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Intelligent Design of Neutrino Parameters

∆m2
21 = 7.5× 10−5 eV2 ⇒ resonant MSW effect @ solar ν

θ12 = 34.5◦ ⇒ big enough effect @ KamLAND

∆m2
32 = 2.6× 10−3 eV2 ⇒ 0∼ full oscillation @ atmospheric ν

θ23 ≈ 45◦ ⇒ dramatically large effects to be easily seen @
atmospheric ν

θ13 ≈ 8◦ is large enough to be seen @ reactor ν

δD ≈ −90◦ ⇒ most quickly determine MO & large CP

IH? ⇒ more readily measure 0νββ & beta decay endpoint

Neutrinos are Majorana type?

Only that IH is not preferred now!

S. Wojcicki (1995) & M. Goodman (2012)
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NH is Preferred by Global Fit

Esteban, Gonzalez-Garcia, Hernandez-Cabezudo, Maltoni & Schwetz [arXiv:1811.05487]
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NH is Preferred by Cosmological Data

Salas, Gariazzo, Mena, Ternes & Tortola [arXiv:1806.11051]
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Cosmological Data on Mass Sum

Σ ≡ m1 +m2 +m3
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Hannestad & Schwetz [arXiv:1606.04691]
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0ν2β Decay

Mediated by Majorana Neutrino + Lepton # Violation

Helicity Suppression → Mass Suppression
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see also SFG & Werner Rodejohann [1507.05514]
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Preference of NH ⇒ Non-Observation of 0ν2β?
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God’s Mistake?

Maury Goodman’s talk @ Neutrino History WS (2018) in Paris
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God Didn’t Make a Mistake!

Long-Baseline News (January 2019)

Long-Baseline News (October 2019)
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LMA-dark & Degeneracies

Parametrize the ν mixing as Vν = U23(θa)U13(θr )U12(θs , δD):
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Hamiltonian in vacuum:

Hvac = O23O13
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Then Hvac reverses its sign under

sin θs ↔ cos θs ,

δD → π − δD ,

∆m2
a → −∆m2

a +∆m2
s

The matter term Hmat = Vccdiag{1 + ǫee , 0, 0} reverses its sign
under

ǫee → −2− ǫee
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Degeneracies in MH, Solar Octant & CP

Hamiltonian reverses sign under combined transformations

sin θs ↔ cos θs ,

δD → π − δD ,

∆m2
a → −∆m2

a +∆m2
s ,

ǫee → −2− ǫee ,

together with a minus sign in the Dirac CP phase.

Degeneracies

Mass Hierarchy: NH ↔ IH
Solar Octant: θs ↔ π

2 − θs
CP Octant: δD ↔ π − δD

Since this combined transformation is universal for all neutrino
oscillation experiments, there is no way for oscillation
experiments to resolve the degeneracies.

Any solutions from other type of experiments?
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Solar Octant & Mass Degeneracy

The octant transformation, cs ↔ ss is equivalent to m1 ↔ m2,

mee = c2r c
2
s m1e

i δ̃M1 + c2r s
2
s m2 + s2r m3e

i δ̃M3 ,

where δ̃Mi ≡ δMi − δD .

m
1
/
m

2

m0 (meV)
c2sm1 ↔ s2sm2 SFG & Jing-Yu Zhu [arXiv:1910.02666]
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Boundary Parameters

LHO
2 (c2r c

2
s m2) > LHO

1 (c2r s
2
sm1) + L3(s

2
r m3)

M
a
jo
ra

n
a
T
ri
a
n
g
le

S
iz
e
(m

e
V
)

m
1
(meV)

SFG & Jing-Yu Zhu [arXiv:1910.02666]
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Distinguishing Solar Octant in the 0ν2β Decay

|m
e
e
|
(m

e
V
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SFG & Jing-Yu Zhu [arXiv:1910.02666]
w/o JUNO: |mee | ≥ 3.2meV @ m1 = 5.3meV
with JUNO: |mee | ≥ 3.8meV @ m1 = 4.5meV
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Uncertainty Reduction with Reactor Neutrino

