dAAJpKZWxHpYYmJNinNbdGs/zQ2qTiLGSxD86ziGL47L1Wvs3zycATHUAYHLqAKt1CHBhCI4QVe4c16tt6tD+tz1pqzsplDmJP19QuAIJgT</latexit><latexit sha1_base64="NZuHlmp4qN27+y7Gi4qqLW4D1GU=">AAACA3icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgTdCEU3LrqoYGthOgyZNNOGZjJDkpHW0qWP4FYfwJ249UFc+yKm7Sxs64HAx7n3cm9OkHCmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVHEqCW2QmMeyFWBFORO0oZnmtJVIiqOA04egfzOpPzxSqVgs7vUwoV6Eu4KFjGBtLLc28PFVuTY49bFfLNkVeyq0DE4GJchU94s/7U5M0ogKTThWynXsRHsjLDUjnI4L7VTRBJM+7lLXoMARVd5oevIYnRing8JYmic0mrp/J0Y4UmoYBaYzwrqnFmsT87+am+rw0hsxkaSaCjJbFKYc6RhN/o86TFKi+dAAJpKZWxHpYYmJNinNbdGs/zQ2qTiLGSxD86ziGL47L1Wvs3zycATHUAYHLqAKt1CHBhCI4QVe4c16tt6tD+tz1pqzsplDmJP19QuAIJgT</latexit>

x ? y(u) ,
Z

Rd

x(u� t)y(t) dt
<latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit><latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit><latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit><latexit sha1_base64="0Zim8038uRo37LjNs573IabRJ6c="></latexit>

F : L2(Rd) ! L2(Rd)
<latexit sha1_base64="VdSKNCFr+4X6JklYt7Yzjh/y0UI=">AAACRnicdZBNSwMxEIZn6/d31aOXYBH0UnaLoHgqCuLBQxWrhXYt2TRtQ7MfJLNKXfZP+Sv8CXpU797Eq2m7glodCDzzzgwzeb1ICo22/WTlJianpmdm5+YXFpeWV/Kra5c6jBXjVRbKUNU8qrkUAa+iQMlrkeLU9yS/8npHg/rVDVdahMEF9iPu+rQTiLZgFI3UzJ82fIpdRmVynB4M2fOS0/S6tP2VnKfXrZ2GEp0uUqXCW/J/VzNfsIv2MMg4OBkUIItKM//aaIUs9nmATFKt644doZtQhYJJns43Ys0jynq0w+sGA+pz7SbDX6dkyygt0g6VeQGSofp9IqG+1n3fM52DI/Xv2kD8q1aPsb3vJiKIYuQBGy1qx5JgSAYWkpZQnKHsG6BMCXMrYV2qKENj9I8tKHp3qXHF+e3BOFyWio7hs91C+TDzZxY2YBO2wYE9KMMJVKAKDO7hEZ7hxXqw3qx362PUmrOymXX4ETn4BOIOszY=</latexit><latexit sha1_base64="VdSKNCFr+4X6JklYt7Yzjh/y0UI=">AAACRnicdZBNSwMxEIZn6/d31aOXYBH0UnaLoHgqCuLBQxWrhXYt2TRtQ7MfJLNKXfZP+Sv8CXpU797Eq2m7glodCDzzzgwzeb1ICo22/WTlJianpmdm5+YXFpeWV/Kra5c6jBXjVRbKUNU8qrkUAa+iQMlrkeLU9yS/8npHg/rVDVdahMEF9iPu+rQTiLZgFI3UzJ82fIpdRmVynB4M2fOS0/S6tP2VnKfXrZ2GEp0uUqXCW/J/VzNfsIv2MMg4OBkUIItKM//aaIUs9nmATFKt644doZtQhYJJns43Ys0jynq0w+sGA+pz7SbDX6dkyygt0g6VeQGSofp9IqG+1n3fM52DI/Xv2kD8q1aPsb3vJiKIYuQBGy1qx5JgSAYWkpZQnKHsG6BMCXMrYV2qKENj9I8tKHp3qXHF+e3BOFyWio7hs91C+TDzZxY2YBO2wYE9KMMJVKAKDO7hEZ7hxXqw3qx362PUmrOymXX4ETn4BOIOszY=</latexit><latexit sha1_base64="VdSKNCFr+4X6JklYt7Yzjh/y0UI=">AAACRnicdZBNSwMxEIZn6/d31aOXYBH0UnaLoHgqCuLBQxWrhXYt2TRtQ7MfJLNKXfZP+Sv8CXpU797Eq2m7glodCDzzzgwzeb1ICo22/WTlJianpmdm5+YXFpeWV/Kra5c6jBXjVRbKUNU8qrkUAa+iQMlrkeLU9yS/8npHg/rVDVdahMEF9iPu+rQTiLZgFI3UzJ82fIpdRmVynB4M2fOS0/S6tP2VnKfXrZ2GEp0uUqXCW/J/VzNfsIv2MMg4OBkUIItKM//aaIUs9nmATFKt644doZtQhYJJns43Ys0jynq0w+sGA+pz7SbDX6dkyygt0g6VeQGSofp9IqG+1n3fM52DI/Xv2kD8q1aPsb3vJiKIYuQBGy1qx5JgSAYWkpZQnKHsG6BMCXMrYV2qKENj9I8tKHp3qXHF+e3BOFyWio7hs91C+TDzZxY2YBO2wYE9KMMJVKAKDO7hEZ7hxXqw3qx362PUmrOymXX4ETn4BOIOszY=</latexit><latexit sha1_base64="VdSKNCFr+4X6JklYt7Yzjh/y0UI=">AAACRnicdZBNSwMxEIZn6/d31aOXYBH0UnaLoHgqCuLBQxWrhXYt2TRtQ7MfJLNKXfZP+Sv8CXpU797Eq2m7glodCDzzzgwzeb1ICo22/WTlJianpmdm5+YXFpeWV/Kra5c6jBXjVRbKUNU8qrkUAa+iQMlrkeLU9yS/8npHg/rVDVdahMEF9iPu+rQTiLZgFI3UzJ82fIpdRmVynB4M2fOS0/S6tP2VnKfXrZ2GEp0uUqXCW/J/VzNfsIv2MMg4OBkUIItKM//aaIUs9nmATFKt644doZtQhYJJns43Ys0jynq0w+sGA+pz7SbDX6dkyygt0g6VeQGSofp9IqG+1n3fM52DI/Xv2kD8q1aPsb3vJiKIYuQBGy1qx5JgSAYWkpZQnKHsG6BMCXMrYV2qKENj9I8tKHp3qXHF+e3BOFyWio7hs91C+TDzZxY2YBO2wYE9KMMJVKAKDO7hEZ7hxXqw3qx362PUmrOymXX4ETn4BOIOszY=</latexit>

x ? y(u)
<latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit><latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit><latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit><latexit sha1_base64="hSvWbNHnliweyL8J4EqS+5xuPVw=">AAACA3icbZDLSgMxFIYzXmu9VV26CRahbsqMCLosunFZwV5gOpRMmmlDM8mQnBHH0qWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777aysrq1vbBa2its7u3v7pYPDplGppqxBlVC6HRLDBJesARwEayeakTgUrBUObyb11gPThit5D1nCgpj0JY84JWAt/7FjgGicVdKzbqnsVt2p8DJ4OZRRrnq39NPpKZrGTAIVxBjfcxMIRkQDp4KNi53UsITQIekz36IkMTPBaHryGJ9ap4cjpe2TgKfu34kRiY3J4tB2xgQGZrE2Mf+r+SlEV8GIyyQFJulsUZQKDApP/o97XDMKIrNAqOb2VkwHRBMKNqW5LcCHT2ObireYwTI0z6ue5buLcu06z6eAjtEJqiAPXaIaukV11EAUKfSCXtGb8+y8Ox/O56x1xclnjtCcnK9fDWSYag==</latexit>

x̂(!)ŷ(!)
<latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit><latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit><latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit><latexit sha1_base64="ulEvhWv5XBmmuQMZzvk7/r448j8=">AAACFnicbVDLSsNAFJ3UV62vqEtdDBahbkoigi6LblxWsA9oSplMJ+3QyYOZGzGGbvwKP8GtfoA7cevWtT/iNI1gWw8MnHvOvdw7x40EV2BZX0ZhaXllda24XtrY3NreMXf3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu5o6uJ37pjUvEwuIUkYl2fDALucUpASz3z0BkSwPcVJ/TZgJxkVfJb9cyyVbUy4EVi56SMctR75rfTD2nsswCoIEp1bCuCbkokcCrYuOTEikWEjsiAdTQNiM9UN81+McbHWuljL5T6BYAz9e9ESnylEt/VnT6BoZr3JuJ/XicG76Kb8iCKgQV0usiLBYYQTyLBfS4ZBZFoQqjk+lZMh0QSCjq4mS3ARw9jnYo9n8EiaZ5Wbc1vzsq1yzyfIjpAR6iCbHSOauga1VEDUfSIntELejWejDfj3fiYthaMfGYfzcD4/AG+pJ8n</latexit>

