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Current status of heavy-ion collision models

Significant progress has happened in modeling heavy-ion collisions.
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

Flow harmonics in a nutshell!

The coefficient vnei” Y is called Flow Harmonic.

> Flow harmonics depend on the initial state parameters, transport coefficients (n/s,
¢/s,...), thermodynamic EOS, nucleus wave function fluctuation, ...

Pr(Vi,va, 3, W — Yo, ¥ — s, )

» Single-harmonic cumulants:
[Borghini, Dinh, Ollitrault, PRC, 00, '01]
— .2 _ 4
af{2t(=Ev{2}h), afdl(=-vi{4}),
» Symmetric Cumulants:
[Bilandzic, Christensen, Gulbrandsen, Hansen, Zhou, PRC, *13]

SC(n,m) = (v vi) — (vi) (Vi)
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Flow harmonics in a nutshell!

The coefficient vnei” Y is called Flow Harmonic.

> Flow harmonics depend on the initial state parameters, transport coefficients (n/s, ) ]
¢/s,...), thermodynamic EQS, nucleus wave function fluctuation, ... collective evolution

Ppr(vi,va,va, .. Wi — Vo, ¥ — s, )
» Single-harmonic cumulants:
[Borghini, Dinh, Ollitrault, PRC, "00, '01]
a2} (Ev{2)), {4t (=—n{4)),

» Symmetric Cumulants:
[Bilandzic, Christensen, Gulbrandsen, Hansen, Zhou, PRC, ’13]

2.2 2 2
SC(n,m) = (v viu) = (Vie) (Vi)
» Generalized symmetric cumulants:
[C. Mordasini, A. Bilandzic, D. Karakoc, SFT, PRC, "19],

SC(k,1,m) = (v viv) = (vivi) () = (v (F) = (07 v ) ) + 207 (07) (v
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One package for all cumulants

[SFT, arXiv: 2005.04742, (accepted for publication in EPJC)]

The distribution pf(vl,vz,V3, LY =Y, Yo — s, .. ) is very big!
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[SFT, arXiv: 2005.04742, (accepted for publication in EPJC)]
The distribution pf(vl,vz,V3, LY =Y, Yo — s, .. ) is very big!

> Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git ORDER YOUR CUMULANT!
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One package for all cumulants

[SFT, arXiv: 2005.04742, (accepted for publication in EPJC)]
The distribution pf(vl,vz,V3, LY =Y, Yo — s, .. ) is very big!

> Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git

» Returns the cumulants in terms of correlation functions, Q-vectors, etc, and their
statistical uncertainty relations.

» For instance, symmetric cumulant is obtained by
in[1] := c[{2,2},{0},{2,3},v, v

out[1] := (v3v3) — (1) (13)

ORDER YOUR CUMULANT!

Seyed Farid Taghavi (TUM) A Fourier-Cumulant Analysis for Multiharmonic Flow Fluci 15 July 2021 4/6



A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

One package for all cumulants

[SFT, arXiv: 2005.04742, (accepted for publication in EPJC)]
The distribution pf(vl,vz,V3, LY =Y, Yo — s, .. ) is very big!

> Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git ORDER YOUR CUMULANT!

» Returns the cumulants in terms of correlation functions, Q-vectors, etc, and their
statistical uncertainty relations.

» For instance, symmetric cumulant is obtained by
in[1] := c[{2,2},{0},{2,3},v, v
out{1] := (v33) — (3) (v3)

» oOr statistical error of c,{2} w+o2 )

{2}
In[1] := Nsigma2[cCorr({2}, {},{2},corr]] B

Outll] = ((2)255) = ((2)22)?
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

cumulant order cumulant expression
1 ea{2) 2 [}

2 eaf2} 2 [0

3 caf2} 2 (i)

4 5 {2} 2 v

o Ty B e cos (4 (va — va)

0 TR 5 o5 (262  3vs = 503)

T {4} 4 3)?

B es{d} 1 )2

9 {4} 1 3)?

10 {4} 1 v2)?

11 42,2} 4 ) (v3)

2 M (2.2) 0 Yl

13 02,2} 4 3)02)

14 i (2.2} 4 ) (vd)

5 d(22) 1 )02y

6 (22 1 (iud) — (o) (od)

17 %32y 4 (vivava cos (2 (¥a = 3¢ + 264)))

15 5121 4 (vFvavs cos (33 — 8t + 5us))

v oy 1 (vavavavs cos (20 = 3us — 4 + 505))

20 (3.2} 5 (v3v] cos (6 (V2 — ¥3)))

2 (23} 5 4))) = 200§ (v3va cos (4 (¥ = ¥a)))

22 chid (1.1} 5 (03) (v3va cos (4 (¥2 = ¥a)))

23 4355 0,2,2) 5 (vivdva cos (2 (¥2 + 33 — 4va)))