Neutrinoless Double Beta Decay
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SFG, Kaoru Hagiwara, Naotoshi Okamura, Yoshitaro Takaesu [arXiv:1210.8141]
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Precision Measurement @ JUNO SFG & Rodejohann, arXiv:1507.05514
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Precision Measurement @ JUNO SFG & Rodejohann, arXiv:1507.05514
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Probability of NH
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SFG & Jing-Yu Zhu [arXiv:1910.02666]
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Probability of LO
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Any chance of obtaining some information?
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Determine 2 Majorana Phases Simultaneously

|L1 − L3| ≤ L2 ≤ L1 + L3 .
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Uncertainties from Oscillation Parameters
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see also SFG & Werner Rodejohann [arXiv:1507.05514]
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Uncertainties from Oscillation Parameters
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Uncertainties from 〈m〉ee

m 1=3m eV

Ha L

0 45 ° 9 0 ° 135 ° 18 0 ° 225 ° 270 ° 315 ° 36 0 °
0

45 °

9 0 °

135 °

18 0 °

225 °

270 °

315 °

36 0 °

∆M1 @DegreeD

∆
M

3
@D

e
g

re
eD

m 1=4m eV

Hb L

0 45 ° 9 0 ° 135 ° 18 0 ° 225 ° 270 ° 315 ° 36 0 °
0

45 °

9 0 °

135 °

18 0 °

225 °

270 °

315 °

36 0 °

∆M1 @DegreeD

∆
M

3
@D

e
g

re
eD

m 1=5m eV

Hc L

0 45 ° 9 0 ° 135 ° 18 0 ° 225 ° 270 ° 315 ° 36 0 °
0

45 °

9 0 °

135 °

18 0 °

225 °

270 °

315 °

36 0 °

∆M1 @DegreeD

∆
M

3
@D

e
g

re
eD

m 1=6m eV

Hd L

0 45 ° 9 0 ° 135 ° 18 0 ° 225 ° 270 ° 315 ° 36 0 °
0

45 °

9 0 °

135 °

18 0 °

225 °

270 °

315 °

36 0 °

∆M1 @DegreeD

∆
M

3
@D

e
g

re
eD

Shao-Feng Ge @ Jeju, Korea, 2019-11-08 The Normal ν Mass Hierarchy is Exactly What We Need!



Majorana Pyramid & Projected Uncertainty
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Extracting Majorana CP Phases from Nothing

Null observation seems to be very unfortunate!

But not bad at all!

Vanishing mee ⇒ Determine the 2 Majorana CP Phases
Simultaneously!

|mee| = 0 ⇒ R(mee) = I(mee) = 0

|mee| < f ⇒ R(mee) < f & I(mee) < f

Non-zero mee can only determine a single degree of freedom

|mee| = f

Missing Piece

Null observation of 0ν2β ; 2 Majorana CP phases;
Neutrinos have to be Majorana type in the first place!
Either assumption or independent measurement.
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Prey of Leptonic CP Phases

TNT2K for better Dirac CP measurement [1506.05023, 1605.01670, 1607.08513, 1704.08518]
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Summary
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Thank You!
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ν Oscillation
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Minimal Neutrinos

Neutrinos are not just invisible but very boring!
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ν Mass & Mixing

Mass & Mixing ⇒ Oscillation:

να(t, L) =
∑

iβ

Vαie
−i(Eit−piL)V∗

βiνβ ≡
∑

β

Aαβνβ

Pαβ|α6=β ≡ |Aαβ|2 = sin2 2θ sin2
(

δm2 L

4E

)

Flavor v.s. Mass Eigenstates:

να =
∑

i

Vαi νi

V = P



















cscr sscr sre
−iδD

−ssca − cssasre
iδD +csca − sssasre

iδD sacr

+sssa − cscasre
iδD −cssa − sscasre

iδD cacr



















Q

with P ≡ diag(e iφ1 , e iφ2 , e iφ3) & Q ≡ diag(e iα1 , e iα2 , e iα3)

[(s, a, r) ≡ (12, 23, 13) for (solar, atmospheric, reactor) angles]
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ν Oscillation Data

(for NH) −1σ Best Value +1σ

∆m2
s ≡ ∆m2

12 (10
−5

eV
2) 7.37 7.56 7.75

∣

∣∆m2
a ≡ ∆m2

13

∣

∣ (10−3
eV

2) 2.51 2.55 2.59

sin2 θs (θs ≡ θ12) 0.305 (33.5◦) 0.321 (34.5◦) 0.339 (35.6◦)

sin2 θa (θa ≡ θ23) 0.412 (39.9◦) 0.430 (41.0◦) 0.450 (42.1◦)

sin2 θr (θr ≡ θ13) 0.02080 (8.29◦) 0.02155 (8.44◦) 0.02245 (8.62◦)

δD, δMi ?, ?? ?, ?? ?, ??