9k, Lx = k ? x
<latexit sha1_base64="1CXdUdgZDyFLIf9BgLDPKJdQESc=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCCymJCLoRim5cuKhgH9CEMplO2iGTBzM30hr7E36CW/0Ad+LWP3Dtjzhts7CtBy4czrmXczleIrgCy/o2FhaXlldWC2vF9Y3NrW1zZ7eu4lRSVqOxiGXTI4oJHrEacBCsmUhGQk+whhdcj/zGA5OKx9E9DBLmhqQbcZ9TAlpqm/sO6+sUhYMTfNu/DBwFROJ+2yxZZWsMPE/snJRQjmrb/HE6MU1DFgEVRKmWbSXgZkQCp4INi06qWEJoQLqspWlEQqbcbPz/EB9ppYP9WOqJAI/VvxcZCZUahJ7eDAn01Kw3Ev/zWin4F27GoyQFFtFJkJ8KDDEelYE7XDIKYqAJoZLrXzHtEUko6MqmUoAHj0Pdij3bwTypn5Ztze/OSpWrvJ8COkCH6BjZ6BxV0A2qohqi6Am9oFf0Zjwb78aH8TlZXTDymz00BePrF7LGnQk=</latexit><latexit sha1_base64="1CXdUdgZDyFLIf9BgLDPKJdQESc=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCCymJCLoRim5cuKhgH9CEMplO2iGTBzM30hr7E36CW/0Ad+LWP3Dtjzhts7CtBy4czrmXczleIrgCy/o2FhaXlldWC2vF9Y3NrW1zZ7eu4lRSVqOxiGXTI4oJHrEacBCsmUhGQk+whhdcj/zGA5OKx9E9DBLmhqQbcZ9TAlpqm/sO6+sUhYMTfNu/DBwFROJ+2yxZZWsMPE/snJRQjmrb/HE6MU1DFgEVRKmWbSXgZkQCp4INi06qWEJoQLqspWlEQqbcbPz/EB9ppYP9WOqJAI/VvxcZCZUahJ7eDAn01Kw3Ev/zWin4F27GoyQFFtFJkJ8KDDEelYE7XDIKYqAJoZLrXzHtEUko6MqmUoAHj0Pdij3bwTypn5Ztze/OSpWrvJ8COkCH6BjZ6BxV0A2qohqi6Am9oFf0Zjwb78aH8TlZXTDymz00BePrF7LGnQk=</latexit><latexit sha1_base64="1CXdUdgZDyFLIf9BgLDPKJdQESc=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCCymJCLoRim5cuKhgH9CEMplO2iGTBzM30hr7E36CW/0Ad+LWP3Dtjzhts7CtBy4czrmXczleIrgCy/o2FhaXlldWC2vF9Y3NrW1zZ7eu4lRSVqOxiGXTI4oJHrEacBCsmUhGQk+whhdcj/zGA5OKx9E9DBLmhqQbcZ9TAlpqm/sO6+sUhYMTfNu/DBwFROJ+2yxZZWsMPE/snJRQjmrb/HE6MU1DFgEVRKmWbSXgZkQCp4INi06qWEJoQLqspWlEQqbcbPz/EB9ppYP9WOqJAI/VvxcZCZUahJ7eDAn01Kw3Ev/zWin4F27GoyQFFtFJkJ8KDDEelYE7XDIKYqAJoZLrXzHtEUko6MqmUoAHj0Pdij3bwTypn5Ztze/OSpWrvJ8COkCH6BjZ6BxV0A2qohqi6Am9oFf0Zjwb78aH8TlZXTDymz00BePrF7LGnQk=</latexit><latexit sha1_base64="1CXdUdgZDyFLIf9BgLDPKJdQESc=">AAACEHicbVDLSsNAFJ34rPUVFdy4GSyCCymJCLoRim5cuKhgH9CEMplO2iGTBzM30hr7E36CW/0Ad+LWP3Dtjzhts7CtBy4czrmXczleIrgCy/o2FhaXlldWC2vF9Y3NrW1zZ7eu4lRSVqOxiGXTI4oJHrEacBCsmUhGQk+whhdcj/zGA5OKx9E9DBLmhqQbcZ9TAlpqm/sO6+sUhYMTfNu/DBwFROJ+2yxZZWsMPE/snJRQjmrb/HE6MU1DFgEVRKmWbSXgZkQCp4INi06qWEJoQLqspWlEQqbcbPz/EB9ppYP9WOqJAI/VvxcZCZUahJ7eDAn01Kw3Ev/zWin4F27GoyQFFtFJkJ8KDDEelYE7XDIKYqAJoZLrXzHtEUko6MqmUoAHj0Pdij3bwTypn5Ztze/OSpWrvJ8COkCH6BjZ6BxV0A2qohqi6Am9oFf0Zjwb78aH8TlZXTDymz00BePrF7LGnQk=</latexit>

Easy to generalise on compact and commutative groups.



A motivating example

• Translation invariance? Why not:

15

�x(!) = |x̂(!)|
<latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit>

⌧(u) = su, s > 0
<latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit>

⇠ s!0 = kr⌧k!0
<latexit sha1_base64="hSkvDA956gr3pQ0FMTj6RDPA+Ig=">AAACKHicbZDPSgMxEMaz/rf+q3r0EiyCp7Irgl4E0YtHBVuFbimz6bSGJtklmRVq6Vv4FD6CV30Ab+JVX8S0VrCtA4Ffvm+GSb4kU9JRGH4EM7Nz8wuLS8uFldW19Y3i5lbVpbkVWBGpSu1tAg6VNFghSQpvM4ugE4U3Sed84N/co3UyNdfUzbCuoW1kSwogLzWK5dhJzV2camxDI+QnPK6ipdhAoiAmyIdX/us3iqWwHA6LT0M0ghIb1WWj+BU3U5FrNCQUOFeLwozqPbAkhcJ+Ic4dZiA60MaaRwMaXb03/Fef73mlyVup9ccQH6p/J3qgnevqxHdqoDs36Q3E/7xaTq3jek+aLCc04mdRK1ecUj4IiTelRUGq6wGElf6tXNyBBUE+yrEtJDsPfZ9KNJnBNFQPypHnq8PS6dkonyW2w3bZPovYETtlF+ySVZhgj+yZvbDX4Cl4C96Dj5/WmWA0s83GKvj8BjyrpsM=</latexit><latexit sha1_base64="hSkvDA956gr3pQ0FMTj6RDPA+Ig=">AAACKHicbZDPSgMxEMaz/rf+q3r0EiyCp7Irgl4E0YtHBVuFbimz6bSGJtklmRVq6Vv4FD6CV30Ab+JVX8S0VrCtA4Ffvm+GSb4kU9JRGH4EM7Nz8wuLS8uFldW19Y3i5lbVpbkVWBGpSu1tAg6VNFghSQpvM4ugE4U3Sed84N/co3UyNdfUzbCuoW1kSwogLzWK5dhJzV2camxDI+QnPK6ipdhAoiAmyIdX/us3iqWwHA6LT0M0ghIb1WWj+BU3U5FrNCQUOFeLwozqPbAkhcJ+Ic4dZiA60MaaRwMaXb03/Fef73mlyVup9ccQH6p/J3qgnevqxHdqoDs36Q3E/7xaTq3jek+aLCc04mdRK1ecUj4IiTelRUGq6wGElf6tXNyBBUE+yrEtJDsPfZ9KNJnBNFQPypHnq8PS6dkonyW2w3bZPovYETtlF+ySVZhgj+yZvbDX4Cl4C96Dj5/WmWA0s83GKvj8BjyrpsM=</latexit><latexit sha1_base64="hSkvDA956gr3pQ0FMTj6RDPA+Ig=">AAACKHicbZDPSgMxEMaz/rf+q3r0EiyCp7Irgl4E0YtHBVuFbimz6bSGJtklmRVq6Vv4FD6CV30Ab+JVX8S0VrCtA4Ffvm+GSb4kU9JRGH4EM7Nz8wuLS8uFldW19Y3i5lbVpbkVWBGpSu1tAg6VNFghSQpvM4ugE4U3Sed84N/co3UyNdfUzbCuoW1kSwogLzWK5dhJzV2camxDI+QnPK6ipdhAoiAmyIdX/us3iqWwHA6LT0M0ghIb1WWj+BU3U5FrNCQUOFeLwozqPbAkhcJ+Ic4dZiA60MaaRwMaXb03/Fef73mlyVup9ccQH6p/J3qgnevqxHdqoDs36Q3E/7xaTq3jek+aLCc04mdRK1ecUj4IiTelRUGq6wGElf6tXNyBBUE+yrEtJDsPfZ9KNJnBNFQPypHnq8PS6dkonyW2w3bZPovYETtlF+ySVZhgj+yZvbDX4Cl4C96Dj5/WmWA0s83GKvj8BjyrpsM=</latexit><latexit sha1_base64="hSkvDA956gr3pQ0FMTj6RDPA+Ig=">AAACKHicbZDPSgMxEMaz/rf+q3r0EiyCp7Irgl4E0YtHBVuFbimz6bSGJtklmRVq6Vv4FD6CV30Ab+JVX8S0VrCtA4Ffvm+GSb4kU9JRGH4EM7Nz8wuLS8uFldW19Y3i5lbVpbkVWBGpSu1tAg6VNFghSQpvM4ugE4U3Sed84N/co3UyNdfUzbCuoW1kSwogLzWK5dhJzV2camxDI+QnPK6ipdhAoiAmyIdX/us3iqWwHA6LT0M0ghIb1WWj+BU3U5FrNCQUOFeLwozqPbAkhcJ+Ic4dZiA60MaaRwMaXb03/Fef73mlyVup9ccQH6p/J3qgnevqxHdqoDs36Q3E/7xaTq3jek+aLCc04mdRK1ecUj4IiTelRUGq6wGElf6tXNyBBUE+yrEtJDsPfZ9KNJnBNFQPypHnq8PS6dkonyW2w3bZPovYETtlF+ySVZhgj+yZvbDX4Cl4C96Dj5/WmWA0s83GKvj8BjyrpsM=</latexit>

x(u) = ei!0u� 1
2u

2

<latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit>

Deformations
L⌧x(u) = x(u� ⌧(u))

|�x⌧ (!)� �x(!)| / |e�(!�!0)
2

� 1

(1� s)
e�( !

