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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

Current status of heavy-ion collision models

Significant progress has happened in modeling heavy-ion collisions.

I The phenomenological models contain several stages =⇒
I A typical model contains 10 to 20 parameters.

Two most interesting ones are η/s and ζ/s.

It is important to introduce experimental observables.
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

Flow harmonics in a nutshell!

The coefficient vneinψn is called Flow Harmonic.
I Flow harmonics depend on the initial state parameters, transport coefficients (η/s,

ζ/s, . . .), thermodynamic EOS, nucleus wave function fluctuation, . . .

pf (v1,v2,v3, . . . ,ψ1−ψ2,ψ2−ψ3, . . .)

I Single-harmonic cumulants:
[Borghini, Dinh, Ollitrault, PRC, ’00, ’01]

cn{2}(≡ v2
n{2}), cn{4}(≡−v4

n{4}), · · ·
I Symmetric Cumulants:

[Bilandzic, Christensen, Gulbrandsen, Hansen, Zhou, PRC, ’13]

SC(n,m) = 〈v2
n v2

m〉−〈v2
n〉〈v2

m〉
I Generalized symmetric cumulants:

[C. Mordasini, A. Bilandzic, D. Karakoc, SFT, PRC, ’19],

SC(k, l,m) = 〈v2
k v2

l v2
m〉−〈v2

k v2
l 〉〈v2

m〉−〈v2
k v2

m〉〈v2
l 〉−〈v2

l v2
m〉〈v2

k〉+2〈v2
k〉〈v2

l 〉〈v2
m〉

collective evolution

dN
dϕ

∝ 1+∑
∞
n=1 2vn cos [n(ϕ−ψn)]
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

One package for all cumulants
[SFT, arXiv: 2005.04742, (accepted for publication in EPJC)]

The distribution pf (v1,v2,v3, . . . ,ψ1−ψ2,ψ2−ψ3, . . .) is very big!

I Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git

I Returns the cumulants in terms of correlation functions, Q-vectors, etc, and their
statistical uncertainty relations.

I For instance, symmetric cumulant is obtained by

In[1] := c[{2,2},{0},{2,3},v,ψ]

Out[1] := 〈v2
2v2

3〉−〈v2
2〉〈v2

3〉
I Or statistical error of c2{2} (N ∗σ2

c2{2}
)

In[1] := Nsigma2[cCorr[{2},{},{2},corr]]

Out[1] := 〈〈2〉2−2,2〉−〈〈2〉−2,2〉2
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

nc{α1 ,...αk−1}
n1 ,...,nk {m1, . . . ,mk}=

c{α1,...αk−1}
n1,...,nk {m1, . . . ,mk}√

cm1
n1 {2}· · ·c

mk
nk {2}

I TRENTo + free streaming + VISH(2+1) + UrQMD
Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]
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nc{α1 ,...αk−1}
n1 ,...,nk {m1, . . . ,mk}=
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I TRENTo + free streaming + VISH(2+1) + UrQMD
Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]
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Maximum A Posteriori (MAP) tuning.
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
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n1 {2}· · ·c
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I TRENTo + free streaming + VISH(2+1) + UrQMD
Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
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n1 ,...,nk {m1, . . . ,mk}=
c{α1 ,...αk−1}

n1 ,...,nk {m1, . . . ,mk}√
cm1

n1 {2}· · ·c
mk
nk {2}

I TRENTo + free streaming + VISH(2+1) + UrQMD
Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]
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A Fourier-Cumulant Analysis for Multiharmonic Flow Fluct.

(Normalized) multiharmonic cumulants at the LHC
[ALICE, (accepted) PRL, 2021]

SC(2,3,4)≡ c{0,0}2,3,4 {2,2,2}

I The discrepancies need more investigation.
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●

Pb–Pb collision, √sNN = 2.76 TeV
ATLAS, PRC, 90, 024905
TRENTo+VISH2+1+UrQMD

ALICE, PRL, 117, 182301
ALICE, PRC, 97, 024906

Summary and outlook: We introduced a systematic method to extract all flow harmonic cumulants and their statistical
uncertainties up to a given order. What about other unmeasured normalized cumulants? Can the new cumulants help the
Bayesian analysis? Thank you and see you in room
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