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Based on VY. Fu, XF, L. Jin, C. Lu, PRL 128 (2022) 17, 172002
+ new progress




Spectroscopy and quantum field theory

» Important observable — Lamb shift

Dirac Lamb

2P,
Energy ————————

levels 2 P

Lp 1947, Lamb discovered the nondegeneracy

"Ir'l.
2¢, 'L-r_,_i mmm)  Lamb shift

Dirac theory predicts that 2P,,, and 2S,,, states are degenerate
» QED - Lamb shift mainly originates from quantum fluctuation of EM fields (VP + electron self energy)

Theory: 1057832.3(3) kHz
Experiment: 1057829.8(3.2) kHz

a

« Consistency between theory and experiment
Tomonaga

===) | ay the foundation of QED
« High-precision measurement of spectroscopy
===)  Provide information of proton’s structure




Muonic hydrogen

» 2010, proton charge radius from pH
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* Precision 10 times better than before
» 4% smaller radius

Muonic
Hydrogen Hydrogen

_ _ 5¢ deviation — Proton size puzzle
 Muon mass is about 200 times of electron

« Bohr radius for uH is 200 times smaller than H

@ e-p scattering @ H spectroscopy ® uH spectroscopy NeW expel’l mental progress

CODATA 2018 . CODATA 2010

—e—
2021 Brandt etal.

5 zozmtm . : : | » Still some discrepancies
2019 Xjong et al. ; > Consistently shrink the proton size
2019 Bezglnov et al : .
‘ 2018 Fleurbaey etal.  : - .. .
oo, —> Puzzle possibly originates from experiments
2013Antogn|n| et aI
‘ R e However, as a fundamental quantity, the size of proton

i) 5
2010 Pohl et al. E

st os2  oss o8t oss  oss  osr  oss oo charge _radi_us plays an important role in the theoretical
Charge radius [fm] prediction in spectroscopy




Direct lattice QCD calculation of charge radius

uH 2013 CODATA 2010
. 2021 NME
: - |
2021 CLS
Ny : 5
2020 PNDME !
: . . .
. 2020 ETMC
- 5
2018 ETMC
. ; -
2018 PACS
s . -—
2017 LHPC
0.67 0.71 0.75 0.79 0.83 0.87 0.91

» Charge radius is the derivative of form factor

Charge radius [fm]

—

still hard to achieve ~1% accuracy



Direct lattice QCD calculation of charge radius

» \arious systematic effects, especially the model dependence

oV q,

(H(Pf)|Jp|H(PE)):E(PF)[%&FI(QZ)JF Y Fz(qz)]ta'(p;)a q* = (pr - pi)°

« Momenta p; and p; on the lattice are always discrete: 2*n == modeling of g2-dependence to extract charge radius

1E L L . ! | ! ' ! ! | ]
Dipole Isovector
— Kelly
0.95 - 0 lovecon tyfe(416) | < Fit type G2y [GeV?] lsep/ @ v (rZ) [fm]  x*/dof
O sovector, sep a= e,
09I O PACSTR tofanld . Linear 0.013 {1{21414161}6} 8;82%2;
- : .
< 085k . {12, 14, 16} 0.785(17) 1.2(8)
9 Dipole 010 (14,16} 0.806(26)  0.6(6)
0.8} . {12, 14, 16} 0.785(19) 1.0(8)
QA R (14,16} 0.78330)  0.7(7)
0.751 z-exp 856 {12, 14, 16} 0.776(28) 1.2(9)
N (kmax = 3) ' {14, 16} 0.796(37) 0.8(8)
’ 0 0.05 0.1
2 [GeV?] [PACS Collaboration used a (10.8 fm)# lattice, PRD 2020]

* Model dependence could cause a 3% shift inr,, e.g. 0.806(26) — 0.783(30)
» Twisted boundary condition can help, but requires more computational resources and still a fit functional form

« Why not calculate the charge radius directly at g?=0 ==) A model-independent approach to extract charge radius
XF, Y. Fu, L. Jin, PRD 101 (2020) 051502