(1�s)�!0)
2

|
<latexit sha1_base64="tE/TYKVEqUlZ0SZLKwa8vsGrm4c="></latexit><latexit sha1_base64="tE/TYKVEqUlZ0SZLKwa8vsGrm4c="></latexit><latexit sha1_base64="tE/TYKVEqUlZ0SZLKwa8vsGrm4c="></latexit><latexit sha1_base64="tE/TYKVEqUlZ0SZLKwa8vsGrm4c="></latexit>

Let and

then:
k�x⌧ � �xk

<latexit sha1_base64="VX9NyfpkCV6QYr8nrx76VTch9vM=">AAACF3icbZDLSsNAFIYn9VbrLepShMEiuLEkIuiy6MZlBXuBJoTJdNIOnVyYORFr6Mqn8BHc6gO4E7cuXfsiTtMsbOsPAx//OYdz5vcTwRVY1rdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB6Um/fM6l4HN3BKGFuSPoRDzgloC3PPHRaTAJ2GgOOHzwHSHo65dz3zKpVs3LhRbALqKJCDc/8cXoxTUMWARVEqa5tJeBmRAKngo0rTqpYQuiQ9FlXY0RCptws/8YYH2unh4NY6hcBzt2/ExkJlRqFvu4MCQzUfG1i/lfrphBcuhmPkhRYRKeLglRgiPEkE9zjklEQIw2ESq5vxXRAJKGgk5vZAnz4ONap2PMZLELrrGZrvj2v1q+KfMroAB2hE2SjC1RHN6iBmoiiJ/SCXtGb8Wy8Gx/G57S1ZBQz+2hGxtcv9oCf2A==</latexit><latexit sha1_base64="VX9NyfpkCV6QYr8nrx76VTch9vM=">AAACF3icbZDLSsNAFIYn9VbrLepShMEiuLEkIuiy6MZlBXuBJoTJdNIOnVyYORFr6Mqn8BHc6gO4E7cuXfsiTtMsbOsPAx//OYdz5vcTwRVY1rdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB6Um/fM6l4HN3BKGFuSPoRDzgloC3PPHRaTAJ2GgOOHzwHSHo65dz3zKpVs3LhRbALqKJCDc/8cXoxTUMWARVEqa5tJeBmRAKngo0rTqpYQuiQ9FlXY0RCptws/8YYH2unh4NY6hcBzt2/ExkJlRqFvu4MCQzUfG1i/lfrphBcuhmPkhRYRKeLglRgiPEkE9zjklEQIw2ESq5vxXRAJKGgk5vZAnz4ONap2PMZLELrrGZrvj2v1q+KfMroAB2hE2SjC1RHN6iBmoiiJ/SCXtGb8Wy8Gx/G57S1ZBQz+2hGxtcv9oCf2A==</latexit><latexit sha1_base64="VX9NyfpkCV6QYr8nrx76VTch9vM=">AAACF3icbZDLSsNAFIYn9VbrLepShMEiuLEkIuiy6MZlBXuBJoTJdNIOnVyYORFr6Mqn8BHc6gO4E7cuXfsiTtMsbOsPAx//OYdz5vcTwRVY1rdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB6Um/fM6l4HN3BKGFuSPoRDzgloC3PPHRaTAJ2GgOOHzwHSHo65dz3zKpVs3LhRbALqKJCDc/8cXoxTUMWARVEqa5tJeBmRAKngo0rTqpYQuiQ9FlXY0RCptws/8YYH2unh4NY6hcBzt2/ExkJlRqFvu4MCQzUfG1i/lfrphBcuhmPkhRYRKeLglRgiPEkE9zjklEQIw2ESq5vxXRAJKGgk5vZAnz4ONap2PMZLELrrGZrvj2v1q+KfMroAB2hE2SjC1RHN6iBmoiiJ/SCXtGb8Wy8Gx/G57S1ZBQz+2hGxtcv9oCf2A==</latexit><latexit sha1_base64="VX9NyfpkCV6QYr8nrx76VTch9vM=">AAACF3icbZDLSsNAFIYn9VbrLepShMEiuLEkIuiy6MZlBXuBJoTJdNIOnVyYORFr6Mqn8BHc6gO4E7cuXfsiTtMsbOsPAx//OYdz5vcTwRVY1rdRWlpeWV0rr1c2Nre2d8zdvZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB6Um/fM6l4HN3BKGFuSPoRDzgloC3PPHRaTAJ2GgOOHzwHSHo65dz3zKpVs3LhRbALqKJCDc/8cXoxTUMWARVEqa5tJeBmRAKngo0rTqpYQuiQ9FlXY0RCptws/8YYH2unh4NY6hcBzt2/ExkJlRqFvu4MCQzUfG1i/lfrphBcuhmPkhRYRKeLglRgiPEkE9zjklEQIw2ESq5vxXRAJKGgk5vZAnz4ONap2PMZLELrrGZrvj2v1q+KfMroAB2hE2SjC1RHN6iBmoiiJ/SCXtGb8Wy8Gx/G57S1ZBQz+2hGxtcv9oCf2A==</latexit>



Wavelets

•      is a wavelet iff 

• Typically localised in space and frequency. 

• Rotation, dilation of a wavelets: 

• Design wavelets selective to rotation variabilities.

 
<latexit sha1_base64="vZM3p0oDK8G//ZjqteTWKP152iI=">AAAB6nicbZDLSgMxFIbPtF5qvY2XnZtgEVyVGRcqrgpuXFZwbKEdSibNtKFJZkgyQhkKPoEbFypufQ4fwp1vY6btQlt/CHz8/znknBOlnGnjed9OqbyyurZe2ahubm3v7Lp7+/c6yRShAUl4otoR1pQzSQPDDKftVFEsIk5b0ei6yFsPVGmWyDszTmko8ECymBFsCqubatZza17dmwotgz+HWuPws/wIAM2e+9XtJyQTVBrCsdYd30tNmGNlGOF0Uu1mmqaYjPCAdixKLKgO8+msE3RinT6KE2WfNGjq/u7IsdB6LCJbKbAZ6sWsMP/LOpmJL8OcyTQzVJLZR3HGkUlQsTjqM0WJ4WMLmChmZ0VkiBUmxp6nao/gL668DMFZ/bzu3fq1xhXMVIEjOIZT8OECGnADTQiAwBCe4AVeHeE8O2/O+6y05Mx7DuCPnI8frjmPpA==</latexit><latexit sha1_base64="MKReSqAJM21mHrPcc9EWVyc1loM=">AAAB6nicbZC7SgNBFIbPJl5ivMVLZzMYBKuwa6FiFbCxjOAaIVnC7GQ2GTIzO8zMCiHkFWwsVGx9DmsbGzvfxtkkhSb+MPDx/+cw55xYcWas7397heLS8spqaa28vrG5tV3Z2b01aaYJDUnKU30XY0M5kzS0zHJ6pzTFIua0GQ8u87x5T7VhqbyxQ0UjgXuSJYxgm1ttZVinUvVr/kRoEYIZVOv770X1+ZE1OpWvdjclmaDSEo6NaQW+stEIa8sIp+NyOzNUYTLAPdpyKLGgJhpNZh2jI+d0UZJq96RFE/d3xwgLY4YidpUC276Zz3Lzv6yV2eQ8GjGpMkslmX6UZBzZFOWLoy7TlFg+dICJZm5WRPpYY2LdecruCMH8yosQntROa/51UK1fwFQlOIBDOIYAzqAOV9CAEAj04QGe4NkT3qP34r1OSwverGcP/sh7+wFQoJGe</latexit>

 
<latexit sha1_base64="mduu63BoHMqGld23Vba2fG/RufU=">AAAB6nicbZC9TsMwFIVvyl8pfwFGGCwqJKYqYQDGChbGViK0UhtVjuu0Vm0nsh2kKuorsDAAYuUheA42Nh4Fp+0ALUey9Omce+V7b5Rypo3nfTmlldW19Y3yZmVre2d3z90/uNdJpggNSMIT1Y6wppxJGhhmOG2nimIRcdqKRjdF3nqgSrNE3plxSkOBB5LFjGBTWN1Us55b9WreVGgZ/DlU68cfzW8AaPTcz24/IZmg0hCOte74XmrCHCvDCKeTSjfTNMVkhAe0Y1FiQXWYT2edoFPr9FGcKPukQVP3d0eOhdZjEdlKgc1QL2aF+V/WyUx8FeZMppmhksw+ijOOTIKKxVGfKUoMH1vARDE7KyJDrDAx9jwVewR/ceVlCM5rFzWv6Vfr1zBTGY7gBM7Ah0uowy00IAACQ3iEZ3hxhPPkvDpvs9KSM+85hD9y3n8AnNqQXA==</latexit><latexit sha1_base64="KoiyL79C8JDW2tvOqjdwVaE3Hps=">AAAB6nicbZDNSgMxFIXv+FvrX9WlIsEiuCozLtRl0Y3LFhxbaIeSSTNtaJIZkoxQhi7dunGh4taH6HO48xl8CTNtF9p6IPBxzr3k3hsmnGnjul/O0vLK6tp6YaO4ubW9s1va27/XcaoI9UnMY9UMsaacSeobZjhtJopiEXLaCAc3ed54oEqzWN6ZYUIDgXuSRYxgk1vtRLNOqexW3InQIngzKFePxvXvx+NxrVP6bHdjkgoqDeFY65bnJibIsDKMcDoqtlNNE0wGuEdbFiUWVAfZZNYROrVOF0Wxsk8aNHF/d2RYaD0Uoa0U2PT1fJab/2Wt1ERXQcZkkhoqyfSjKOXIxChfHHWZosTwoQVMFLOzItLHChNjz1O0R/DmV14E/7xyUXHrXrl6DVMV4BBO4Aw8uIQq3EINfCDQhyd4gVdHOM/Om/M+LV1yZj0H8EfOxw95uZHC</latexit>

 j,✓ =
1

22j
 (

r✓(u)

2j
)