Salas, Forero, Ternes, Tortola & Valle, arXiv:1708.01186
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Lazy Neutrino

Nothing can interest me!!!
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Daya Bay & LHC changed Physics in 2012

Higgs boson ⇒ electroweak symmetry breaking & mass.

Chiral symmetry breaking ⇒ majority of mass.

The world seems not affected by the tiny neutrino mass?

Neutrino mass ⇒ Mixing

3 Neutrino ⇒ possible CP violation

CP violation ⇒ Leptogenesis

Leptogenesis ⇒ Matter-Antimatter Asymmetry

There is something left in the Universe.

Baryogenesis from quark mixing is not enough.

Majorana ν ⇔ Lepton Number Violation

Residual Z2 Symmetries: cos δD =
(s2s − c2s s

2
r )(c

2
a − s2a)

4casacssssr
1108.0964

1104.0602

Shao-Feng Ge @ Jeju, Korea, 2019-11-08 The Normal ν Mass Hierarchy is Exactly What We Need!



Experimental Measurement

Bergström, arXiv:1212.4484

T−1
1/2 ≡ G0ν |M0ν |2|mee|2
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The Current 0ν2β Experiments are Approaching IH

Kunio Inoue
@ IPMU ν WS
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Intrinsic Variation of Majorana CP Phases

Majorana CP Phases δM1 & δM3 are Unknown Xing & Zhou, arXiv:1404.7001

mee = c2s c
2
r m1e

iδM1 + s2s c
2
r m2 + s2r m3e

iδM3

Geometric Interpretation:
−→
OA≡ c2s c

2
r m1e

iδM1 ,
−→
AB≡ s2s c

2
r m2 ,

−→
CO≡ s2r m3e

iδM3 .

OA≥AB+CO OA− AB − CO ≤ |mee | ≤ CO + OA+ AB

|AB−OC |≤OA≤AB+CO 0 ≤ |mee | ≤ CO + OA+ AB

OA≤|AB−CO| AB − CO − OA ≤ |mee | ≤ AB + OA− CO
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Dependence on Mass Hierarchy

Mass Hierarchy

NH : m1 < m2 < m3

IH : m3 < m1 < m2

Effect on mee

NH : |mee | ≈
∣

∣

∣

∣

s2s c
2
r

√

∆m2
s + s2r

√

∆m2
ae

iδM3

∣

∣

∣

∣

IH : |mee | ≈
∣

∣

∣

∣

c2s c
2
r

√

∆m2
ae

iδM1 + s2s c
2
r

√

∆m2
a +∆m2

s

∣

∣

∣

∣

@ vanishing smallest mass: m1 ≈ 0 (NH) or m3 ≈ 0 (IH)
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Uncertainty from Neutrino Mixing

Effective Mass – Large Uncertainty

IH : c2r (1− 2s2s )
√

∆m2
a ≤ mν

ee ≤ c2r

√

∆m2
a

Dueck, Rodejohann & Zuber, arXiv:1103.4152
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Dependence on Mass Hierarchy

Rodejohann, arXiv:1106.1334
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Effect on Effective Mass SFG & Rodejohann, arXiv:1507.05514
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Effect on Lifetime SFG & Rodejohann, arXiv:1507.05514
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Effect on Lifetime SFG & Rodejohann, arXiv:1507.05514
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Data Interpretation

Half-Life Time
T−1
1/2 ≡ G0ν |M0ν |2|mee|2

Phase Space Factor, Nuclear Matrix Element & Effective Mass

Event Rate

S ≡ st ∝ Ntargett

T1/2
, B ≡ bt ∝ Ntarget tδE

Confidence Level

C ≡ S√
B + S

≈
{√

S ∝ √
s
√
t S ≫ B

S√
B
∝ s√

b

√
t S ≪ B

Lifetime Sensitivity vs Required Run Time

T ∝
{

t S ≫ B√
t S ≪ B

⇒ trun ∝
{

T1/2

T 2
1/2

∝
{

|mee|2
|mee|4
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