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o The total cross sections for yy — 7wt are very sensitive to hadronic final state interaction and therefore
probe scalar resonances fo(500) and fo(980)
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Motivation

~ The double virtual photon fusion processes are important ingredients in the calculation of two particle
intermediate states to g-2 of the muon
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a, P = ﬁ/o dQl/o dQ2 /_1 dry/1 — 712 Q?Q%;Ti(Qsz,Qs)Hi(Q1,Q2,Q3),

pion box rescattering contribution

al ™" B box] = —16.4(2) x 107" [Colangelo et al. (2014-2017)]



Motivation

- Extraction of the pion polarizabilities
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© S-matrix theory: £ (s) = J
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Formalism

© S-matrix theory: tp(s) = J (J=0 case)

> Unitarity
> Analyticity (causality)
> Crossing symmetry

Lods' Imt,,(s") N J‘°° ds’ Imzt ,(s")

/ /
e T ST g, TS =

2p.(s)

s

© We neglect yy intermediate states in the unitary relation and therefore coupled-channel {yy, 77, ... }
equations reduce to the hadronic part and photon-fusion part

Im tab(s) = Z tac(S) PC(S) tc*b(s)’ pc(S) —

0 / / / / N 12
o e T)_ o 8 s'—s )y S s'—s and subtracted once
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partial wave dispersion relation (S wave)

© Hadronic part: a,b = nn, KK
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partial wave dispersion relation (S wave)

© Hadronic part: a,b = nn, KK

S / / 0 / / / % /
s—sy [t ds' Imit,(s)  s—sy ds’ t,.(s)p(s) 15 (s")
t () =1,(s,) + [ , — + E , ,
m J_ 8 —sy s —s Al N s'—s

A - 7
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can be solved using N/D method

La(8) = ) D Noy(s)

N, (s) = U, (s) + —M ZJ ds' N, (") p(s") (Uo(s") = U,(5))
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partial wave dispersion relation (S wave)

© Hadronic part: a,b = nn, KK

t(8) =t,(8),) +
T

S — Sy J’SL ds' Imzt,(s") L5 S Z [°° ds' t,.(s)ps")th(s)

/ / / /
S =Sy 8= T S =Sy s'—s

St

A - >

U, (5)

can be solved using N/D method

La(8) = ) D Noy(s)

Nab(s) — Uab(s) n S — Sy Z JOO ds’ Nac(sl) ,DC(S,) (Ucb(S,) _ Ucb(s))

T s'— Sy s'—s
00 / / / Chew, Mandelstam (1960)]
s—S ds’ N (s S ! ,
D (s) =8, — M J , a : )25 [Luming (1964)]
T Jg, S —8Sm S S [Johnson, Warnock (1981)]
~ Using the known analytical structure of left-hand cuts, one can approximate Uqgp(s) as an expansion
in a conformal mapping variable &(s) [Gasparyan, Lutz (2010)]
Uab(S) — Z Cab,n (gab(s))n _______________ phygica] regi()n
n=0 - —;\ ®

——————————————— SL Sth SE.

unknown coefficients fitted to data
R {(sp) =0



Coupled-channel analysis {7tt, KK}

it — Ax an — KK
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Coupled-channel analysis {7tt, KK}
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Input: experimental data/Roy analysis + threshold parameters NNLO (a, b) + Adler zero NLO

Our results Roy-like analyses
pole position, MeV couplings, GeV pole position, MeV  couplings, GeV
: 3.33(8) 1042 : 3.457030
o/ fo500) | 458(10)+7, —iosgoyrs 33 )‘Oi% | 44972 o5y T OO0 .
KK :211(17) y11 KK : - [Caprini et al. (2006)]
fit to Exp | 454(12)75 —4262(12)*%, [Garcia-Martin et al.
: 1.93(15) 1997 s 2.3(2) (2011)]
T2 _ ;91(3)+2 r 0.12 +7 _ iop+ll A
Jol980) | 99321 — 21 3) KK 531007008 | "0 TIPS g [Moussallam (2011)]
fit to Exp | 990(7)F2 —i17(7)*4