<latexit sha1_base64="4yWyX8g1ftSjdJSEzIePbvZr7Ik=">AAACJXicbVDLSsNAFJ34rPVVdekmWIQWpCRF1E2h6MZlBWsLTQ2T6aSddvJg5kYoIV/jxl9x46KK4MpfcdJkoa0HBg7nnMude5yQMwmG8aWtrK6tb2wWtorbO7t7+6WDwwcZRILQNgl4ILoOlpQzn7aBAafdUFDsOZx2nMlN6neeqJAs8O9hGtK+h4c+cxnBoCS71LBCyex4fGbBiAJOGpYrMInNJK4/xvVxkqR+JROFnYUqUTW1x0nVLpWNmjGHvkzMnJRRjpZdmlmDgEQe9YFwLGXPNELox1gAI5wmRSuSNMRkgoe0p6iPPSr78fzMRD9VykB3A6GeD/pc/T0RY0/KqeeopIdhJBe9VPzP60XgXvVj5ocRUJ9ki9yI6xDoaWf6gAlKgE8VwUQw9VedjLCqBFSzRVWCuXjyMmnXaxc14+683LzO2yigY3SCKshEl6iJblELtRFBz+gVzdC79qK9aR/aZxZd0fKZI/QH2vcP94GmQg==</latexit><latexit sha1_base64="4yWyX8g1ftSjdJSEzIePbvZr7Ik=">AAACJXicbVDLSsNAFJ34rPVVdekmWIQWpCRF1E2h6MZlBWsLTQ2T6aSddvJg5kYoIV/jxl9x46KK4MpfcdJkoa0HBg7nnMude5yQMwmG8aWtrK6tb2wWtorbO7t7+6WDwwcZRILQNgl4ILoOlpQzn7aBAafdUFDsOZx2nMlN6neeqJAs8O9hGtK+h4c+cxnBoCS71LBCyex4fGbBiAJOGpYrMInNJK4/xvVxkqR+JROFnYUqUTW1x0nVLpWNmjGHvkzMnJRRjpZdmlmDgEQe9YFwLGXPNELox1gAI5wmRSuSNMRkgoe0p6iPPSr78fzMRD9VykB3A6GeD/pc/T0RY0/KqeeopIdhJBe9VPzP60XgXvVj5ocRUJ9ki9yI6xDoaWf6gAlKgE8VwUQw9VedjLCqBFSzRVWCuXjyMmnXaxc14+683LzO2yigY3SCKshEl6iJblELtRFBz+gVzdC79qK9aR/aZxZd0fKZI/QH2vcP94GmQg==</latexit>

 j,✓
<latexit sha1_base64="h0os0qPCCwGOdy3Iax5X9vow0TE=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REinosePFYwdhCE8Jmu2nXbjZhdyLU0F/ixYOKV/+KN/+N2zYHbX0w8Hhvhpl5USa4Bsf5tlZW19Y3Nitb1e2d3b2avX9wr9NcUebRVKSqGxHNBJfMAw6CdTPFSBIJ1olG11O/88iU5qm8g3HGgoQMJI85JWCk0K75meZh8XDmw5ABmYR23Wk4M+Bl4pakjkq0Q/vL76c0T5gEKojWPdfJICiIAk4Fm1T9XLOM0BEZsJ6hkiRMB8Xs8Ak+MUofx6kyJQHP1N8TBUm0HieR6UwIDPWiNxX/83o5xFdBwWWWA5N0vijOBYYUT1PAfa4YBTE2hFDFza2YDokiFExWVROCu/jyMvHOGxcN57ZZbzXLNCroCB2jU+SiS9RCN6iNPERRjp7RK3qznqwX6936mLeuWOXMIfoD6/MHXVOTCg==</latexit><latexit sha1_base64="h0os0qPCCwGOdy3Iax5X9vow0TE=">AAAB93icbVBNS8NAEN34WetHox69LBbBg5REinosePFYwdhCE8Jmu2nXbjZhdyLU0F/ixYOKV/+KN/+N2zYHbX0w8Hhvhpl5USa4Bsf5tlZW19Y3Nitb1e2d3b2avX9wr9NcUebRVKSqGxHNBJfMAw6CdTPFSBIJ1olG11O/88iU5qm8g3HGgoQMJI85JWCk0K75meZh8XDmw5ABmYR23Wk4M+Bl4pakjkq0Q/vL76c0T5gEKojWPdfJICiIAk4Fm1T9XLOM0BEZsJ6hkiRMB8Xs8Ak+MUofx6kyJQHP1N8TBUm0HieR6UwIDPWiNxX/83o5xFdBwWWWA5N0vijOBYYUT1PAfa4YBTE2hFDFza2YDokiFExWVROCu/jyMvHOGxcN57ZZbzXLNCroCB2jU+SiS9RCN6iNPERRjp7RK3qznqwX6936mLeuWOXMIfoD6/MHXVOTCg==</latexit>

Isotropic
| ̂|

Non-Isotropic| ̂|
VS

�

Z
 (u)du = 0 and

Z
| |2(u)du < 1
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Group action!



The Gabor wavelet

17

�(u) =
1

2⇡�
e�

kuk2
2� (u) =

1

2⇡�
e�

kuk2
2� (ei⇠.u � )

(for sake of simplicity, formula  
are given in the isotropic case)



Invariances  
via wavelets

• Analytic wavelets permit to build stable invariants 
to: 
- small translations by a: 
 
 
 
 
 
 
 
 
- small deformations:

18

Ref.: Group Invariant Scattering, Mallat S 

\Lax ?  (!) = ei!
T ax̂(!) ̂(!)

=
X

n

(i!Ta)n

n!
x̂(!) ̂(!)

⇡
X

n

(i!T
0 a)

n

n!
x̂(!) ̂(!)

= ei!
T
0 a[x ?  (!)

!

!0

| ̂(!)|

!0
!Ta ̂(!) ⇡ !T

0 a ̂(!)

k(L⌧x) ?  � L⌧ (x ?  )k  Crk⌧k1

Deformations
L⌧x(u) = x(u� ⌧(u))

The variability corresponds to a phase!



Wavelet Transform

• Wavelet transform:  

• Isometric and linear operator of   , with  

• Covariant with translation     : 

• Nearly commutes with diffeomorphisms 

• A good baseline to describe an image!

Ex.: 

19

Wx = {x ?  j,✓, x ? �J}✓,jJ

kWxk2 =
X

✓,jJ

Z
|x ?  j,✓|2 +

Z
x ? �2J !1

!2

Ref.: Group Invariant Scattering, Mallat S 

L2

WLa = LaW
La

k[W,L⌧ ]k  Ckr⌧k



Scattering Transform
• Scattering transform at scale J is the cascading of 

complex WT with modulus non-linearity, followed 
by a low pass-filtering: 

• Mathematically well defined for a large class of 
wavelets.

20

Ref.: Group Invariant Scattering, Mallat S 

x
�J

|.|
�J

|.|�J

Depth
order 0

order 1

order 2

SJx = {x ? �J ,
|x ?  j1,✓1 | ? �J ,
||x ?  j1,✓1 | ?  j2,✓2 | ? �J}

 j,✓

 j,✓



Feature map

• Several features map

Ref.: Xxxx, Machin et al.

Ex.: 