Various contributions to pH Lamb shift
Experiment Theory

E2P - E2S = AEQED + AEproton size Tt AETPE

202370.6(2.3) = 206033.6(1.5) - 5227.5(1.0)(r2) +33.2(2.0) peV
k K k 3 k’ k & - . k

§q gq g T
p rop—, —p P p

> Exp.vs Theory mmm) r,=0.84087(39) fm mmmm) Proton size puzzle

» Largest theoretical uncertainty from two-photon exchange (TPE) DifyiRel-= Ragoafit ——

Tomalak 2019

» Uncertainty for structure independent contribution is further reduced NRQED + OPE
Hill & Paz 2017

Upgrade of CREMA@PSI can reduce Exp. error by a factor of 5

HB: PT
Peset & Pineda 2015

Disp. Rel. + Sum rule

Leaving TPE the important source for uncertainty! Gorchteln et al. 2013
Disp. Rel. + HBt PT g
> Theoretical prediction for TPE relies on data + models and Birse & McGovern 2012
ranges from 20 to 50 peV Disp. Rel.
Carlson & Vanderhaeghen 2011
Our target: obtain TPE from first principles mmmm) [ attice QCD o 10 2 0 a0 s

AEpg [ueV]



Challenges from TPE (1): IR divergence

P
, - Electron
/A ¢ @ Muon
Vd+ © LX)
/ d
| roton Proton
— Muonic
Hydrogen Hydrogen

» Binding energy of uH serves as a natural IR cutoff

mmm)  Bound-state QED

‘ Proton treated as point-like particle
+ charge radius correction

No divergence, but rich structure information lost

» QCD+QED: complete information of proton structure

‘ Loop integral sensitive to hadronic scale — highly NP

mmm)  Bound lepton — free lepton — IR divergence

Solution: subtract the divergence

Point-like particle Charge radius 7



Challenges from TPE (1): IR divergence

Loop integral
k., > —— k Leptonic part: L. (¢) — Analytically known ) DI
d4
g\ T‘i > AL - T({lLW(Q)HW(Q)
| p _,_@_ p | Hadronic part: H,.(q) — Provided by LQCD e
(statistical errors) _/ - / d*z L,,(z)H,,(z)
IR subtraction
k > > > k I g
p P
divergence - divergence - divergence = finite

Key technical problem

Three diagrams contain diff. stat. errors mmm)  How to maintain the error cancellation?

If signal cancels and error does not, then signal is completely hidden by error



Challenges from TPE (1): IR divergence

To solve IR divergence: infinite-volume reconstruction method

Basic idea: low-energy structure information is contained in the long-distance part of hadronic function
Use H,.(z) to reconstruct the quantities such as charge radius

T 0 at large 3 g y §
— Gl N -

pt like and Lradmb

> Find the appropriate weight functions L, for the subtraction terms, yielding

_ ‘/‘délmLﬁE/likc(x)Hﬂy(m) ! — /d‘lmLLidius(x)HW(m)

» Cancellation of IR divergence is rigorously fulfilled via the subtraction of weight functions

11 -

AE " / d*z L7} (x)H,,(z) mmm) Error decreases coherently as signal. IR divergence is solved cleanly!

bub __ rpt-like _ rradius
) L L L




Challenges from TPE (2): Signal-to-noise problem

& ) Property of lattice data:
—’—@’—— As z increases, proton matrix element H,, () decreases as e~ M»|=|
Hyuw () However, error decreases as e~ > Ml
-0.1
-0.2 | i
-0.3 - 4
-0.4 -
05| ) T
0o 05 1 15 2 25 3 35 4 6
x| [fm] x| [fm]
Weight function Lf,f‘;b (z)increases fast, as = increases Model estimate: Combine leptonic and hadronic part
Conclusion: take z as large as 5 fm ) Require a 10 fm lattice for simulation

to guarantee no information lost Decrease of S/N ratio seems an inevitable problem 10



Challenges from TPE (2): Signal-to-noise problem

To solve S/N problem: optimized subtraction scheme

Trick: A=(A-B)+B

Define the reduced weight function

L(r) (3}) = Lsub(m) = Lpt—like(m) = LradiuS(m)