~ Omnes function fulfils the unitarity relation on the right-hand cut and analytic everywhere else

~ For the case of no bound states or CDD poles: Q,,(s) = D

—1
b

(s)
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Formalism

- Photon-fusion part
(S-wave, fixed isospin,
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Formalism

- Photon-fusion part
(S-wave, fixed isospin,
{/117 /12} — + +)

m, K

w, K

L, m(s) = Born + p

/

A) [SL dS/ Im tyy—)jz'yz(sl) A Joo dS, t}/y—nm-(sl) p]'[(S/ t;[kﬂanyz(s,)
) s'—s T

o dm? s’ s'—s

~ Can be solved using modified Muskhelishvili-Omnes formalism, i.e. by writing a dispersion relation for
Q1(s) (t},},_,m — Born) [Garcia-Martin et. al (2010)]

/ / / /
) S s'—s T gz S s'—s

1 (5 s’ Q—I(S/) Im (¢ —>7m(s,) — Born) 1 (% Im O(s)) B
L, () = Born + SQ(S)<—J > 44 _ _J ds’ Im €(s") 0m>

10



Formalism

- Photon-fusion part
(S-wave, fixed isospin,
{/117 /12} — + +)

m, K

w, K

L, m(s) = Born + p

/

A) [SL dS/ Im tyy—)jz'yz(sl) A Joo dS, ty}/—nm-(sl) p]'[(S/ t;[kyz—nzyz(s,)
) s'—s T

o dm? s’ s'—s

~ Can be solved using modified Muskhelishvili-Omnes formalism, i.e. by writing a dispersion relation for
Q1(s) (t},},_ﬂm — Born) [Garcia-Martin et. al (2010)]

/ / / /
) S s'—s T gz S s'—s

1 (5 s’ Q—I(S/) Im (¢ —>7m(s,) — Born) 1 (% Im O(s)) B
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~ Similar equations can be written for higher partial waves, but one needs to take into account the
correct threshold behaviour

(), () = BOMN ~ 5 (p(5) g(), (A1 4y} = ++
1), (5) = Bom ~ (p(s) ()Y, (A Ay} = + -
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vY— Tt (postdiction)

- — Total Marsiske et al. |
40;:%V:]Vil\i/ee vy —>700 | m Ueharaetal. Ty [fo(500)] = 1,37(13)J_r8:82 keV [1.D, Deineka,
| T [£0(980)] = 0.33(16)4182%1 keV Vanderhaeghen, (2021)]
30f
2 | consistent with
% 20} I FRoy—Steiner 500)] = 1.7(4) keV
| gl f0(500)] = 1.7(4) ke [Hoferichter et. al. (2011)]
| } I™MO[£,(980)] = 0.29(21)T002keV ~ [Moussallam (2011)]
10? % Ampl. analys. _ [Dal et al. (2014)]
| T [£6(980)] = 0.32(5) keV
7 o
003 04 05 06 07 08 09 10
Vs [GeV]
1 (% ds' QI (e, .(sh —Born) 1 1 ds’ Im Q(s") Born
t},y_)m(s) = Born + s Q(s) —J / i — —J )
T)_ o S s'—s T J g2 s’ s'—s

take into account only
Born LHC
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Left-hand cuts (pion/kaon pole)

~ Left-hand cuts requires knowledge from
y*ar,y*KK form factors

Disc

© p.w. helicity amplitudes suffer from kinematic

constraints. For S-wave (f = ¢t — Born)

2
tyy—>7‘m’,++ + yy—am,00 ~ (S + (Q] * QQ) )
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[Colangelo et al. (2019)]



Contribution to (g-2)

~ Using S-wave elastic helicity amplitudes on y*v*— 7, {o(500) contribution was calculated previously
a, " [S-wave, I = O]iescattering = —9-3(1) x 107 [Colangelo et al. (2014-2017)]

