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Motivation

The double virtual photon fusion processes are important ingredients in the calculation of two particle 
intermediate states to g-2 of the muon

[Colangelo et al. (2014-2017)]
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Motivation

2α
mπ

H̄++(s, t = m2
π) = s (α1 − β1)π +

s2

12
(α2 − β2)π + . . .

[Garcia-Martin et al. (2011)]

Extraction of the pion polarizabilities
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Formalism

S-matrix theory: 
➣ Unitarity 
➣ Analyticity (causality) 
➣ Crossing symmetry

tab(s) = ∫
sL

−∞

ds′￼

π
Im tab(s′￼)

s′￼− s
+ ∫

∞

sth

ds′￼

π
Im tab(s′￼)

s′￼− s

Im tab(s) = ∑
c

tac(s) ρc(s) t*cb(s), ρc(s) =
2 pc(s)

s

(J=0 case)
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partial wave dispersion relation (S wave)

Uab(s)
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D−1
ac Ncb(s)

can be solved using N/D method

[Chew, Mandelstam (1960)] 
[Luming (1964)] 
[Johnson, Warnock (1981)]
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Using the known analytical structure of left-hand cuts, one can approximate Uab(s) as an expansion 
in a conformal mapping variable ξ(s)

Uab(s) =
1X

n=0

Cab,n (⇠ab(s))
n

unknown coefficients fitted to data
⇠(sE) = 0

[Gasparyan, Lutz (2010)]

Hadronic part: a, b = ππ, KK̄
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Input:  experimental data/Roy analysis + threshold parameters NNLO (a, b) + Adler zero NLO

Coupled-channel analysis {ππ, KK}
ππ → ππ ππ → KK̄ ππ → KK̄
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Input:  experimental data/Roy analysis + threshold parameters NNLO (a, b) + Adler zero NLO

Coupled-channel analysis {ππ, KK}

Omnes function fulfils the unitarity relation on the right-hand cut and analytic everywhere else
For the case of no bound states or CDD poles:

[Caprini et al. (2006)] 
[Garcia-Martin et al. 
(2011)]
[Moussallam (2011)]

Our results Roy-like analyses
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Formalism

Photon-fusion part  
(S-wave, fixed isospin,

){λ1, λ2} = + +

tγγ→ππ(s) = Born +
s
π ∫
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s
π ∫
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4m2
π

ds′￼
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tγγ→ππ(s′￼) ρπ(s′￼) t*ππ→ππ(s′￼)
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Can be solved using modified Muskhelishvili-Omnes formalism, i.e. by writing a dispersion relation for 
 [Garcia-Martin et. al (2010)]Ω−1(s) (tγγ→ππ − Born)

tγγ→ππ(s) = Born + s Ω(s)( 1
π ∫

sL

−∞

ds′￼

s′￼

Ω−1(s′￼) Im (tγγ→ππ(s′￼) − Born)
s′￼− s

−
1
π ∫

∞

4m2
π

ds′￼

s′￼

Im Ω(s′￼) Born
s′￼− s )



Formalism

Photon-fusion part  
(S-wave, fixed isospin,

){λ1, λ2} = + +

tγγ→ππ(s) = Born +
s
π ∫

sL

−∞

ds′￼

s′￼

Im tγγ→ππ(s′￼)
s′￼− s

+
s
π ∫

∞

4m2
π

ds′￼

s′￼

tγγ→ππ(s′￼) ρπ(s′￼) t*ππ→ππ(s′￼)
s′￼− s

Similar equations can be written for higher partial waves, but one needs to take into account the 
correct threshold behaviour

t(J)
γγ→ππ(s) − Born ∼ s (p(s) q(s))J, {λ1, λ2} = + +
t(J)
γγ→ππ(s) − Born ∼ (p(s) q(s))J, {λ1, λ2} = + −

⇡⇡,KK̄

⇡, K

⇡, K

�

�
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Can be solved using modified Muskhelishvili-Omnes formalism, i.e. by writing a dispersion relation for 
 [Garcia-Martin et. al (2010)]Ω−1(s) (tγγ→ππ − Born)

tγγ→ππ(s) = Born + s Ω(s)( 1
π ∫

sL

−∞

ds′￼

s′￼

Ω−1(s′￼) Im (tγγ→ππ(s′￼) − Born)
s′￼− s

−
1
π ∫

∞

4m2
π

ds′￼

s′￼

Im Ω(s′￼) Born
s′￼− s )



γγ→ππ (postdiction)

�������� �� ���
������ �� ���

�����
� ����
� ����

��� ��� ��� ��� ��� ��� ��� ����

��

��

��

��

� [���]