« Choose €0, to minimize L") (z) in the region of 1-3 fm

. Using L™ (z), (A-B) part is illustrated by the red curve
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0 1 2 3 4 5
x| [fm]

+  Total contribution is AE = AE™ + ¢y + ¢, - (17

p

Use optimized subtraction scheme in realistic calculation

O-GDQSQE nn§g§§§§§§§§§§_
= | E [n|
~ % .
= 20+ 2
I §
E -40 + % . .
% | }
e % } )
Lélt_“ I | 7 o 9 79
8| ° LiH4
= LPH,
-100 Lo : - - - - - : -
0 1 2 3 4
R [fm]

Integral within the range R:

using L™ (z), error reduced by a factor of 6!

S/N problem is solved
11



Challenges from TPE (3): Computation of 4-point function

» TPE - hadronic part from a typical 4-point function

1 4

* Perform the volume summation for each point

2.

xX€EL3

* From 3-point to 4-point function

X1 X3 X2 X1 X3 X4 X
< " o ema T

3-point: L® summation 4-point: L? summation

Increasing each point, computational cost
increases by 104-10° times!
Cannot be solved by increasing resources ...

Solution: Field sparsening method

'
:

—>

b3

BRAI

« Less summation points may lead to lower precision

« |tis not the case because of high correlation in lattice data

mmm) 102-103 times less points yields similar precision

« Used for diff. physical system to confirm the universality

Utilize field sparsening method

« Reduce the computational cost by a factor of 10%-103
with almost no loss of precision! 12



Challenges from TPE (3): Computation of 4-point function

» Complicated quark field contraction for nucleon 4-point function — 10 types of connected diagrams

o ¢ o 5 )

typel type 2 type 3 type 4
= 9 ¢ 0 ¢ ¢ 0
type 6 type 7 type 8 type 9

» There are also disconnected diagrams — notorious for high cost and bad S/N ratio

Q O O C
-0 0.0 00

Our calculation contains both connected and the main disconnected diagrams

type 10

13



Challenges from TPE (3): Computation of 4-point

13

1

type 3

0.7

13

1

type 4

0.7

13

1

type 8

0.7

13

1

type 9

0.7

13

1

type 10

0.7

: J ;
s ] ]
1 1 1 " 1 1 1 1 1
T T T T T T T o T T

: T 1 { {
1 1 1 " 1 " 1 1 1 1
T T T T T Il T T T
o 5 § { i
1 1 1 L 1 L 1 1 1 1
T T T T T T T T T T
i g j i
3 ) I
1 1 1 " " 1 1 1 1
T T T T T T T T T T
[ 3 [ } { [ ]
1 1 L 1 L 1 L 1 L 1 L 1 L 1
0 0.2 0.4 0.6 08 1 1.2 1.4
t [fm]

Two currents inserted in one quark line
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Two currents inserted in two quark lines

Using the conditions such as charge conservation to verify the contraction code

14



Lattice results

» Gauge ensemble used — nearly physical pion mass

Ensemble m, [MeV]| L/a T/a a [fm] Ncons
24D 142 24 64 0.1943(8) 131

27.6(4.5) peV, connected part,
AFE), =12.1(2.1) peV,  disconnected part,
29.7(4.9) peV, total contribution.

» The total TPE contribution is given by
AE7pg = 0.77+93.72-(r2) = AE,

« Matching AErpg with EXp. measurement, one gets
V/(r2) = 0.84136(65) fm
consistent with 0.84087(39) fm quoted by uH Exp

« Using pH value of charge radius as input, one gets
AE{‘PE = 374(49) pev

AE,,; [neV] (connected)

AE,,, [neV] (disconnected)

-H{ ”}{ H _

15



Lattice results

» Compared with other theoretical work

! | ! | ' | ! |
Disp. Rel. + Regge fit —a—
Tomalak 2019

NRQED + OPE b =
Hill & Paz 2017

HB: PT [ L
Peset & Pineda 2015

Disp. Rel. + Sum rule A =
Gorchtein et al. 2013

Yang Fu (PhD, 5™ year)
— MIT postdoctor

Disp. Rel. + HB:t PT ——
Birse & McGovern 2012

Disp. Rel. ——
Carlson & Vanderhaeghen 2011 i .
------------------------------------- -------| « Firstlattice result @ m,=142 MeV

This work C o
0 | 10 | 20 | 30 | 40 | 50 AFErpg = 37.4(4.9) ueV
TPE contribution [ueV] » Need to increase statistics and control systematic
Y. Fu, XF, L. Jin, C. Lu, PRL 128 (2022) 17, 172002 effects

Outlook: to help answer the question — what is the exact size of proton

16



Evaluate the subtraction function

Img,?