- Extending to KK channel allowed us to access energies up to ~1.2 GeV (1o(500) + 1o(980) contributions)

aELbL [S-wave, I = 0rescattering = —9-8(1) X 10— 11 [1.D, Hoferichter, Stoffer (2021)]

13



Contribution to (g-2)

~ Using S-wave elastic helicity amplitudes on y*v*— 7, {o(500) contribution was calculated previously

a, " [S-wave, I = O]iescattering = —9-3(1) x 107 [Colangelo et al. (2014-2017)]

- Extending to KK channel allowed us to access energies up to ~1.2 GeV (1o(500) + 1o(980) contributions)
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~ The contribution just from fo(980) we defined as an integral over the deficit in shape

HLBL 00 daHLbL (8’)
_ 1 HLbL —11
a’,u _ / ds ds’ CLM [f0(980)]rescattering — —02(1) x 10
4m?2
of - 1.0}

S ool & ' shaded area is a
3 : s 05 '. sum rule violation
& 40} 2P {
Sl © 0.0 .
= 60 = | [ result is largely
w i w i 1 . .
4 -80} 4 —05} _: basis independent
I I I I
© [ © I

-100} ol

0.4 0.6 0.8 1.0 1.2 0.7 0.8 0.9 1.0 1.1 1.2
s [GeV] s [GeV]
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Pion polarizablities

200 _
- Polarizabilities are defined as P Ly nnrs(S) = 8 (ap = ) + ...
JT
Dispersive ChPT Experiment
7 pole LHC NLO NNLO COMPASS

(1 — B1)px [1074m?]  5.55c, 6.1cc 6.0  5.7(1.0)  4.0(1.2)gat(1.4)syst

(1 — B1)go [L0~*m?®]  89gc, 9.5cc  -1.0  -1.9(2) -

[Colangelo et al. 2017]
[I.D., Vanderhaeghen (2018)]

/

T ) s'— 5 T J g2 s’ s'—

—o0

1 (% ds' Q') I (e, (s)—Born) 1 [* ds' Im Q(s") Born
Ly ma(s) = BOrn + s Q(s)| —

take into account only
Born LHC



Pion polarizablities

20 _
- Polarizabilities are defined as P Ly nnrs(S) = 8 (ap = ) + ...
JT
Dispersive ChPT Experiment
7 pole LHC NLO NNLO COMPASS

a1 — B+ [1074m>]  5.55¢, 6.1cc 6.0 5.7(1.0)  4.0(1.2)stat(1.4)svst
y

(1 — B1)go [L0~*m?®]  89gc, 9.5cc  -1.0  -1.9(2) -

[Colangelo et al. 2017]
[I.D., Vanderhaeghen (2018)]

7% pol: agreement with ChPT/COMPASS 7" pol: no Adler zero in yy — 7" (s, ~ mz)
_ yy_)n_on_o
0.025 0.03 D|sp (rT—pole LHC)
0.020 |
0.015 0.02
0.010 - 0.003 D rpole LHC)
001 i | 0_002% ----- NLO
0.005 I - ] 0.001%
0.000+ 0.00: ’ o.ooo"“/
i i — | -0.001) |
_0.05 0.00 005 010 0.15 _0.05 000 0.05 040 0415 -002-00i000 001 002 003

s [GeV] s s [GeV?]



Pion polarizablities

200 _
- Polarizabilities are defined as P Ly nnrs(S) = 8 (ap = ) + ...
JT
Dispersive ChPT Experiment
7 pole LHC NLO NNLO COMPASS

(1 — B1)px [1074m?]  5.55c, 6.1cc 6.0  5.7(1.0)  4.0(1.2)gat(1.4)syst

(1 — B1)go [L0~*m?®]  89gc, 9.5cc  -1.0  -1.9(2) -

[Colangelo et al. 2017]
o0 pol: effect on (g — 2) p 1s not clear, since it 1s a different kinematic region [1.D., Vanderhaeghen (2018)]

