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1. Introduction

Fast local equilibration of gluons in the fireball
towards the BE-distribution (global thermo-
dynamic equilibrium is usually not attained)

Local equilibration of quarks in the
fragmentation sources towards the
FD-distribution

Relativistic heavy-ion collisions (schematic)

Most produced particles in the fragmentation 
region (large pseudorapidities:   ≈ h – ybeam≈0)
arise from the fragmentation sources

Limiting fragmentation (LF): The charged-
particle yield does not depend on energy over a 
large (pseudo-)rapidity range h – ybeam

<latexit sha1_base64="cVXw2/QgS4XGgGHx8JbABEpuIME=">AAAB83icdVDJSgNBEO1xjXGLevTSGARPoSeOS25BLx4jmAUyIfR0KkmTnoXuGiEM+Q0vHhTx6s9482/sLIKKPih4vFdFVb0gUdIgYx/O0vLK6tp6biO/ubW9s1vY22+YONUC6iJWsW4F3ICSEdRRooJWooGHgYJmMLqe+s170EbG0R2OE+iEfBDJvhQcreT7KFUPMh+QT7qFIiuxsse8Mp0Sl3muJV65csYq1C2xGYpkgVq38O73YpGGEKFQ3Ji2yxLsZFyjFAomeT81kHAx4gNoWxrxEEwnm908ocdW6dF+rG1FSGfq94mMh8aMw8B2hhyH5rc3Ff/y2in2LzuZjJIUIRLzRf1UUYzpNADakxoEqrElXGhpb6ViyDUXaGPK2xC+PqX/k0a55J6XTm+9YvVqEUeOHJIjckJcckGq5IbUSJ0IkpAH8kSendR5dF6c13nrkrOYOSA/4Lx9Arjbkic=</latexit>
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B. Kellers and GW, PTEP 2019, 053D03 (2019)
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2.  A three-source relativistic diffusion model (RDM)

The Lorentz-invariant cross section for produced particles is

E=mTcosh(y), pT=√(px2+py2),
mT=√(m2+pT2), 
y=0.5 ln[E+p||)/(E-p||)]

In a three-source model, the partial rapidity distributions dNk/dy (k=1,2,3) are          
obtained by integrating over the transverse mass

The rapidity distributions  are calculated in a phenomenological relativistic diffusion 
model (RDM) as dNk/dy = NkR(y,t=tf ) from the solution of a Fokker-Planck equation
and then added incoherently to obtain the total distribution

<latexit sha1_base64="l1YANAYD7o3Ro1u6xXEA+kmJE48="></latexit>

dNch

dy
(y, t = ⌧f) =

dN1

dy
(y, ⌧f) +

dN2

dy
(y, ⌧f) +

dNgg

dy
(y, ⌧f)

with the freeze-out time tf and the particle numbers Nk in the respective sources.
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The underlying (linear) transport equation* is of the Fokker-Planck form
<latexit sha1_base64="6r5Uv/oPmr+WHIopE5XIDYtw3C4="></latexit>

@Rk (y, t)

@t
= � @

@y
[Jk(y, t)Rk(y, t)] +

@2

@y2
[Dk(y, t)Rk(y, t)]

with the drift functions Jk(y,t) that account for dissipative effects,
and the diffusion functions Dk(y,t) that cause the broadening of the 
rapidity distributions due to scatterings and particle creations.

Its stationary limit for t→ ∞  and sufficiently high temperatures T
should give rise to the Maxwell-Juettner distribution

<latexit sha1_base64="v6t0txue0zrqDyb5jOH+gSVffkg="></latexit>

E
d3N

d3p

���
eq

/ E exp (�E/T ) = mT cosh (y) exp (�mT cosh(y)/T ) .

In a simplified approach that provides analytical solutions of the FPE, 
the diffusion coefficients Dk(y,t) are assumed to be constants, and the drifts
depend linearly on the rapidity, Jk(y,t) = (yeq-y)/ty . The (gaussian) stationary
limit then deviates slightly from Maxwell-Juettner, but the time-dependent
FPE solutions still provide a good representation of the data.

* For a derivation see J. Hoelck and GW, Phys. Rev. Res. 2, 033409 (2020)
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In order to reach the correct stationary solution, the drift terms become
<latexit sha1_base64="G7O4BZWJ0ch8tSbJstoOsLj1O9I="></latexit>

Jk(y, t) = �Ak sinh(y)

with drift amplitudes <latexit sha1_base64="r1HtCM5lmK02PXO526ZWfsiuyw8="></latexit>

Ak = mk
TDk/T .

In thermal equilibrium, the three subdistributions merge and the rapidity 
distribution attains the overall Maxwell-Juettner form

<latexit sha1_base64="LFwU8W49u2sxVPLoCnDlZYfvxSY="></latexit>
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dy
= Cb
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2mTT 2
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2T 3
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◆
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✓
�mT cosh y

T

◆

with the normalization constant Cb determined by the number of produced charged
hadrons as function of centrality, or impact parameter b. However, the actual
time-dependent rapidity distribution functions remain far from thermal equilibrium.