2121

x ? �
<lat

exit
 sha

1_ba
se64

="oP
27VG

R2X2
TA/4

MKMQ
73CW

5eNz
I=">

AAAB
8Xic

bZC7
SgNB

FIbP
xluM

t6il
FoNB

sAq7
FmoZ

tLFM
wDXC

7hJm
J7PJ

kNkL
M2fF

sOQx
bCxU

bH0B
n8PO

zkdx
cik0

8YeB
j/8/

hznn
hJkU

Gm37
yyot

La+s
rpXX

Kxub
W9s7

1d29
W53m

inGX
pTJV

dyHV
XIqE

uyhQ
8rtM

cRqH
krfD

wdU4
b99z

pUWa
3OAw

40FM
e4mI

BKNo
LO/B

10gV
8bO+

6FRr
dt2e

iCyC
M4Na

4/Cj
9Q0A

zU71
0++m

LI95
gkxS

rT3H
zjAo

qELB
JB9V

/Fzz
jLIB

7XHP
YEJj

roNi
MvKI

HBun
S6JU

mZcg
mbi/

Owoa
az2M

Q1MZ
U+zr

+Wxs
/pd5

OUYX
QSGS

LEee
sOlH

US4J
pmS8

P+kK
xRnK

oQHK
lDCz

Etan
ijI0

V6qY
Izjz

Ky+C
e1o/

q9st
p9a4

hKnK
cABH

cAIO
nEMD

rqEJ
LjBI

4RGe
4cVC

68l6
td6m

pSVr
1rMP

f2S9
/wCv

vJNF
</la

texi
t>

<lat
exit

 sha
1_ba

se64
="B6

t5L4
P5Wm

CHNz
oLV7

UGUq
h4NK

s=">
AAAB

8Xic
bZDL

SsNA
FIYn

9Vbr
repS

kcEi
uCqJ

C3VZ
dOOy

BWML
SSiT

6aQd
OpmE

mROx
hC59

BDcu
VNz6

An0O
dz6D

L+H0
stDW

HwY+
/v8c

5pwT
poJr

sO0v
q7C0

vLK6
Vlwv

bWxu
be+U

d/fu
dJIp

ylya
iES1

QqKZ
4JK5

wEGw
VqoY

iUPB
mmH/

epw3
75nS

PJG3
MEhZ

EJOu
5BGn

BIzl
Pfga

iMJ+
2uPt

csWu
2hPh

RXBm
UKkd

jhrf
j0ej

erv8
6XcS

msVM
AhVE

a8+x
Uwhy

ooBT
wYYl

P9Ms
JbRP

uswz
KEnM

dJBP
Rh7i

E+N0
cJQo

8yTg
ifu7

Iyex
1oM4

NJUx
gZ6e

z8bm
f5mX

QXQZ
5Fym

GTBJ
px9F

mcCQ
4PH+

uMMV
oyAG

BghV
3MyK

aY8o
QsFc

qWSO
4Myv

vAju
WfW8

ajec
Su0K

TVVE
B+gY

nSIH
XaAa

ukF1
5CKK

EvSE
XtCr

Bdaz
9Wa9

T0sL
1qxn

H/2R
9fED

jJuU
qw==

</la
texi

t>

x
<latexit sha1_base64="vBWJA9LY6QPbamOLKKoS3HETMkM=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3FmojBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHp37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclxx6m65egFTFWEP9uEQXDiBKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3v8yOlg==</latexit><latexit sha1_base64="A9ccdmxJ8Bhrzemvz5zk/mcv4S8=">AAAB53icbZC7SgNBFIbPxltcb1FLm8EgWIVdC7URgzaWCbgmkIQwOzmbjJm9MDMrhiVPYGOhYis+jL2N+DZOLoUm/jDw8f/nMOccPxFcacf5tnILi0vLK/lVe219Y3OrsL1zo+JUMvRYLGJZ96lCwSP0NNcC64lEGvoCa37/cpTX7lAqHkfXepBgK6TdiAecUW2s6n27UHRKzlhkHtwpFM8/7LPk/cuutAufzU7M0hAjzQRVquE6iW5lVGrOBA7tZqowoaxPu9gwGNEQVSsbDzokB8bpkCCW5kWajN3fHRkNlRqEvqkMqe6p2Wxk/pc1Uh2ctjIeJanGiE0+ClJBdExGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7u/I8eEel45JTdYvlC5goD3uwD4fgwgmU4Qoq4AEDhAd4gmfr1nq0XqzXSWnOmvbswh9Zbz+v55AK</latexit>

1st order 
 coefficients

Example of Scattering coefficients
|x
?
 | ?

�

<latexit sha1_base64="UKn0LYwiDnxBHx5LbGPech2pnps=">AAAB/3icbZDLSsNAFIZPvNZ6i7pw4WZoEQShJC7UZdGNywrGFppQJtNJO3QyCTMTsaTd+CSCGxcqbn0Nd76N04ugrT8MfPznHM6cP0w5U9pxvqyFxaXlldXCWnF9Y3Nr297ZvVVJJgn1SMIT2QixopwJ6mmmOW2kkuI45LQe9i5H9fodlYol4kb3UxrEuCNYxAjWxmrZ+4N7X2kskZ8qNvjBLmvZZafijIXmwZ1CuVryjx8BoNayP/12QrKYCk04VqrpOqkOciw1I5wOi36maIpJD3do06DAMVVBPj5giA6N00ZRIs0TGo3d3xM5jpXqx6HpjLHuqtnayPyv1sx0dB7kTKSZpoJMFkUZRzpBozRQm0lKNO8bwEQy81dEulhiok1mRROCO3vyPHgnldOKc+2WqxcwUQEOoARH4MIZVOEKauABgSE8wQu8Wg/Ws/VmvU9aF6zpzB78kfXxDYhUmAg=</latexit>

<latexit sha1_base64="DAbp+PLfwEoNH5yLdJzXJ4CKPkE=">AAAB/3icbZDLSsNAFIYn9VbrLerChZuhRRCEkrhQl0E3LisYW2hCmUwn7dDJhZkTMbTd+Ay+gRsXKm59DXd9G6cXQVt/GPj4zzmcOX+QCq7AskZGYWl5ZXWtuF7a2Nza3jF39+5UkknKXJqIRDYCopjgMXOBg2CNVDISBYLVg97VuF6/Z1LxJL6FPGV+RDoxDzkloK2WeTB48BQQib1U8cEPdnnLrFhVayK8CPYMKk7ZO3kaOXmtZX557YRmEYuBCqJU07ZS8PtEAqeCDUteplhKaI90WFNjTCKm/P7kgCE+0k4bh4nULwY8cX9P9EmkVB4FujMi0FXztbH5X62ZQXjh93mcZsBiOl0UZgJDgsdp4DaXjILINRAquf4rpl0iCQWdWUmHYM+fvAjuafWsat3YFecSTVVEh6iMjpGNzpGDrlENuYiiIXpGr+jNeDRejHfjY9paMGYz++iPjM9vkDiZjg==</latexit>



On SIFT descriptors…
22

SIFT performs a histogram of gradient

h(✓) =
X

\g2[✓,✓+⌘]

kgk

=
X

g

k1\g2[✓,✓+⌘]gk

⇡|x ?  ✓| ? �

The averaging leads to a loss of information…

Quantification…

Gradient

SIFT is very similar to an order 1 scattering!

h



Filter bank implementation of a 
Fast WT

• Assume it is possible to find     and      such that 

• Set: 

• The WT  is then given by 

• A WT can be interpreted as a deep cascade of 
linear operator, which is approximatively verified 
for the Gabor Wavelets.

23

�̂(!) =
1p
2
ĥ(

!

2
)�̂(

!

2
) ̂✓(!) =

1p
2
ĝ✓(

!

2
)�̂(

!

2
)

Ref.: Fast WT, Mallat S, 89 

h g

and

xj(u, 0) = x ? �j(u) = h ? (x ? �j�1)(2u)

xj(u, ✓) = x ?  j,✓(u) = g✓ ? (x ? �j�1)(2u)

and

Wx = {xj(., ✓), xJ(., 0)}jJ,✓



Scattering as a CNN
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Ref.: Deep Roto-Translation Scattering  
for Object Classification. EO and S Mallat  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Properties of a Scattering 
Transform

• Scattering is stable: 

• Linearize small deformations: 

• Invariant to local translation: 

• For  ,  ,              is covariant with           : 

kSJx� SJyk  kx� yk

Deformations

SJx(u,�)� u SO2(R)

SJ(g.x)(u,�) = SJx(g
�1u, g�1�) , g.SJx(u,�)

L⌧x(u) = x(u� ⌧(u))

kSJL⌧x� SJxk  Ckr⌧kkxk

|a| ⌧ 2J ) SJLax ⇡ SJ

8u8g 2 SO2(R), g.x(u) , x(g�1
u)if then,

Ref.: Group Invariant Scattering, Mallat S 
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A successful representation in 
vision

• Successfully used in several applications: 

• Digits 

• Textures 
 
 

• The design of the scattering transform is guided by the euclidean 
group 

• To which extent can we compete with other architectures on more 
complex problems (e.g. variabilities are more complex)?

26

Small deformations 
+Translation

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat 

Ref.: Rotation, Scaling and Deformation Invariant Scattering 
for texture discrimination, Sifre L and Mallat S. 

Rotation+Scale

All variabilities 
 are known



Loss of information?

Ref.: Bruna and Mallat

Ex.: 

27

arg inf
y
kS3x� S3yk

x ỹ

invariance up to 
pixels23

Ref.: Bruna and Mallat 



Separable Roto-translation 
Scattering

• Simplification of the Roto-translation scattering  

• Discriminates angular variabilities thanks to a 
wavelet transform along     (no averaging!) 

• We combine it with Gaussians SVM

28

u1 u2

✓1

?u 

?u ?✓1  ̃

~(u,✓1)
�
 ⌦  ̃

�
Translation  
Scattering

Roto-Translation  
Scattering

Separable Roto-Translation  
Scattering

x(u1, u2)

✓1

? ✓1

?�J

?�J

?�J

 ,  ̃ spatial, angular wavelets

Ref.: Deep Roto-Translation Scattering  
for Object Classification. EO and S Mallat 



Scattering on Complex Image 
Classification

29

Dataset Type Accuracy
Caltech101 Scattering 80

Supervised 93
CIFAR100 Scattering 57

Supervised 82

No learning

104

101
256⇥ 256

images
classes

color images
32⇥ 32

100
5.104

color images
images
classes

CALTECH
CIFAR

Ref.: Deep Roto-Translation Scattering  
for Object Classification. EO and S Mallat 

Can we fill the gap by  
incorporating supervision?

Do we want to learn 
the filters?



Scaling scattering on GPUs
30

Modulus

Lowpass
1st wavelet
2nd wavelet

ScatNet algorithm

Proposed algorithm

Save a lot of memory! 
x100 speed-up on GPU

Ref.: Thesis, EO



Computation time
31

N J
ScatNetLight 

MATLAB (CPU)
PyScatWave 

PyTorch (CUDA)

32 2 19 0.2

32 4 101 1.5

128 2 125 2.0

128 4 406 4.2

256 2 1250 5.5

Ref.: Scaling the Scattering Transform: 
 Deep Hybrid Networks 

EO, E Belilovsky, S Zagoruyko

GPU: GTX 1080

Save a lot of memory too
SJx

Invariance up 
to   2J

x 2 R3⇥N2



Scattering meets Neural 
Networks

• We input raw Scattering coefficients in CNNs. 

• All engineering tricks are kept identical: random 
data augmentation, learning rate schedule, 
regularization… 

• Scattering transform is covariant with the natural 
symmetries group: structuring      by incorporating                                                            
_           .      

Ex.: 

32

Ref.: Scaling the Scattering Transform: 
 Deep Hybrid Networks 

EO, E Belilovsky, S Zagoruyko
CNNx SJ

R2 n SL2

R2



ImageNet benchmarking

• State-of-the-art result on Imagenet2012: 
 
 
 
 

• Demonstrates no loss of information + less layers 
(10 vs 18) 

• Scattering + 5-layers perceptron on CIFAR: 85% 
acc. (SOTA w.r.t. non-convolutional learned representation)

33

ResNetx SJ
Ref.: Scaling the Scattering Transform: 

 Deep Hybrid Networks 
EO, E Belilovsky, S Zagoruyko

Top 1 Top 5 #params

Scat+Resnet-10 69 90 12.8M
VGG-16 69 90 138M

ResNet-18 69 89 11.7M
ResNet-200 79 95 64.7M



Shared Local Encoder

• AlexNet performances with 1x1 conv 

• Outperform unsupervised encoders based 
on SIFT + Fisher Vectors(FV)

34

 convolution  
(encoder)

24

24

24

1⇥ 1

W1

W1

W1

W2

W2

W2 W3

W3

W3

W4 W5 W6

S4

S4

S4

Ref.: Scaling the Scattering Transform: 
 Deep Hybrid Networks 

EO, E Belilovsky, S Zagoruyko

Top 1 Top 5
Scat+SLE 57 80
FV+FCs 56 79
FV+SVM 54 75
AlexNet 56 81

Fully Connected Layers 
(classifier)

Is it really a classifier?