> 7% pol. gets large corrections when vector-meson left-hand cuts are added (without spoiling 7™+
pol.)
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Pion polarizablities

20 _
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> 7% pol. gets large corrections when vector-meson left-hand cuts are added (without spoiling 7™+

pol.)
I

w—nVy

~ 10
[0, oy

~ In modified Muskhelishvili-Omnes formalism heavier LHC enter as pole contributions

1 (% ds' Q') Im (@, () —Born) 1 g4s Im Q(s’) Born
L, a(8) = BOrn + s €Q(s) —J ; — —J ;

/ !/
T \) S =38 T \) S =38
_ 4m?

- Need to introduce at least one-subtraction in S-wave

to improve the convergence under dispersive integrals V-exch
17



1»(1270) region

~ Heavier LHCs are absolutely necessary to describe f,(1270) resonance dispersively
[Garcia-Martin et. al (2010)]
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1»(1270) region

~ Heavier LHCs are absolutely necessary to describe f,(1270) resonance dispersively
[Garcia-Martin et. al (2010)]

+7T_, 700 . Fitted parameter is the coupling:

350 VY — T

300
250 |\
200 “L
50| |

Coymor = 0.37(2) GeV ™!

Lo |

GV my = 0.33 GeV ™!
[I.D.,Vanderhaeghen (2018)]
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Pion polarizablities

200 _
- Polarizabilities are defined as P Lyysnr 4+ () = S( — ), + - ..
JT

Dispersive ChPT Experiment

Present work Garcia-Martin et al 2010

m pole m,V poles m,V,A, T poles NLO NNLO COMPASS
(a1 — B1),+ [1074m®]  5.5gc  4.3(4)(2) 4.7 6.0 5.7(1.0)  4.0(1.2)sat(1.4)sys
(1 — B1)go [10~*m>]  89gc /-1.5(0)(3) -1.25(17) 1.0 -1.9(2) -

. 25¢ "+ Crystal Bal
fixed Adler zero ,,_, ;0,0(s4) = 0 and | . Belle ]
fitted one subtraction to 6,,_, ;0,0 data in the _ ]

.
elastic region (preliminary results) °lT< s
s T ?
LRt
% E F L
0 ]

03 04 05 06 07 08
Vs [GeV]
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Pion polarizablities

200

- Polarizabilities are defined as P Lyysnr 4+ () = S( — ), + - ..
JT

Dispersive ChPT Experiment

Present work Garcia-Martin et al 2010

m pole m,V poles m,V,A, T poles NLO NNLO COMPASS
(a1 — B1),+ [1074m®]  5.55c  4.3(4)(2) 4.7 6.0 5.7(1.0)  4.0(1.2)sat(1.4)sys
(o1 — B1)go [L0~*m?]  8.9s¢ | -1.5(0)(3) -1.25(17) 1.0 -1.9(2) -
| 25 .- --- Disp(m-poleLHC)  * Crystal Ball
f?xed Adler zero t.yyéﬂoﬂo(sA) =0 and. f Disp (7eV—pole LHC) o Balle
fitted one subtraction to 6,,_, ;0,0 data in the - 200 NNLO )
elastic region (preliminary results) °1T< s ]
5
y?/d.o.f (z-pole LHC) = 2.4 2 10
y2/d.0.f(x, V-pole LHC) = 0.9 1S :
O | | | I I | | |

more precise data on o,,,_, .00 is highly

4 e

anticipated (Jlab, Hall D) 1




Summary and outlook

© We presented a data driven analysis of {7z, KK} reactions using p.w. dispersion relation

> for 1o(500), fo(980) resonances we obtained consistent results with Roy-like analyses, therefore one can
apply it for processes, where no Roy analysis is available

~ Obtained coupled-channel {7mrt, KK} Omnes matrix has already been implemented in the analysis of
y*y* — {7, KK} and consequently the contribution of fo(500), fo(980) to (g-2), was calculated (re-
calculated) based on pion-pole (kaon-pole) LHC approximation

> The extraction of pion polarizabilites requires adding at least vector left-hand cuts and fitting unknown
subtraction constants to the experimental data (Adler zero constraint helps to reduce the number of

unknown parameters).