σ
(�
)[
��
]

γγ →π0π0

take into account only
Born LHC

��� [f0(500)] = 1.37(13)+0.09
�0.06 keV

��� [f0(980)] = 0.33(16)+0.04
�0.16 keV

[Hoferichter et. al. (2011)] 

[Moussallam (2011)]

[Dai et al. (2014)]

�Roy-Steiner

�� [f0(500)] = 1.7(4) keV

�MO[f0(980)] = 0.29(21)+0.02
�0.07 keV

�Ampl. analys.[f0(980)] = 0.32(5) keV

consistent with

tγγ→ππ(s) = Born + s Ω(s)( 1
π ∫

sL

−∞

ds′￼

s′￼

Ω−1(s′￼) Im (tγγ→ππ(s′￼) − Born)
s′￼− s

−
1
π ∫

∞

4m2
π

ds′￼

s′￼

Im Ω(s′￼) Born
s′￼− s )

[I.D, Deineka, 
Vanderhaeghen,(2021)]

11



Left-hand cuts (pion/kaon pole)

[Colangelo et al. (2019)]

Left-hand cuts requires knowledge from  
   form factorsγ*ππ, γ*KK

Disc

q2 = �Q2 < 0

⇡

⇡

�⇤

had

⇡

⇡
�⇤

�⇤

�⇤

⇡⇡,KK̄

⇡, K

⇡, K

12

�⇤

�⇤

⇡, K

⇡, K

⇡, K

p.w. helicity amplitudes suffer from kinematic  
constraints. For S-wave ( )t̄ ≡ t − Born

t̄γγ→ππ,++ ± t̄γγ→ππ,00 ∼ (s + (Q1 ± Q2)2)



Using S-wave elastic helicity amplitudes on γ*γ*→ππ, f0(500) contribution was calculated previously

aHLbL

µ [S-wave, I = 0]rescattering = �9.8(1)⇥ 10�11

Extending to KK channel allowed us to access energies up to ~1.2 GeV (f0(500) + f0(980) contributions)

aHLbL

µ [S-wave, I = 0]rescattering = �9.3(1)⇥ 10�11 [Colangelo et al. (2014-2017)]

Contribution to (g-2)

13

[I.D, Hoferichter, Stoffer (2021)]



Using S-wave elastic helicity amplitudes on γ*γ*→ππ, f0(500) contribution was calculated previously

aHLbL

µ [S-wave, I = 0]rescattering = �9.8(1)⇥ 10�11

Extending to KK channel allowed us to access energies up to ~1.2 GeV (f0(500) + f0(980) contributions)

aHLbL

µ [S-wave, I = 0]rescattering = �9.3(1)⇥ 10�11 [Colangelo et al. (2014-2017)]

Contribution to (g-2)

aHLbL

µ [f0(980)]rescattering = �0.2(1)⇥ 10�11
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The contribution just from f0(980) we defined as an integral over the deficit in shape

0.7 0.8 0.9 1.0 1.1 1.2
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s [GeV]

a μH
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L (
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0-
11
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] shaded area is a

sum rule violation 
→ 
result is largely 
basis independent

<latexit sha1_base64="1CBEU0My9qMT8emirDdesGHKxlA=">AAAB6XicZU+7TsNAEFyHVwgvAyWNRYqEJrKjCGiQItGkSBEk8pBixzqfz+EU39nynRHRyQ1/QIdo+Qf+BYkWvgMTXEAy1ezMzmrWi0MqpGm+a6W19Y3NrfJ2ZWd3b/9APzwaiChNMOnjKIySkYcECSknfUllSEZxQhDzQjL0Ztc//vCeJIJG/FbOY+IwNOU0oBjJXHL1HnJtlk5sSR6k6nS9bnZlUy5d1WKuHdNJM5vkcyDnhi9qhh0kCCt/JVMXtbNM+YaoZa5eNRvmAsYqsQpShQI9V3+0/QinjHCJQyTE2DJj6SiUSIpDklXsVJAY4RmaknFOOWJEOGrxeWb8dRViQsyZly2LDMm7pTsyuHQU5XEqCcdZJS9tLVdcJYNmwzpvWDetartV1C/DCZxCHSy4gDZ0oAd9wPAGH/AJX9pMe9KetZff1ZJWZI7hH7TXb/3Ajmc=</latexit>

aHLbL

µ =

Z 1

4m2
⇡

ds0
daHLbL

µ (s0)

ds0
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[I.D, Hoferichter, Stoffer (2021)]