24 % 2.2.1) 5 (v3viva cos (4 (Y2 — ¥a))) = (v3) (vivs cos (4 (2 — ¥a)))

% . 5 (vFuavy cos (265 ) — 2(2) (vaevs cos (265 + 3¢ — )
%« 5 (vuavs cos (2¢a + 3 5)) = 2(03) (vaavs con (2% + 3% = 505))
27 5 5 (vdvgus cos (203 + 31y = 5u5)) — 2(v) (vavsvs cos (2us + 3uy — 54s))
oy 5 v2 c0s (2 (Y2 + 4vs — 5vs)))

29 < 5 (¥2 = ¥4))) = (v3va cos (4 (Y2 = ¥a)){vE)

0 e 5 (Fu3 o cos (6¢3 + v = 1005))

31 B 5 (v3vavs cos (9% — 4w — 5vs))

52 oo B 1 cos (203 + 30 = 5vs) = (v)(vavavs cos (203 + 3 — 5vs))
33 o535 2.1.1.1) 5 0s (12 — 33 + 404 — 55))
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All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

e order comulant expresion
1 cal2) 2 w3

2 cs{2} B w2y

3 {2} 2 (v3)

4 cs {2} 2 {vs)

5 ERITA 3 (30 cos (4 (V2 — 1))

n SCOYTINT) 2 B S

T {4} 4 3)?

B es{d} 1 )2

9 {4} N 2)2

10 {4} 0 2)?

T T 22T T UG

2 M (2.2) 1 )

13 4%912,2} 4 3)(v3)

14 i (2.2} 4 ) (vd)

5 d(22) 1 )02y

6 (22 1 (iud) — (o) (od)

17 %32y 4 (vivava cos (2 (¥a = 3¢ + 264)))

T ) (juavs cos (3ts — St + 5s))

v oy 1 (v3usv4vs cos (20 — 3t — At + 505))

20 (3.2} 5 (v3v] cos (6 (V2 — ¥3)))

21 723} 5 (303 cos (4 (2 — ¥4)) — 2(u3}(vEve cos (4 (Vz —

PRSI B (02) o2 v con (4 (2

23 5 (v3v3vz cos (2 (¥a + s — 4v))

24 of 5 (vivivs cos (4 (2 = ¥a))) — (v3) (viva cos (4 (¥2 = ¥4)))

% . 5 (vFuavy cos (265 ) — 202) (vaavs cos (2u3 + 303 —
%« 5 (vuavs cos (2¢a + 3 5)) = 2003) (vauavs con (2va + 305 = 505))
E: el CENY) 5 (v3vavs cos (2ua + s = 5s)) = 2003) (vavavs cos (2va —5us)
28 43501, 2,2) 5 va cos (2 (V2 + 4va = 51s)))

2 £ s (¥2 = ¥4))) = (v3va cos (4 (¥2 = )} (v2)

0 e 5 (Fu3 o cos (6¢3 + v = 1005))

31 B 5 (v3vavs cos (9% — 4w — 5vs))

32 B R 5 (wjvavsvs cos (2 + 3ws = 5¢s)) = (v]) (vavsvs cos (2w + 3ty — 5uby))
33 2,11y 5 (v3vavavs cos (1 — 3us + 404 — 55))
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4 5 {2} 2 v
o Ty B e cos (4 (va — va)
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T ca{4} 4 v3)*
s eafd} 1 )
) ala) ) 2
10 o5 {4} 4 vZ)?
(11 7 (2,2} 4 ) (v3) A
2 M (2.2) 0 Yl
13 02,2} 4 3)02)
14 i (2.2} 4 ) (vd)
5 d(22) 1 )02y
s cf% (2.2} 1 3) (v2)
17 e 4 (vvava cos (2 (2 = 3y + 294)))
18 3% 4 (vivavs cos (3us — 8¢a + 5us))
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%« 5 (v vgug cos (203 + 3 5)) = 2(03) (3 vgvg cos (203 + 3w = 505))
27 B 5 (vdvgus cos (203 + 31y = 5u5)) — 2(v) (vavsvs cos (2us + 3uy — 54s))
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All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

cumulant order camulant expression
1 caf2) 2 3)
2 a2} 2 2)
3 caf2} 2 {vi)
4 cs {2} 2 {vs)
5 Az} 3 (u3va cos (4 (¥2 = )
[ BRIt 3 33 = 50s)
T {4} 4
s i) 1
9 {4} 1
10 {4} 1 v
(11 19 (2.2) 4 (v3v3) — (v3)(v3) \
12 i (2.2} 4 {(vivi) = (v3)(vd)
13 02,2} 4 (w3od) = (w)(od)
14 i (2.2} 4 (v3v3) = (v]) ()
15 oS (2.2} 1 (v3vd) = (v3)(v2)
s cf% (2.2} 1 (vivd) — (vd)(u2)
17 e 4 (vivava cos (2 (2 = 3¢ + 204)))
18 3% 4 (vivavs cos (3us — 8¢a + 5us))
0 o) i (uavsvavs cos (202 — 305 — W + 509)
n 5 30 con (6 (V2 — v)
(@) B B (030} cos (4 (¥ = ) = 2(03) (v3va cos (4 (¥ = ) )
= 12 oo oS (1 (02 = T = B(eaN{ea e cos (10 = 00
23 < 5 (viviva cos (2 (2 + 3va = 4va)))