A local descriptor for 
classification

35

• We analyse the scattering’s encoder, which is a descriptor on 
neighbourhood of size           pixels:  
 

• Good transfer learning performance on Caltech101(83%)! 
Analog to previous reported performance.

24 W1 W2 W3S4

24 ⇥ 24

Open question: Could this representation generalise to other 
vision tasks? (e.g. scene matching)



Understanding SLE
• The rotation group       acts of    on the scattering coefficient via a 

translation    , it thus acts on the first layer     : 
 

• Atoms’ index of      are structured by the order 0, 1, 2 of    :

36

(W1S4)k = w0,k(x ? �j)

+
X

j1,✓1

w(j1,✓1),k(|x ?  j1,✓1 | ? �j)

+
X

j2,j1,✓1,✓2

w(j1,j2,✓1,✓2),k(||x ?  j2,✓2 | ?  j1,✓1 | ? �j)

What is the nature of the 
recombination?

W1 S4

Fourier along    :

Fourier along          :

ŵ(j1,!✓1 ),k
= F✓1(w(j1,.),k)(!✓1)

ŵ(j1,j2,!✓1 ,!✓2 ),k
= F (✓1,✓2)(w(j1,j2,.,.),k)(!✓1 ,!✓2)

✓1

(✓1, ✓2)

SO2

W1

Sr�✓x = L✓Sx ) W1Sr�✓x = W1L✓Sx

✓
L✓



Explicit invariance to rotation

• Invariance to rotation is explicitly learned.  
 
 
 
 

• Thresholding 80% of the coefficients in Fourier: 2% acc. loss

37

method: similar to AlexNet 
first layer analysis

Open question: Can we find more complex invariance than rotation?
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Learning with few samples

• We show incorporating geometrical invariants 
help learning.(with limited adaptation) 

• State-of-the-art results on STL10 and CIFAR10:

38

STL10: 5k training, 8k testing, 10 classes 
+100k unlabeled(not used!!)

Cifar10, 10 classes 
keeping 100, 500 and 1000 samples  

and testing on 10k

Ref.: Scaling the Scattering Transform: 
 Deep Hybrid Networks 

EO, E Belilovsky, S Zagoruyko

#train 100 500 1000 Full

WRN 16-8 35 47 60 96

VGG 16 26 47 56 93

Scat+ResNet 38 55 62 93

Acc.

Scat+ResNet 76

Supervised 70

Unsupervised 76

ResNetx SJ



Compressing the input for CNNs

• For          , one has a compression. 

• We noticed that this value was the most efficient for 
reconstructing natural images. 

• Simple model to understand why:
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Ref.: Compressing the input for CNNs with 
the first-order Scattering Transform 

EO, E Belilovsky, S Zagoruyko, M Valko

dimSx

dimx
=

1 + |⇥|J
22J
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<latexit sha1_base64="WZZk1rSOVGVCUU5ceLY9q5J/0ik=">AAACH3icbZDLTsJAFIaneEO8VV26mUhIcCFpjYkuiW5cYuSWQCHTYYAJ02kzFyM2PIFP4SO41QdwZ9yy9kWcQhcCnmSSL/9/Ts6c348YlcpxplZmbX1jcyu7ndvZ3ds/sA+P6jLUApMaDlkomj6ShFFOaooqRpqRICjwGWn4o9vEbzwSIWnIq2ocES9AA077FCNlpK5deOrG7Qc6CNCkqM/akQgjFULSic91pzo3oJ507bxTcmYFV8FNIQ/SqnTtn3YvxDogXGGGpGy5TqS8GAlFMSOTXFtLEiE8QgPSMshRQKQXz86ZwIJRerAfCvO4gjP170SMAinHgW86A6SGctlLxP+8llb9ay+mPNKKcDxf1NcMmouTbGCPCoIVGxtAWFDzV4iHSCCsTIILWxQdPSepuMsZrEL9ouQavr/Ml2/SfLLgBJyCInDBFSiDO1ABNYDBC3gD7+DDerU+rS/re96asdKZY7BQ1vQXFMyjpQ==</latexit><latexit sha1_base64="WZZk1rSOVGVCUU5ceLY9q5J/0ik=">AAACH3icbZDLTsJAFIaneEO8VV26mUhIcCFpjYkuiW5cYuSWQCHTYYAJ02kzFyM2PIFP4SO41QdwZ9yy9kWcQhcCnmSSL/9/Ts6c348YlcpxplZmbX1jcyu7ndvZ3ds/sA+P6jLUApMaDlkomj6ShFFOaooqRpqRICjwGWn4o9vEbzwSIWnIq2ocES9AA077FCNlpK5deOrG7Qc6CNCkqM/akQgjFULSic91pzo3oJ507bxTcmYFV8FNIQ/SqnTtn3YvxDogXGGGpGy5TqS8GAlFMSOTXFtLEiE8QgPSMshRQKQXz86ZwIJRerAfCvO4gjP170SMAinHgW86A6SGctlLxP+8llb9ay+mPNKKcDxf1NcMmouTbGCPCoIVGxtAWFDzV4iHSCCsTIILWxQdPSepuMsZrEL9ouQavr/Ml2/SfLLgBJyCInDBFSiDO1ABNYDBC3gD7+DDerU+rS/re96asdKZY7BQ1vQXFMyjpQ==</latexit><latexit sha1_base64="WZZk1rSOVGVCUU5ceLY9q5J/0ik=">AAACH3icbZDLTsJAFIaneEO8VV26mUhIcCFpjYkuiW5cYuSWQCHTYYAJ02kzFyM2PIFP4SO41QdwZ9yy9kWcQhcCnmSSL/9/Ts6c348YlcpxplZmbX1jcyu7ndvZ3ds/sA+P6jLUApMaDlkomj6ShFFOaooqRpqRICjwGWn4o9vEbzwSIWnIq2ocES9AA077FCNlpK5deOrG7Qc6CNCkqM/akQgjFULSic91pzo3oJ507bxTcmYFV8FNIQ/SqnTtn3YvxDogXGGGpGy5TqS8GAlFMSOTXFtLEiE8QgPSMshRQKQXz86ZwIJRerAfCvO4gjP170SMAinHgW86A6SGctlLxP+8llb9ay+mPNKKcDxf1NcMmouTbGCPCoIVGxtAWFDzV4iHSCCsTIILWxQdPSepuMsZrEL9ouQavr/Ml2/SfLLgBJyCInDBFSiDO1ABNYDBC3gD7+DDerU+rS/re96asdKZY7BQ1vQXFMyjpQ==</latexit><latexit sha1_base64="WZZk1rSOVGVCUU5ceLY9q5J/0ik=">AAACH3icbZDLTsJAFIaneEO8VV26mUhIcCFpjYkuiW5cYuSWQCHTYYAJ02kzFyM2PIFP4SO41QdwZ9yy9kWcQhcCnmSSL/9/Ts6c348YlcpxplZmbX1jcyu7ndvZ3ds/sA+P6jLUApMaDlkomj6ShFFOaooqRpqRICjwGWn4o9vEbzwSIWnIq2ocES9AA077FCNlpK5deOrG7Qc6CNCkqM/akQgjFULSic91pzo3oJ507bxTcmYFV8FNIQ/SqnTtn3YvxDogXGGGpGy5TqS8GAlFMSOTXFtLEiE8QgPSMshRQKQXz86ZwIJRerAfCvO4gjP170SMAinHgW86A6SGctlLxP+8llb9ay+mPNKKcDxf1NcMmouTbGCPCoIVGxtAWFDzV4iHSCCsTIILWxQdPSepuMsZrEL9ouQavr/Ml2/SfLLgBJyCInDBFSiDO1ABNYDBC3gD7+DDerU+rS/re96asdKZY7BQ1vQXFMyjpQ==</latexit>

then for    Gabor:
|x⌃ ?  |(u) / x⌃ ? | |(u)