Pion polarizablities

2α
mπ

t̄γγ→ππ,++(s) = s (α1 − β1)π + . . .Polarizabilities are defined as

[Colangelo et al. 2017]

          [I.D., Vanderhaeghen (2018)]

take into account only
Born LHC

tγγ→ππ(s) = Born + s Ω(s)( 1
π ∫

sL

−∞

ds′￼

s′￼

Ω−1(s′￼) Im (tγγ→ππ(s′￼) − Born)
s′￼− s

−
1
π ∫

∞

4m2
π

ds′￼

s′￼

Im Ω(s′￼) Born
s′￼− s )

<latexit sha1_base64="Hj9gAbigRpMeK/mGB8flhzO8bPE="></latexit>

Dispersive ChPT Experiment

⇡ pole LHC NLO NNLO COMPASS

(↵1 � �1)⇡± [10�4fm3] 5.5SC, 6.1CC 6.0 5.7(1.0) 4.0(1.2)stat(1.4)syst

(↵1 � �1)⇡0 [10�4fm3] 8.9SC, 9.5CC -1.0 -1.9(2) -
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Pion polarizablities

2α
mπ

t̄γγ→ππ,++(s) = s (α1 − β1)π + . . .Polarizabilities are defined as

  pol: agreement with ChPT/COMPASSπ±

Disp (π-pole LHC)

NLO

-0.02-0.01 0.00 0.01 0.02 0.03

-0.001

0.000

0.001

0.002

0.003

    pol: no Adler zero in  ( )π0 γγ → π0π0 sA ∼ m2
π

Disp (π-pole LHC)

NLO
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Disp (π-pole LHC)

NLO
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[Colangelo et al. 2017]

          [I.D., Vanderhaeghen (2018)]
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(↵1 � �1)⇡0 [10�4fm3] 8.9SC, 9.5CC -1.0 -1.9(2) -
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Pion polarizablities

2α
mπ

t̄γγ→ππ,++(s) = s (α1 − β1)π + . . .Polarizabilities are defined as

   pol: effect on  is not clear, since it is a different kinematic region
   pol. gets large corrections when vector-meson left-hand cuts are added (without spoiling   

pol.)

π0 (g − 2)μ
π0 π±

[Colangelo et al. 2017]

          [I.D., Vanderhaeghen (2018)]

Γω→π0γ

Γρ±,0→π±,0γ
∼ 10

�⇤

�⇤

⇡⇡,KK̄

⇡, K

⇡, K

+ +

...

�⇤

�⇤

⇡, K

⇡, K

V

�⇤

�⇤

⇡, K

⇡, K

⇡, K
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⇡ pole LHC NLO NNLO COMPASS

(↵1 � �1)⇡± [10�4fm3] 5.5SC, 6.1CC 6.0 5.7(1.0) 4.0(1.2)stat(1.4)syst

(↵1 � �1)⇡0 [10�4fm3] 8.9SC, 9.5CC -1.0 -1.9(2) -
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Pion polarizablities

2α
mπ

t̄γγ→ππ,++(s) = s (α1 − β1)π + . . .Polarizabilities are defined as

   pol: effect on  is not clear, since it is a different kinematic region
   pol. gets large corrections when vector-meson left-hand cuts are added (without spoiling   

pol.)

π0 (g − 2)μ
π0 π±

 In modified Muskhelishvili-Omnes formalism heavier LHC enter as pole contributions

tγγ→ππ(s) = Born + s Ω(s)( 1
π ∫

sL

−∞

ds′￼

s′￼

Ω−1(s′￼) Im (tγγ→ππ(s′￼) − Born)
s′￼− s

−
1
π ∫

∞

4m2
π

ds′￼

s′￼

Im Ω(s′￼) Born
s′￼− s )

Need to introduce at least one-subtraction in S-wave 
to improve the convergence under dispersive integrals V-exch

[Colangelo et al. 2017]

          [I.D., Vanderhaeghen (2018)]

Γω→π0γ

Γρ±,0→π±,0γ
∼ 10

<latexit sha1_base64="Hj9gAbigRpMeK/mGB8flhzO8bPE="></latexit>

Dispersive ChPT Experiment

⇡ pole LHC NLO NNLO COMPASS

(↵1 � �1)⇡± [10�4fm3] 5.5SC, 6.1CC 6.0 5.7(1.0) 4.0(1.2)stat(1.4)syst

(↵1 � �1)⇡0 [10�4fm3] 8.9SC, 9.5CC -1.0 -1.9(2) -
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 regionf2(1270)
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�� ! ⇡+⇡�,⇡0⇡0