> For single-virtual case, one can fix subtraction constants by fitting future BESIII data on
yy* — {xtx~, z°2°} in the range 0.2 < 0? < 2.2 GeV?

Thank you!
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a(yy » m°m°) [nb]
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Omnés function: Disc Q(s) = t(s)p(s)2*(s), s > Sthr

T T T T T T T T T T T T

----- 0 subtr. SC -

0.25
QJ(S) _ ( QJ(S)WW—)WW QJ(S)W'R—)KR' ) —— 0 subtr. CC
Qi) kg smr Qi(S)krRoKER o2of\ || ----- 1 subtr. SC

—— 1 subtr. CC |

-3
Single channel: vy — 7w, I = 0,2, D-wave é

vy = 7w, I =2, S-Wave/ 10
Coupled channel: vy — 7w, I =0, S-wave 0.05|

Yy =7, I

o

[a—

o
T

1, S-wave [ NSO

PR e s et WS ST S W SR ST S ST S

0.4 0.6 0.8 1.0 1.2 1.4
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Q(s)

Omnes matrix {mw, KK}

Q(s)

«F [GeV]

Omnes function fulfils the unitarity relation on the right-hand cut and analytic everywhere else

For the case of no bound states or CDD poles
Qap(s) = Da_bl (s)

which automatically satisfies a once-subtracted dispersion relation (i.e. €2(s) is asymptotically bounded)
s") pe(s') Qep(s') ditferent from

ds t*(
Z s _ s [Donoghue et al. (1990)]
[Moussallam (2000)]

Qab
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Kinematic constraints

~ p.w. helicity amplitudes suffer from kinematic constraints

T dcos
hg\1)>\2 — / 2 dil—kg,()(e) H>\1>\2

~ Helicity amplitudes

HP
5t Bardeen et al. (1968), Tarrach (1975)
Hy, a, = €u(M)en(N2) Z F,(s,t) L Metz et al. (1998), Colangelo et al. (2015)

n=1

- Unconstrained basis for Born subtracted p.w. amplitudes EE‘]) — hf;']) - hz(.‘] ),Born

For S-wave
YL By ~ (s = i), sk = — (@1 % Qo)
(0 (0
70) () — R (s) £ hog (s)
z'=1,2(3) - (F)
§ — Skin Colangelo et al. (2017)
Hoferichter, Stoffer (2019)
For D-wave |.D., Deineka,Vanderhaeghen (2019)

hy') = Kij b\ 7= MAs = {++, +—, 40, 0+, 00}

Ki; is 5 x 5 matrix
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Dispersion relation

- Unsubtracted dispersion relation for kinematically unconstrained p.w. amplitudes

o m, K

) _ /O ds’ Discﬁg‘])(s’) _|_/°° ds’ Discﬁg‘])(s’)
z 4

/ /
7r s’ —s m2 T s’ —s

— 00

7 (J J J),Born
n\? = pl? — pl) Y m, K

which can be solved using modified MO method, i.e. by writing a dispersion relation for Q) (s)~! Bg” (s)

- For S-wave, I=0
l_z,go)(s) — QO () /O ds’ QO (51 Discfzgo)(s’) _/OO ds’ Disc Q0 (s)1 hz(o)’Bom(s’)
B (s) oo 8 =5\ Disck{”(s) ) Jimz ™ 5= B PO (s

V-exch Omneés (1958)
Muskhelishvili (1953)
Garcia-Martin et.al (2010)
Hoferichter et.al. (2011,19)
Dai et al. (2014)
Moussallam (201 3)
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Left-hand cuts (vector poles)

~ Left-hand cuts requires knowledge from
~v*V, v* KV form factors

v, v KK;

Disc

o Left-hand cuts: “anomalous thresholds” for large virtualities Q1Q5 > (M \2/ — My

A
o
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Hoferichter, Stoffer (2019)
|.D., Deineka,Vanderhaeghen (2019)



Contribution to (g-2)

Important ingredients: ol
vy =, KK, ...