The drift amplitudes Ak at each centrality are determined from the positions of the
fragmentation peaks. Four centrality bins are investigated.
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Numerical solution of the FPE with sinh-drift

Transform the equations for Rk(y,t) by introducing a dimensionless time
t = t / tc (tc a fixed timescale)

with 

⇒

and

the dimensionless FPE contains only the ratio of temperature T
and transverse masses mTk , characterizing the diffusion strengths

; its solutions depend on y and t

The three partial y-distributions in each centrality bin are determined through the
time parameter t and the diffusion strengths gk .
The numerical integration is performed using matlab’s pdep routine.

<latexit sha1_base64="xJ/78+++1Z0AlgyRtReek8bM6+0=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuatLa2i6EohuXFfqCtobJdNIOmUnCzKRQQv/EjQtF3Pon7vwbJ20EFT1w4XDOvdx7jxsxKpVlfRgrq2vrG5u5rfz2zu7evnlw2JFhLDBp45CFouciSRgNSFtRxUgvEgRxl5Gu69+kfndKhKRh0FKziAw5GgfUoxgpLTmmORgjzpHjX7XOudO69x2zYBXrtaptl6FVtBZISaVesUrQzpQCyNB0zPfBKMQxJ4HCDEnZt61IDRMkFMWMzPODWJIIYR+NSV/TAHEih8ni8jk81coIeqHQFSi4UL9PJIhLOeOu7uRITeRvLxX/8vqx8mrDhAZRrEiAl4u8mEEVwjQGOKKCYMVmmiAsqL4V4gkSCCsdVl6H8PUp/J90SkW7WizfXRQa11kcOXAMTsAZsMElaIBb0ARtgMEUPIAn8GwkxqPxYrwuW1eMbOYI/IDx9gkb2ZNW</latexit>

�k = T/mk
T
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3. Application of the model to RHIC and LHC data

The FPE is solved numerically for each centrality class, and the results
are transformed into rapidity distributions. The constant Cb is adjusted to the total
number of produced charged hadrons in each centrality bin.

For unidentified particles, the rapidity distributions dN/dy are converted to
pseudorapidity space. The scattering angle q defines the pseudorapidity variable h

and the pseudorapidity distribution of produced charged hadrons becomes

with the Jacobian 

The model parameters are then determined in c2 optimizations with respect to
the data. 
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RDM with three sources, linear and nonlinear drift

2.76 TeV Pb-Pb, central collisions

Linear drift; 
analytical solutions of the FPE

Nonlinear drift: Fragmentation 
sources more extended in h;
numerical solutions of the FPE
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Pseudorapidity distributions of produced charged hadrons
at RHIC (PHOBOS Au-Au data @ 19.6, 62.4, 130 and 200 GeV)

B. Kellers and GW, PTEP 2019, 053D03 (2019)
RHIC: LF is fulfilled in the data, and in the RDM
with both, linear and nonlinear drift 
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Limiting fragmentation at LHC energies?
Central Pb-Pb collisions @ 2.76 and 5.02 TeV

dashed, dot-dashed: linear drift
solid: sinh-drift

The RDM with sinh-drift is
consistent with LF in central collisions
at both LHC energies
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Ratio: Numerical RDM-solutions
to data in the fragmentation region

LF is approximately
fulfilled (sinh-drift)

(dN/dh)RDM drops towards
zero faster than the data, to
fulfill the Dirichlet boundary
conditions imposed by the
numerical solver of the FPE
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Centralities:
(a) 20–30 %
(b) 10–20 %
(c) 6–10 % at RHIC, 5–10 % at LHC
(d) 0–6 % at RHIC, 0–5 % at LHC

Numerical RDM-solutions with
nonlinear drift (solid lines) compared
to RHIC (PHOBOS) and LHC (ALICE) data:

Consistent with LF in all 4 centrality classes 

B. Kellers and GW, EPJA 57, 47 (2021)

4. Centrality dependence of LF 
at RHIC and LHC
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System and model parameters
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5. Number of produced charged hadrons in fragmentation
and fireball sources

The total number of produced charged hadrons follows a power law

whereas the fragmentation sources contribute logarithmically according to 

In contrast, the fireball source behaves like a cubic-log

since its width G in rapidity space is a linear function of ln(s) 

and the predicted cross-section for low-x gluon-gluon interactions is
∝ ln(s)2, consistent with the Froissart bound ⇒ cubic-log behaviour for Ngg .

To obtain equalities, the parameters are determined from the RDM results 
with sinh-drift.  
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Number of produced charged hadrons

Blue: total, Nch ~ sNN
b (PHOBOS and ALICE data)

Yellow: fragmentation sources, N1+N2 ~ ln(sNN): RDM results, nonlinear drift
Green: fireball source, Ngg~ ln3 (sNN). Its relevance rises rapidly with increasing c.m.        

energy.

RHIC
LHC

20-30%

6-10%

10-20%

0-6%
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6.  Summary and conclusion

Ø The RDM solutions agree with the RHIC (PHOBOS) data on Au-Au at 
four different energies in the fragmentation region, where limiting    
fragmentation has been found

Ø The sinh- drift gives better results than the linear drift, consistent with 
the expectation from theory

Ø The centrality dependence of the data at RHIC and LHC (ALICE Pb-Pb)
is well reproduced

Ø The RDM results with nonlinear drift are consistent with LF at LHC
energies, but data are still missing

Ø The particle content in the fragmentation sources at the investigated centralities
is  ~ ln(sNN), in the fireball source  ~ ln3(sNN), consistent with expectations
from theory
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