Heavier LHCs are absolutely necessary to describe  resonance dispersively 
[Garcia-Martin et. al (2010)]

f2(1270)

0.4 0.6 0.8 1.0 1.2 1.4
0

50

100

150

200

250

300

350

s [GeV]

σ(
γγ


π

+ π
- )



Fitted parameter is the coupling:
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 regionf2(1270)
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���

���

���

���

���

���

� [���]

σ
��

(γ
γ→

π+
π-

)[
��

]

[I.D., Vanderhaeghen (2018)]

gV!⇡� ' C⇢±,0!⇡±,0� ' 1

3
C!!⇡0�

PDG
= 0.37(2) GeV�1

gV!⇡� = 0.33 GeV�1

�� ! ⇡+⇡�,⇡0⇡0

Heavier LHCs are absolutely necessary to describe  resonance dispersively 
[Garcia-Martin et. al (2010)]

f2(1270)
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Pion polarizablities

2α
mπ

t̄γγ→ππ,++(s) = s (α1 − β1)π + . . .Polarizabilities are defined as

fixed Adler zero  and  
fitted one subtraction to  data in the 
elastic region (preliminary results)

tγγ→π0π0(sA) = 0
σγγ→π0π0

20
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Pion polarizablities

2α
mπ

t̄γγ→ππ,++(s) = s (α1 − β1)π + . . .Polarizabilities are defined as

fixed Adler zero  and  
fitted one subtraction to  data in the 
elastic region (preliminary results)

tγγ→π0π0(sA) = 0
σγγ→π0π0

21

more precise data on  is highly 
anticipated (Jlab, Hall D)

σγγ→π0π0

χ2/d.o.f (π, V-pole LHC) = 0.9

χ2/d.o.f (π-pole LHC) = 2.4
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Disp (π,V-pole LHC)

NNLO
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Summary and outlook

We presented a data driven analysis of  reactions using p.w. dispersion relation 
 
➣ for f0(500), f0(980) resonances we obtained consistent results with Roy-like analyses, therefore one can 
apply it for processes, where no Roy analysis is available 
 

Obtained coupled-channel {ππ, KK} Omnes matrix has already been implemented in the analysis of  
 and consequently the contribution of f0(500), f0(980) to (g-2)μ was calculated (re-

calculated) based on pion-pole (kaon-pole) LHC approximation 
 
➣ The extraction of pion polarizabilites requires adding at least vector left-hand cuts and fitting unknown 
subtraction constants to the experimental data (Adler zero constraint helps to reduce the number of 
unknown parameters). 
 
➣ For single-virtual case, one can fix subtraction constants by fitting future BESIII data on 

 in the range  

{ππ, KK̄}

γ*γ* → {ππ, KK̄}

γγ* → {π+π−, π0π0} 0.2 < Q2 < 2.2 GeV2

Thank you!
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⌦ab(s) = D�1
ab (s)

Omnes function fulfils the unitarity relation on the right-hand cut and analytic everywhere else.
For the case of no bound states or CDD poles:

which automatically satisfies a once-subtracted dispersion relation (i.e. Ω(s) is asymptotically bounded)

⌦ab(s) =�ab +
s

⇡

X

c

Z 1

sth

ds0

s0
t⇤ac(s

0) ⇢c(s0)⌦cb(s0)

s0 � s

different from
[Donoghue et al. (1990)] 
[Moussallam (2000)]
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Kinematic constraints

p.w. helicity amplitudes suffer from kinematic constraints

h
(J)
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Z
d cos ✓

2
d
J
�1��2,0(✓)H�1�2

Unconstrained basis for Born subtracted p.w. amplitudes 
For S-wave

Helicity amplitudes
Bardeen et al. (1968),  Tarrach (1975) 
Metz et al. (1998), Colangelo et al. (2015)H�1,�2 = ✏µ(�1)✏⌫(�2)
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Dispersion relation

Omnès (1958) 
Muskhelishvili (1953)
Garcia-Martin et. al (2010) 
Hoferichter et. al. (2011,19) 
Dai et al. (2014)
Moussallam (2013)

Unsubtracted dispersion relation for kinematically unconstrained p.w. amplitudes
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Disc had
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Left-hand cuts: “anomalous thresholds” for large virtualities Q2
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Hoferichter, Stoffer (2019)
I.D., Deineka, Vanderhaeghen (2019)
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Contribution to (g-2)
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Results for ππ
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Results for ππ

Hoferichter, Stoffer (2019)
I.D., Deineka, Vanderhaeghen (2019)
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(g-2)

White paper (2020)


