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QCD on a spacetime lattice 2

lattice QCD is QCD under controlled approximations

discretisation choice / finite lattice spacing

choice of quark mass value

finite spacetime volume
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sum over quark/gluon 
field configurations

in Euclidean spacetime, 
probability for a field configuration

generate field configurations → compute correlation functions
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computing a spectrum 3

spectrum in two-point correlation functions
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summary compiled by Andreas Kronfeld

but what about excited states, the resonances of QCD … ?
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resonances illustrated in quantum mechanics 4
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resonances lie in the continuous spectrum of scattering states
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resonances illustrated in quantum mechanics 5

E

bound 
states

scattering 
continuum

phase 
shift

resonance

R−R

V(x)

x

E

<latexit sha1_base64="Vr4GbnAZ2NvklxnKqlWzrCCQ5aI=">AAACHnicbZDLSgMxFIYzXmu9VV26CRZhilBmRLErKbhxWcVeoDOUTCZtQzOTkGTEMu2TuPFV3LhQRHClb2PazkJbDwQ+/v8cTs4fCEaVdpxva2l5ZXVtPbeR39za3tkt7O03FE8kJnXMGZetACnCaEzqmmpGWkISFAWMNIPB1cRv3hOpKI/v9FAQP0K9mHYpRtpIncK5JxS1Rw8jeAlvS9BTNIIe5gp6Ae3ZUMCJdQK9kDCNbFGa6qVOoeiUnWnBRXAzKIKsap3CpxdynEQk1pghpdquI7SfIqkpZmSc9xJFBMID1CNtgzGKiPLT6XljeGyUEHa5NC/WcKr+nkhRpNQwCkxnhHRfzXsT8T+vnehuxU9pLBJNYjxb1E0Y1BxOsoIhlQRrNjSAsKTmrxD3kURYm0TzJgR3/uRFaJyWXcM3Z8VqJYsjBw7BEbCBCy5AFVyDGqgDDB7BM3gFb9aT9WK9Wx+z1iUrmzkAf8r6+gHqtp/R</latexit>

resonances lie in the continuous spectrum of scattering states
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but …

a discrete spectrum 
in finite-volume
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resonances in a finite volume ? 6
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but in a periodic volume …
E

discrete 
spectrum
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applying the boundary conditions

solved by discrete
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non-resonant elastic scattering — π+π+ (isospin=2) 7
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repulsive scattering, no resonances
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an elastic resonance — the ρ in ππ (isospin=1) 8
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an elastic resonance — the ρ in ππ (isospin=1) 9
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ππ isospin=0 10
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heavier quark mass — a bound-state

lighter quark mass — attraction, maybe a broad resonance ?

c.f. the experimental σ resonance …

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )
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coupled-channel scattering from lattice QCD ? 11

one possible approach — mimic ‘ideal’ experiment: determine  
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for real energies

scattering matrix determines the finite-volume spectrum:

maybe can then be analytically  
continued to complex energies 
to find poles ?

for a given scattering matrix, has a discrete set of solutions

<latexit sha1_base64="NZ6KHzHkMba+Pw0eUxQX5ozeV0c="></latexit>

<latexit sha1_base64="2uFwIOi8/QR48tP+mBZGV0EHiX8=">AAAB/XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIuCyK4cFHBXqAdSibNtLFJZkgyQhmKr+BW9+7Erc/i1icxbWdhW38IfPznHM7JH8ScaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRtfTeuuJKs0i+WDGMfUFHkgWMoKNtZo3PVm+O+8VS27FnQmtgpdBCTLVe8Wfbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjUWJBtZ/Orp2gM+v0URgp+6RBM/fvRIqF1mMR2E6BzVAv16bmf7VOYsIrP2UyTgyVZL4oTDgyEZp+HfWZosTwsQVMFLO3IjLEChNjA1rYEohJwYbiLUewCs2Limf5vlqqVbN48nACp1AGDy6hBrdQhwYQeIQXeIU359l5dz6cz3lrzslmjmFBztcvuN2U/Q==</latexit>

the finite-volume spectrum

one approach:  

 — parameterize the energy dependence of t(E) 

 — solve  

 — compare ‘model’ spectrum to lattice spectrum …
<latexit sha1_base64="NZ6KHzHkMba+Pw0eUxQX5ozeV0c="></latexit>

ensure important features are independent of 
parameterization details by varying parameterization …



hadron spectroscopy in lattice QCD | 16 July 2021 | ISMD 2021

coupled-channel scattering from lattice QCD 12

a0→πη,KK
_

mπ ~ 391 MeV
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coupled-channel scattering from lattice QCD 13

a0→πη,KK
_

f0→ππ,KK,ηη
_

mπ ~ 391 MeV
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coupled-channel scattering from lattice QCD 14

a0→πη,KK
_

f0→ππ,KK,ηη
_

f2→ππ,KK
_

mπ ~ 391 MeV
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coupled-channel scattering from lattice QCD 15

b1→πω,πϕ

… recently scattering of hadrons with non-zero spin …
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coupled-channel scattering from lattice QCD 16

b1→πω,πϕ

… recently scattering of hadrons with non-zero spin …
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coupling in an external current — resonance form-factors 17
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beyond 2→2 scattering 18

formalism used so far only valid for 2→2 scattering ⇒ required to stay below three-body thresholds …

three-body formalism now developed and applied in test cases
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summary 19

lattice QCD is increasingly becoming a practical tool to study excited hadron resonances 

currently somewhat limited to heavier quark masses to avoid many-body decays

but can still learn a lot about strong QCD where previously we relied upon models

a new era of QCD-based hadron spectroscopy
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mu=md=ms SU(3)F point 21
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several stable mesons:
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lattice QCD spectrum computed in 6 volumes 22
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increasing lattice volume
53 energy levels to constrain 
‘eight’ channel scattering

η8 ⤳ π,K,η

η1 ⤳ η′

ω8,ω1 ⤳ ρ,K*,(ω,φ)

h18,h11 ⤳ b1,K1,(h1,h1)′
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an ‘eight’ channel scattering amplitude 23
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describe scattering by a unitarity-preserving K-matrix featuring a pole 
(11 free parameters)

a good description of the spectrum …
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‘eight’ channel scattering amplitudes - varying parameterization 25
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octet 1−+ resonance pole & couplings 26
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