(2 o 5 (u3v3vs cos (4 (¥a = b)) = (v3) (vFvs cos (4 (a = ¥a)) R
5 5 (v vauy cos (2v2 = 2(u2) (uavavs cos (262 + 3% — 5vn))
2 5 (v g cos (263 = 2(02) (w2 vy con (203 + 33 = 505))

\27 5 (v3vavs cos (263 + 3 — 5¥s)) = 2(v3) (vavsvs cos (205 + 3 — 5v5))
P 3 Gz s )

(€ 5 ($2 = 4))) = (vFvs cos (1 (42 = pa))ed) )
™ B ToToZon cos (60 F 40 = 1003))

51 5 . (Ovs — s —503)

& s Guavs 05 008 (20 + 803 = 503) = (V) (vavsvs cos (303 + 305 = 504)) )

= B ERCITR)
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

{on,..op—1}
Cnl,,..,nk {ml,...,mk}

o o1 }
cumulant order cumulant expression ncny . ny {ml eens mk} =
1 caf2) 2 3) mi fo
2 s 2) 2 ) Cny { }
3 ca{2} 2 {vi)
4 cs {2} 2 {vs)
5 o§2,1) 3 {vva cos (4 (w2 = ¥4)))
{3351 vavavs b2 + 33 = 503 1
e . T E— » TRENTo + free streaming + VISH(2+1) + UrQMD
E—T : (o ~2ch” Maximum A Posteriori (MAP) tuning.
m :'14} n E ;,22, ; [Bernhard et al, Nature Phys., 2019]
(11 19 (2.2) 4 (v3v3) — (v3)(v3) \
12 i (2.2} 1 {(vivi) = (v3)(vd)
13 4%912,2} 4 (@3vd) - (w3)(d)
14 i (2.2} 4 (v3v3) = (v]) ()
15 oS (2.2} 1 (v3vd) = (v3)(v2)
s cf% (2.2} 1 (vivd) — (vd)(u2)
17 chag {1.2,1} 4 {(v3vava cos (2 (¥a2 = 3y + 2v4)))
18 BV 4 (vivavs cos (3us — 8¢a + 5us))
0 i (vavavavs cos (202 = 3% — 4% + 503))
20 = 5 w32 cos (6 (2 — ¥a)
(= r 5 (32 cos (1 (13 — ) — 2v3)(e3va cos (4 (¥ — ¥a) )
C T O T O P2 ) s 1 G C G0
23 .. 5 {viviva cos (2 (w2 + 3y = dva)))
(21 o 5 (u303us cos (4. ) (13vecos (4 (¥ = ) )
x 5 (u3vavs cos (262 + = 2(o2) (vavavs cos (202
x . 5 Cuvavs cos (20 = 202) (vavgvg con (20
\27 ES 11y 5 (030305 cos (203 + — 2(u2) (vavavs cos (202
28 ERARITN] 5 s (2 (g + 4 9
C» M (2,1,2) 5 S (162 = 1)) — (v3va cos (4 (2 — va))od) )
ED T2 1.2) B vz 0304 cos (603 + 49s — 1005))
TR VTN 5 o3 uvs con (903 — 4va — Bvg)
G2 T (1,1,2,1) 5 (3 08 (203 + 33 = 5U5)) = (v3)(v2v3vs cos (2¥a + 30 = 5un)) )
3 T (L L) T 7 T 10s = 505))
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

cumulant order camulant expression [ T-aali L) neald) nesith .
1 2} 2 ) 0 E os
2 (2} 2 5 -0z = o2
3 2} 2 @) » " 7' vecs? »
" al®) 5 b 5 © a ®
5 Az} 3 (v3va cos (4 (Y2 = ¥)) 1.afncs{d} o Fnesta) (2.2} ncid{2.2) 14
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(Normalized) multiharmonic cumulants at the LHC
[ALICE, (accepted) PRL, 2021]
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> The discrepancies need more investigation.
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> The discrepancies need more investigation.

Summary and outlook: We introduced a systematic method to extract all flow harmonic cumulants and their statistical
uncertainties up to a given order. What about other unmeasured normalized cumulants? Can the new cumulants help the
Bayesian analysis? Thank you and see you in room
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