> = —Q% <0 space-like ~*
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Contribution to (g-2)

Important ingredients: ol
vy =, KK, ...

> = —Q% <0 space-like ~*

2&3 00 o9) 1 12 B
o =20 [ [ @ [ arVT= T Q0EY THQ1 Q2 @) (@1, Q2. Qs),
0 0 —1 i=1
4 [Colangelo et al. (2014-2017)]
[[HY Ao — Z Ti'“”/’\(y I1, I1, linear combination of II,
i=1

pion box rescattering contribution

al ™" " box] = —16.4(2) x 107"
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Contribution to (g-2)

i Important ingredients: v
vy =, KK, ...

> = —Q% <0 space-like ~*

QHILL _ / 10, / 40, / dry/1— 72 QSszT (Q1,Q3,Q3) T,(Q1, @2, Qs),

Rescattering contribution (h, = h — AB°™) in the S-wave

_ 1 [ ) _
3 T 4m?2 S )\12(8’)(8/ + Q%)Q S 1m —|——|—,—|——|—(S ) (S Ql Q2)(S Ql QQ) 00 ++( )
_ 1 [ 4 _
Imy=0 = _/ ds' s (2mmh S} () = (' + QF + Q3) mhfy) ,, ()
T Jam2 12(8")(s" + Q3) +crossed
Unitarity

= (0 I -0 = (0)* 1 -0 —(0)x
Imhgl)&,xm (5) = 9 hg\l)AZ (5) p=(s) hg\g)M (s) + 3 5 kg\l)AQ (s) PK(S) k§\3)>\4 (5)
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Results for TUT
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Results for TUT

Yyttt Q= Q3 =05 GeV? vt =t QF = Q3 = 0.5 GeV? Yyt =TT, Q1 = Q3 = 0.5 GeV?
50 T 6 : : T 80 T T 1
A DDV19 Born - DDV19 Born - 70 ) DDV19 Born - |
W n HS19 Born - | 5L A HS19 Born - i A HS19 Born -
—. 40 ' DDV19 — A [
=, HS19 --- = i\ HS19 ——- =, N HS19 ---
8 — 4 - 1 - — 1 \‘
230 ¢ = ' =200 N |
V
2 Vsl Vo40 b 1
S 20 % E
s = ) 230 - 1
® 10 - S 220 | 1
1t ;
10 - .
Gl ]
) 0 0 2
Vs [GeV] Vs [GeV]
* % 0.0 2 _ 2 _ 0.5 G V2
25 TroTT e ) v* = w0710 QF = Q5 = 0.5 GeV? Yyt = w0, QF = Q3 = 0.5 GeV?
| DDV19 ’ | | | H | | |
N _ DDV19 — DDV19 —
N HS19 --- 12 i
— . 2.5 + " HS19 —— B HS19 ---
= = \ o)
= £ ) |
O. — 2 r —_
— 7 =] St
V — — |
= Vo1 L v
g _ > SN
= 8 2 i
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Contribution PdRV(09) [471] N/IN(09) [472, 573] J(17) [27] Our estimate
7, n, 1’ -poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
n, K-loops/boxes -19(19) —-19(13) —20(5) -16.4(2)
S -wave nrt rescattering =7(7) -7(2) —-5.98(1.20) -8(1)
subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)
scalars - — -
tensors — - 1.1(1) } -13)
axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u,d, s-loops / short-distance - 21(3) 20(4) 15(10)
c-loop 2.3 - 2.3(2) 3(1)
total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 10~!! from 2009 and a recent update with our estimate. Legend:
PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Nyffeler / Jegerlehner, Nyffeler; J = Jegerlehner.

White paper (2020)