Re g2

» Dispersion relation relate the scattering data to the TPE amplitude
> UV divergence requires the once-subtracted dispersion relation ==) Subtraction function depends on model assumption

> F. Hagelstein & V. Pascalutsa propose a different subtraction point for lattice QCD calculation [NPA 1016 (2021) 122323 ]

Subtraction at (v,Q?)=(iQ,Q"2) rather than (0,Q%) ==) Main non-Born contribution contained in the subtraction function

See Franziska Hagelstein’s talk this morning
» Our lattice calculation also favors this subtraction point

 Statistical errors are reduced * Less requirement for the computation of hadronic function, only H;;

17



Evaluate the subtraction function

Img,?

Re g2

glL| ™ tt=2a ® t ,=3a i
A t.=4a v t ,=05a ] . ] o ]
Y - » Conventional subtraction function used in dispersion
2l - I77 | relation contains only the inelastic contribution
- | A

?8) [ HH } J U T IS > Lattice results @m_=142 MeV, with elastic and inelastic terms
I_ln Or {} 7 4 .
“j 11y 1l | - - Separating elastic part requires the calculation

4l L | of momentum dependence of form factors

» Contribute <10% to the total TPE
8L

preliminary | o _ o _
. . . . . » With disconnected diagrams, elastic + inelastic part
At=1a At=1,2a At=2a At=23a At=3a consistent with 0 18




From Lamb shift to hyperfine splitting

» Hyperfine splitting arises from proton magnetic moment 3 Hydrogen 21cm line comes from hyperfine splitting
interacting with the magnetic field generated by the lepton

It marked the birth
of spectral-line
radio astronomy

* In 1952 the first maps
of hydrogen in the
Galaxy were made
and the spiral structure
of the Milky Way was
revealed

» Largest theoretical uncertainty to determine hyperfine splitting also originates from TPE

» Lamb shift is related to charge radius, while hyperfine splitting is related : : :
) : : Another interesting theoretical
to proton magnetic moment. Thus in many aspects e.g. computational —>
; L research work!
method and IR structure, they’re quite different. 19



From Lamb shift to hyperfine splitting

» Hydrogen hyperfine splitting

A. Antognini, F. Hagelstein, V. Pascalutsa, Ann. Rev. Nucl. Part. Sci. 72 (2022) 389

AEurs(1S) = (1 + Asrecturecingen. + A7pe) X Erermi(1S) About Eg,,; see Carl Carlson’s tak this morning

= (14 1136.861(2) x 107° — 32.6(8) x 10~ °) x 1418840.1 kHz

TPE contribution comes from dispersive analysis

> Lattice results @ m_=142 MeV, a=0.194 fm - hydrogen (left), muonic hydrogen (right)

T T T T ‘4800 T T T T
26kl ® t,=2a ¢ t =3a i = t=2a e t ,=3a
A t,=4a v t,=5a A t,=4a v t,=5a T
Disp. -5200 - Disp. .
S ; ' p {
= s [ ] T ] = I é ]
3 X3 H L1 E ol "eFd H
& 30t { | & -5600 - } L ]
& } { m . {
— ) — F 1
< . < .
-32 2 -6000 - .
-34 + i 7 .
1 , . prelim. -6400 |- , 1 1 prelim. 7
At=1, 2a At = 2a At =2, 3a At = 3a At=1, 2a At = 2a At =2, 3a At = 3a

Dispersive results from O. Tomalak, Eur. Phys. J. A55 (2019) 64
20



Electric polarizability from lattice QCD

PDG 20 A e

Schumacher '19 prOton . . .
Pasquini etal. 191 » Previous calculations are performed at unphysical

| pion mass, ranging from 227 — 759 MeV

Krupina etal. '18 4

Detmold etal.'10 (m, =390 MeV) -

HBYPT fit . i
s A > External E&M field are incorporated as background
Lensky—McGove?(n '111— —e—i