<latexit sha1_base64="+MC1LU6HX2L5vS3Yr2bHQs2Ip3k=">AAACLnicbZDLSsNAFIYnXmu9RV26CRahbkoiBV0W3bisaC/QlDCZTtqhk2SYORFr2hfxKXwEt/oAggtx4cbHcNpGsK0HBj7+/xzOnN8XnCmw7XdjaXlldW09t5Hf3Nre2TX39usqTiShNRLzWDZ9rChnEa0BA06bQlIc+pw2/P7l2G/cUalYHN3CQNB2iLsRCxjBoCXPLA/vPfeGdUPsKsDSFYoNi8mJK2QsILZmzOGv65kFu2RPyloEJ4MCyqrqmV9uJyZJSCMgHCvVcmwB7RRLYITTUd5NFBWY9HGXtjRGOKSqnU6uG1nHWulYQSz1i8CaqH8nUhwqNQh93Rli6Kl5byz+57USCM7bKYtEAjQi00VBwi199zgqq8MkJcAHGjCRTP/VIj0sMQEd6MwWYP2HkU7Fmc9gEeqnJUfzdblQucjyyaFDdISKyEFnqIKuUBXVEEGP6Bm9oFfjyXgzPozPaeuSkc0coJkyvn8AgNyqqA==</latexit><latexit sha1_base64="+MC1LU6HX2L5vS3Yr2bHQs2Ip3k=">AAACLnicbZDLSsNAFIYnXmu9RV26CRahbkoiBV0W3bisaC/QlDCZTtqhk2SYORFr2hfxKXwEt/oAggtx4cbHcNpGsK0HBj7+/xzOnN8XnCmw7XdjaXlldW09t5Hf3Nre2TX39usqTiShNRLzWDZ9rChnEa0BA06bQlIc+pw2/P7l2G/cUalYHN3CQNB2iLsRCxjBoCXPLA/vPfeGdUPsKsDSFYoNi8mJK2QsILZmzOGv65kFu2RPyloEJ4MCyqrqmV9uJyZJSCMgHCvVcmwB7RRLYITTUd5NFBWY9HGXtjRGOKSqnU6uG1nHWulYQSz1i8CaqH8nUhwqNQh93Rli6Kl5byz+57USCM7bKYtEAjQi00VBwi199zgqq8MkJcAHGjCRTP/VIj0sMQEd6MwWYP2HkU7Fmc9gEeqnJUfzdblQucjyyaFDdISKyEFnqIKuUBXVEEGP6Bm9oFfjyXgzPozPaeuSkc0coJkyvn8AgNyqqA==</latexit><latexit sha1_base64="+MC1LU6HX2L5vS3Yr2bHQs2Ip3k=">AAACLnicbZDLSsNAFIYnXmu9RV26CRahbkoiBV0W3bisaC/QlDCZTtqhk2SYORFr2hfxKXwEt/oAggtx4cbHcNpGsK0HBj7+/xzOnN8XnCmw7XdjaXlldW09t5Hf3Nre2TX39usqTiShNRLzWDZ9rChnEa0BA06bQlIc+pw2/P7l2G/cUalYHN3CQNB2iLsRCxjBoCXPLA/vPfeGdUPsKsDSFYoNi8mJK2QsILZmzOGv65kFu2RPyloEJ4MCyqrqmV9uJyZJSCMgHCvVcmwB7RRLYITTUd5NFBWY9HGXtjRGOKSqnU6uG1nHWulYQSz1i8CaqH8nUhwqNQh93Rli6Kl5byz+57USCM7bKYtEAjQi00VBwi199zgqq8MkJcAHGjCRTP/VIj0sMQEd6MwWYP2HkU7Fmc9gEeqnJUfzdblQucjyyaFDdISKyEFnqIKuUBXVEEGP6Bm9oFfjyXgzPozPaeuSkc0coJkyvn8AgNyqqA==</latexit><latexit sha1_base64="+MC1LU6HX2L5vS3Yr2bHQs2Ip3k=">AAACLnicbZDLSsNAFIYnXmu9RV26CRahbkoiBV0W3bisaC/QlDCZTtqhk2SYORFr2hfxKXwEt/oAggtx4cbHcNpGsK0HBj7+/xzOnN8XnCmw7XdjaXlldW09t5Hf3Nre2TX39usqTiShNRLzWDZ9rChnEa0BA06bQlIc+pw2/P7l2G/cUalYHN3CQNB2iLsRCxjBoCXPLA/vPfeGdUPsKsDSFYoNi8mJK2QsILZmzOGv65kFu2RPyloEJ4MCyqrqmV9uJyZJSCMgHCvVcmwB7RRLYITTUd5NFBWY9HGXtjRGOKSqnU6uG1nHWulYQSz1i8CaqH8nUhwqNQh93Rli6Kl5byz+57USCM7bKYtEAjQi00VBwi199zgqq8MkJcAHGjCRTP/VIj0sMQEd6MwWYP2HkU7Fmc9gEeqnJUfzdblQucjyyaFDdISKyEFnqIKuUBXVEEGP6Bm9oFfjyXgzPozPaeuSkc0coJkyvn8AgNyqqA==</latexit>

 
<latexit sha1_base64="AEyyFvrgA5BhWwgmZVy2GfJnqyw=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynbZDJ5MwcyLUUB/BrT6AO3Hru7j2RZy0WdjWHwY+/nMO58wfxFIYdN1vp7C2vrG5Vdwu7ezu7R+UD4+aJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxbVZvPXJtRKQecBJzP6RDJQaCUcysbmxEr1xxq+5MZBW8HCqQq94r/3T7EUtCrpBJakzHc2P0U6pRMMmnpW5ieEzZmA55x6KiITd+Ort1Ss6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHItM/+rdRIcXPupUHGCXLH5okEiCUYk+zjpC80ZyokFyrSwtxI2opoytPEsbEExfpraVLzlDFaheVH1LN9fVmo3eT5FOIFTOAcPrqAGd1CHBjAYwQu8wpvz7Lw7H87nvLXg5DPHsCDn6xdfcJXf</latexit><latexit sha1_base64="AEyyFvrgA5BhWwgmZVy2GfJnqyw=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynbZDJ5MwcyLUUB/BrT6AO3Hru7j2RZy0WdjWHwY+/nMO58wfxFIYdN1vp7C2vrG5Vdwu7ezu7R+UD4+aJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxbVZvPXJtRKQecBJzP6RDJQaCUcysbmxEr1xxq+5MZBW8HCqQq94r/3T7EUtCrpBJakzHc2P0U6pRMMmnpW5ieEzZmA55x6KiITd+Ort1Ss6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHItM/+rdRIcXPupUHGCXLH5okEiCUYk+zjpC80ZyokFyrSwtxI2opoytPEsbEExfpraVLzlDFaheVH1LN9fVmo3eT5FOIFTOAcPrqAGd1CHBjAYwQu8wpvz7Lw7H87nvLXg5DPHsCDn6xdfcJXf</latexit><latexit sha1_base64="AEyyFvrgA5BhWwgmZVy2GfJnqyw=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynbZDJ5MwcyLUUB/BrT6AO3Hru7j2RZy0WdjWHwY+/nMO58wfxFIYdN1vp7C2vrG5Vdwu7ezu7R+UD4+aJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxbVZvPXJtRKQecBJzP6RDJQaCUcysbmxEr1xxq+5MZBW8HCqQq94r/3T7EUtCrpBJakzHc2P0U6pRMMmnpW5ieEzZmA55x6KiITd+Ort1Ss6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHItM/+rdRIcXPupUHGCXLH5okEiCUYk+zjpC80ZyokFyrSwtxI2opoytPEsbEExfpraVLzlDFaheVH1LN9fVmo3eT5FOIFTOAcPrqAGd1CHBjAYwQu8wpvz7Lw7H87nvLXg5DPHsCDn6xdfcJXf</latexit><latexit sha1_base64="AEyyFvrgA5BhWwgmZVy2GfJnqyw=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynbZDJ5MwcyLUUB/BrT6AO3Hru7j2RZy0WdjWHwY+/nMO58wfxFIYdN1vp7C2vrG5Vdwu7ezu7R+UD4+aJko04w0WyUi3A2q4FIo3UKDk7VhzGgaSt4LxbVZvPXJtRKQecBJzP6RDJQaCUcysbmxEr1xxq+5MZBW8HCqQq94r/3T7EUtCrpBJakzHc2P0U6pRMMmnpW5ieEzZmA55x6KiITd+Ort1Ss6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHItM/+rdRIcXPupUHGCXLH5okEiCUYk+zjpC80ZyokFyrSwtxI2opoytPEsbEExfpraVLzlDFaheVH1LN9fVmo3eT5FOIFTOAcPrqAGd1CHBjAYwQu8wpvz7Lw7H87nvLXg5DPHsCDn6xdfcJXf</latexit>

|.|x Sx

smooth
x J=3 J=4



Advantage of "compression" 40

Works for detection + allows to process more images:

Coco Pascal VOC7



Scattering with phase

• Adding redundant representation which captures 
interactions between different scales. 

• Better reconstruction properties/slight classification 
improvement: but much bigger representation.

Phase Harmonic Correlations and 
Convolutional Neural Networks, 

Mallat, Zhang and Rochette

41

⇢(u) = max(u, 0)
<latexit sha1_base64="3QaJ0fpzEqEB8sYSaRrE2ORAAgE=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EitCAlEUE3QtGNywr2Ak0ok+mkHTozCTMTtYY+go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/AHMaNKO863lVtZXVvfyG8WtrZ3dvfs4n5TRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4Pem37olUNBJ3ehQTn6O+oCHFSBuraxc9OYjKSeXS4+ixnJw4la5dcqrOVHAZ3AxKIFO9a/94vQgnnAiNGVKq4zqx9lMkNcWMjAteokiM8BD1ScegQJwoP52+PobHxunBMJKmhIZT9+9GirhSIx6YSY70QC32JuZ/vU6iwws/pSJONBF4dihMGNQRnOQAe1QSrNnIAMKSml8hHiCJsDZpzV3RdPg0Nqm4ixksQ/O06hq+PSvVrrJ88uAQHIEycME5qIEbUAcNgMEDeAGv4M16tt6tD+tzNpqzsp0DMCfr6xfdWZpW</latexit><latexit sha1_base64="3QaJ0fpzEqEB8sYSaRrE2ORAAgE=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EitCAlEUE3QtGNywr2Ak0ok+mkHTozCTMTtYY+go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/AHMaNKO863lVtZXVvfyG8WtrZ3dvfs4n5TRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4Pem37olUNBJ3ehQTn6O+oCHFSBuraxc9OYjKSeXS4+ixnJw4la5dcqrOVHAZ3AxKIFO9a/94vQgnnAiNGVKq4zqx9lMkNcWMjAteokiM8BD1ScegQJwoP52+PobHxunBMJKmhIZT9+9GirhSIx6YSY70QC32JuZ/vU6iwws/pSJONBF4dihMGNQRnOQAe1QSrNnIAMKSml8hHiCJsDZpzV3RdPg0Nqm4ixksQ/O06hq+PSvVrrJ88uAQHIEycME5qIEbUAcNgMEDeAGv4M16tt6tD+tzNpqzsp0DMCfr6xfdWZpW</latexit><latexit sha1_base64="3QaJ0fpzEqEB8sYSaRrE2ORAAgE=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EitCAlEUE3QtGNywr2Ak0ok+mkHTozCTMTtYY+go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/AHMaNKO863lVtZXVvfyG8WtrZ3dvfs4n5TRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4Pem37olUNBJ3ehQTn6O+oCHFSBuraxc9OYjKSeXS4+ixnJw4la5dcqrOVHAZ3AxKIFO9a/94vQgnnAiNGVKq4zqx9lMkNcWMjAteokiM8BD1ScegQJwoP52+PobHxunBMJKmhIZT9+9GirhSIx6YSY70QC32JuZ/vU6iwws/pSJONBF4dihMGNQRnOQAe1QSrNnIAMKSml8hHiCJsDZpzV3RdPg0Nqm4ixksQ/O06hq+PSvVrrJ88uAQHIEycME5qIEbUAcNgMEDeAGv4M16tt6tD+tzNpqzsp0DMCfr6xfdWZpW</latexit><latexit sha1_base64="3QaJ0fpzEqEB8sYSaRrE2ORAAgE=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EitCAlEUE3QtGNywr2Ak0ok+mkHTozCTMTtYY+go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/AHMaNKO863lVtZXVvfyG8WtrZ3dvfs4n5TRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4Pem37olUNBJ3ehQTn6O+oCHFSBuraxc9OYjKSeXS4+ixnJw4la5dcqrOVHAZ3AxKIFO9a/94vQgnnAiNGVKq4zqx9lMkNcWMjAteokiM8BD1ScegQJwoP52+PobHxunBMJKmhIZT9+9GirhSIx6YSY70QC32JuZ/vU6iwws/pSJONBF4dihMGNQRnOQAe1QSrNnIAMKSml8hHiCJsDZpzV3RdPg0Nqm4ixksQ/O06hq+PSvVrrJ88uAQHIEycME5qIEbUAcNgMEDeAGv4M16tt6tD+tzNpqzsp0DMCfr6xfdWZpW</latexit>

 j,✓,↵ = Real(e�i↵ j,✓(u))
<latexit sha1_base64="UK9IB4b9CTc8ZZBQNpPVGH1lcck="></latexit><latexit sha1_base64="UK9IB4b9CTc8ZZBQNpPVGH1lcck="></latexit><latexit sha1_base64="UK9IB4b9CTc8ZZBQNpPVGH1lcck="></latexit><latexit sha1_base64="UK9IB4b9CTc8ZZBQNpPVGH1lcck="></latexit>

Z
⇢(x ?  j,✓,↵)⇢(x ?  j0,✓0,↵0) du 6= 0

<latexit sha1_base64="/v+ZIa54/7Tj3AYPAudCDBnEbeY="></latexit><latexit sha1_base64="/v+ZIa54/7Tj3AYPAudCDBnEbeY="></latexit><latexit sha1_base64="/v+ZIa54/7Tj3AYPAudCDBnEbeY="></latexit><latexit sha1_base64="/v+ZIa54/7Tj3AYPAudCDBnEbeY="></latexit>

(j, ✓) 6= (j0, ✓0)
<latexit sha1_base64="1vy+FWNpFRP9oDRMpgjTf/T6SEs=">AAACFHicbZDLTgIxFIY7eEO8oe50M5EYIDFmxpjokujGJSZySYCQTjlAodMZ2zMmSEh8Ch/BrT6AO+PWvWtfxAKzEPBPmnz9zzk57e+Fgmt0nG8rsbS8srqWXE9tbG5t76R398o6iBSDEgtEoKoe1SC4hBJyFFANFVDfE1Dx+tfjeuUBlOaBvMNBCA2fdiRvc0bRWM30Qa53UscuIM3XJdznetn4ms030xnn1JnIXgQ3hgyJVWymf+qtgEU+SGSCal1znRAbQ6qQMwGjVD3SEFLWpx2oGZTUB90YTv4wso+N07LbgTJHoj1x/04Mqa/1wPdMp0+xq+drY/O/Wi3C9mVjyGUYIUg2XdSOhI2BPQ7EbnEFDMXAAGWKm7farEsVZWhim9mCvP84Mqm48xksQvns1DV8e54pXMX5JMkhOSI54pILUiA3pEhKhJEn8kJeyZv1bL1bH9bntDVhxTP7ZEbW1y98SJ3k</latexit><latexit sha1_base64="1vy+FWNpFRP9oDRMpgjTf/T6SEs=">AAACFHicbZDLTgIxFIY7eEO8oe50M5EYIDFmxpjokujGJSZySYCQTjlAodMZ2zMmSEh8Ch/BrT6AO+PWvWtfxAKzEPBPmnz9zzk57e+Fgmt0nG8rsbS8srqWXE9tbG5t76R398o6iBSDEgtEoKoe1SC4hBJyFFANFVDfE1Dx+tfjeuUBlOaBvMNBCA2fdiRvc0bRWM30Qa53UscuIM3XJdznetn4ms030xnn1JnIXgQ3hgyJVWymf+qtgEU+SGSCal1znRAbQ6qQMwGjVD3SEFLWpx2oGZTUB90YTv4wso+N07LbgTJHoj1x/04Mqa/1wPdMp0+xq+drY/O/Wi3C9mVjyGUYIUg2XdSOhI2BPQ7EbnEFDMXAAGWKm7farEsVZWhim9mCvP84Mqm48xksQvns1DV8e54pXMX5JMkhOSI54pILUiA3pEhKhJEn8kJeyZv1bL1bH9bntDVhxTP7ZEbW1y98SJ3k</latexit><latexit sha1_base64="1vy+FWNpFRP9oDRMpgjTf/T6SEs=">AAACFHicbZDLTgIxFIY7eEO8oe50M5EYIDFmxpjokujGJSZySYCQTjlAodMZ2zMmSEh8Ch/BrT6AO+PWvWtfxAKzEPBPmnz9zzk57e+Fgmt0nG8rsbS8srqWXE9tbG5t76R398o6iBSDEgtEoKoe1SC4hBJyFFANFVDfE1Dx+tfjeuUBlOaBvMNBCA2fdiRvc0bRWM30Qa53UscuIM3XJdznetn4ms030xnn1JnIXgQ3hgyJVWymf+qtgEU+SGSCal1znRAbQ6qQMwGjVD3SEFLWpx2oGZTUB90YTv4wso+N07LbgTJHoj1x/04Mqa/1wPdMp0+xq+drY/O/Wi3C9mVjyGUYIUg2XdSOhI2BPQ7EbnEFDMXAAGWKm7farEsVZWhim9mCvP84Mqm48xksQvns1DV8e54pXMX5JMkhOSI54pILUiA3pEhKhJEn8kJeyZv1bL1bH9bntDVhxTP7ZEbW1y98SJ3k</latexit><latexit sha1_base64="1vy+FWNpFRP9oDRMpgjTf/T6SEs=">AAACFHicbZDLTgIxFIY7eEO8oe50M5EYIDFmxpjokujGJSZySYCQTjlAodMZ2zMmSEh8Ch/BrT6AO+PWvWtfxAKzEPBPmnz9zzk57e+Fgmt0nG8rsbS8srqWXE9tbG5t76R398o6iBSDEgtEoKoe1SC4hBJyFFANFVDfE1Dx+tfjeuUBlOaBvMNBCA2fdiRvc0bRWM30Qa53UscuIM3XJdznetn4ms030xnn1JnIXgQ3hgyJVWymf+qtgEU+SGSCal1znRAbQ6qQMwGjVD3SEFLWpx2oGZTUB90YTv4wso+N07LbgTJHoj1x/04Mqa/1wPdMp0+xq+drY/O/Wi3C9mVjyGUYIUg2XdSOhI2BPQ7EbnEFDMXAAGWKm7farEsVZWhim9mCvP84Mqm48xksQvns1DV8e54pXMX5JMkhOSI54pILUiA3pEhKhJEn8kJeyZv1bL1bH9bntDVhxTP7ZEbW1y98SJ3k</latexit>

Z
|x ?  j,✓||x ?  j0,✓0 | du ⇡ 0
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Let and

If then:



Scattering on Graph

• Similar ideas hold for graphs          .  

• Wavelets use require a good notion of duality, which 
is given by the graph Laplacian. 

• Laplacian in the Euclidean case:

Ref.: Wavelet Scattering on Graphs, 
F G, Bruna
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We lose the angle…



Can we introduce more 
structures?

• Convolutions along the spatial angles permit to build more 
robust invariants along       : 
 
 

• Extension: Hierarchical CNN that is convolutional along axis 
channel, recursively defined via: 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|x ?  j1,.|~(u,✓1)
�
 j2,✓2 ⌦  ̃k

�
(u, ✓1)

SO2

Ref.: Deep Roto-Translation Scattering  
for Object Classification. EO and S Mallat 

Rotation, scaling and deformation invariant scattering  
for texture discrimination, L Sifre and S Mallat 

u

xj+1(v1, ..., vj , vj+1) = ⇢j(xj ?
v1,...,vj  vj+1)(v1, ..., vj)

Ref.: Hierarchical Attribute CNNs, Jacobsen et al. 



Hiearchical CNN: numerical 
results
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Ref.: Multiscale Hierarchical Convolutional Networks 
J Jacobsen, EO, S Mallat, AWM Smeulders

0

6

12

#M params

HCNN
Equivalent CNNWe demonstrate 

a reduction in #param 
while 91% on CIFAR10

vJ

vJ

vJ�1

vJ�1

Translations are present in the last layer   xJ(vJ�1, vJ)

But not in the previous layers 
Incorporating more structures? 

Modelization issue?



kymat.io

• A fast software for TensorFlow, PyTorch and 
NumPy. 

• Lot of examples, work out of the box. 

• Differentiable Scattering, multi-GPU… 

• A significant team of developer is involved!
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http://kymat.io


Conclusion

• Scattering Transform is a strong baseline based 
purely on geometric priors. 

• We propose competitive models, software…
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https://edouardoyallon.github.io/More about my research:

Thank you!

https://edouardoyallon.github.io/