HBXPT p* . . .
Bef"adeefT’“f‘A' S — O Only two-point correlation are required

XPT p
Lensky etal.'15 - —e—i

==L U KB E kLU R d O Uniform E&M field distorted by finite volume

PDG 201 —e— * Quantized value for field — not so weak

Kosse[;txg(t?glljw‘(ﬁ)‘gt— neUtrOn ' °

SeHuRAEhr 13  Dirichlet boundary condition — tune the point
Lujan etal. 16 (my = 227 MeV) | to reduce the effects caused by the boundary

Detmold etal.'10 (m, =390 MeV)
Engelhardt etal.'07 (m, =759 MeV)
Christensen etal.'04 (m, =483 MeV)
Christensen etal.'04 (m, =512 MeV) A

e A » Extract polarizability directly from Compton tensor
HBYPT p*
Bernard etal. '94 - —_———
BYET AN . : Also suggested by Frank Lee’s talk on Tuesday

Lensky etal.'15 - ' TS

3 2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
Qg1 [1074 fm3]

Summary by Franziska Hagelstein, Symmetry 12 (2020) 1407
21



Electric polarizability from lattice QCD

» Unpolarized VVCS

. 2M
T = [ dac (piT1I( 30 O)llp) = Thom +

[—BuKY” + (o + Bu)KY”]

em

» Set up momentum for proton P = (M, 0) and photon ¢ = (0, §)

0&? 0&?

oM, (a:roo acrggm)
« T

£E—0
» For proton

oM Lo IXP)
Op = + —{rg) + —— | H(x,1
T o 5
> Eor neutron Long-distance part Short-distance part

2
2Ma(n) - ﬁ:(n)
o AP




Lattice results for proton electric polarizability

PDG
I a=0.1944fm, N, =111
24 | a=0.1432fm, Ny =47

X.-H. Wang (PhD 3" year)

preliminary

0.3 0.4 0.5 0.6
T(fm)

» Using summation method to reduce the excited state contamination

» Maximal source-sink separation T+2a is 1.16 fm and 0.86 fm, respectively

0.7

0.8

23



Long-distance contribution reproduces charge radius

1.00 | m 24D -
e 32Dfine
0.75 | mH value j B i
TE ! 0 .
(\l/\ O 50 B } =]
L ¢ :
0
@
0.25F i
0.00 | M | M | M | M | M | M | M | M |

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
T [fm]

» Charge radius from 4-point correlation function is noisy, but consistent with uH value



Lattice results for neutron electric polarizability

19 PDG
I a=0.19%4fm, Ny, = 111
101 a = 01432fm, Nconf = 47 preliminary

0.3 0.4 0.5 0.6 0.7
T(fm)
» Much smaller value for neutron electric polarizability
» Add disconnected diagram, increase statistics and further reduce systematics



Future directions to explore

» Q2-dependence of E&M polarizability for VVCS

» Q?-dependence of E&M polarizability for VCS

.
'
i

=+ NRQCM
-:=LSM
-+ ELM
- - - BChPT
=-:=DR
- Experimental Fit
® This Work

.
-n~."

"
=3
cal LA B

R. Li, N. Sparveris, et. al. Nature 611 (2022) 265

] AR T T N T T
0.6 0.8 1
Q% (GeV?)

OR

s is no bump
i othesis: there
alternavite hyp £ =167

i ed
___ fit with all data, reduc e

2
—— fit without red points, reduced X

fit function f(o')-(1+n,o’)/(mo+mxo’)

¢

000 035 050 075 100 125 150 175

Q? [GeV]

Figure shown by D. Higinbotham on Tuesday

2.00

» Spin polarizability [Summary talk by M. Vanderhaeghen on Monday & talk by A. Deur on Tuesday]

> ...

26
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Lamb shift Hyperfine splitting E&M polarizability

Nucleon structure at low Q
IS an exciting field for
lattice QCD to explore!
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