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Table 1

Summary of the contributions to aSMµ [1–36]. After the experimental number from E821, the first block gives the main results for the hadronic
contributions from Sections 2–5 as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Section 8.
The second block summarizes the quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from e+e�

data, and the total HLbL number. The construction of the total HVP and HLbL contributions takes into account correlations among the terms at
different orders, and the final rounding includes subleading digits at intermediate stages. The HVP evaluation is mainly based on the experimental
Refs. [37–89]. In addition, the HLbL evaluation uses experimental input from Refs. [90–109]. The lattice QCD calculation of the HLbL contribution builds
on crucial methodological advances from Refs. [110–116]. Finally, the QED value uses the fine-structure constant obtained from atom-interferometry
measurements of the Cs atom [117].
Contribution Section Equation Value ⇥1011 References
Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]
HVP LO (e+e�) Section 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Section 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Section 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Section 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Section 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Section 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Section 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Section 8 Eq. (8.10) 90(17) Refs. [18–30,32]
QED Section 6.5 Eq. (6.30) 116 584 718.931(104) Refs. [33,34]
Electroweak Section 7.4 Eq. (7.16) 153.6(1.0) Refs. [35,36]
HVP (e+e� , LO + NLO + NNLO) Section 8 Eq. (8.5) 6845(40) Refs. [2–8]
HLbL (phenomenology + lattice + NLO) Section 8 Eq. (8.11) 92(18) Refs. [18–32]
Total SM Value Section 8 Eq. (8.12) 116 591 810(43) Refs. [2–8,18–24,31–36]
Difference: �aµ := aexpµ � aSMµ Section 8 Eq. (8.14) 279(76)

storage ring efforts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It will feature an
ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal of the second effort
is to improve the theoretical SM evaluation to a level commensurate with the experimental goals. To this end, a group
was formed – the Muon g � 2 Theory Initiative – to holistically evaluate all aspects of the SM and to recommend a single
value against which new experimental results should be compared. This White Paper (WP) is the first product of the
Initiative, representing the work of many dozens of authors.

The SM value of aµ consists of contributions from quantum electrodynamics (QED), calculated through fifth order in
the fine-structure constant; the electroweak gauge and Higgs bosons, calculated through second order; and, from the
strong interaction through virtual loops containing hadrons. The overall uncertainty on the SM value remains dominated
by the strong-interaction contributions, which are the main focus of the Theory Initiative.

In this paper, significant new results are presented, as are re-evaluations and summaries of previous work. Particularly
important advances have been made in distilling the various approaches to obtaining the HVP contribution from the large
number of old and new data sets. The aim of the Initiative is an inclusive and conservative recommendation. At this time,
HVP is determined from e+e� data; new lattice efforts – while promising – are not yet at the level of precision and
consistency to be included in the overall evaluation. New here is a data-driven prediction of HLbL based on a recently
developed dispersive approach. Additionally, a lattice-QCD evaluation has reached the precision necessary to contribute to
the recommended HLbL value. Together they replace the older ‘‘Glasgow’’ consensus, and reduce the uncertainty on this
contribution, while at the same time placing its estimate on solid theoretical grounds. A compact summary of results
is given in Table 1, along with the section and equation numbers where the detailed discussions are presented. The
last column provides for each result the underlying list of references used to obtain it. We strongly recommend that
these references be cited in any work that uses the results presented here. The Initiative has created a website [118],
which includes links to downloadable bib files and citation commands, to make it easy to add these references to the
bibiliography. The recommended SM value lies 3.7� below the E821 experimental result.

1. Introduction

The anomalous magnetic moment of the muon1 has, for well over ten years now, provided an enduring hint for new
physics, in the form of a tantalizing 3–4� tension between SM theory and experiment. It is currently measured to a
precision of about 0.5 ppm [1], commensurate with the theoretical uncertainty in its SM prediction. With a plan to reduce
the experimental uncertainty by a factor of four, two new experiments will shed new light on this tension: the E989
experiment at Fermilab [119], which started running in 2018, and the E34 experiment at J-PARC, which plans to start its
first run in 2024 [120].

1 The muon magnetic moment µ is a vector along the spin s, µ = g(Qe/2mµ)s. The g factor consists of the Dirac value of 2 and the factor
aµ = (g � 2)µ/2, which arises from radiative corrections. The dimensionless quantity aµ is called by several names in the literature: ‘‘the muon
magnetic anomaly’’, the ‘‘muon anomalous magnetic moment’’, and the ‘‘muon anomaly’’. All of these terms are used interchangeably in this document.
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Example:	SM	prediction	for	muonic-hydrogen	hfs
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Figure 8

Experimental values and theoretical predictions for the 1S and 2S hfs in H and µH.

The main source of uncertainty here is the 2� recoil contribution �recoil(H). Adding the

2� recoil contribution �recoil(µH) to Eq. 46, we obtain a prediction for the full 2�-exchange

and hVP contributions to the hfs in µH:

E
2�+hVP

1S-hfs
(µH) = −1.159(2)meV, E

2�+hVP

2S-hfs
(µH) = −0.1448(2)meV. 47.

With this, we arrive at a complete prediction of the hfs in µH:

E1S-hfs(µH) = 182.634(8)meV, E2S-hfs(µH) = 22.8130(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of �pol at the

level of 2% (assuming a very generous size for this contribution, �pol(µH) = 400ppm). Our

result is shown in Fig. 8, together with the existing µH 2S hfs measurement. The theory

predictions based on the empirical hfs in H, Eq. 48, are up to a factor 5 better than results

that do not use the H hfs.

Note that all theory predictions shown in Fig. 8 are in agreement, even though the

data-driven dispersive evaluations and the B�PT prediction disagree in the polarizability

contribution (cf. Fig. 6, Table 3). This is because most works use the experimental H

hfs to refine their prediction for the total 2�-exchange e↵ect. Hence the discrepancy in

polarizability is compensated by slightly di↵erent Zemach radii.

In future, reversing the above procedure to obtain a prediction of the hadronic con-

tributions to the 1S hfs in H from a measurement of the 1S hfs in µH, might allow for a

benchmark test of the H hfs theory. This, however, would also require further improvements

for the recoil corrections from 2� exchange, as well as for the uncertainty from missing con-

tributions in the µH theory. Note that a better benchmark test (� ∼ 2×10−9) of bound-state
QED for a hyperfine transitions can be achieved for the muonium hfs, which the MuSEUM

experiment (114) aims to measure with � ∼ 2×10−9 relative accuracy. To test the muonium

hfs on this level, the MuMass experiment (115, 116) has to determine the mµ�me ratio to

better than � ∼ 1 × 10−9 from the 1S-2S transition in muonium.

5. Bound-state QED tests of simple atomic and molecular systems

The simplicity of two- and three-body atomic-molecular systems combined with the preci-

sion of laser spectroscopy permit unique confrontations between theory and experiments.

The predictive power of bound-state QED, however, depends on the knowledge of funda-

mental constants such as the masses of the involved particles, ↵, R∞, and nuclear properties

such as the nuclear charge radii or magnetic moments.
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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Muonic	Atom	Spectroscopy	Theory	Initiative	
ASTIμ

New	Theory	Initiative

Working	groups,	possible	divisions	

1.	 ,	Mu(?)		
2.	Lamb	shift,	fs,	hfs	
3.	QED,	QCD	=	(lattice,	EFTs,	data-driven)

μH, μD, . . . , μX

Workshops:	
1.	20	May	2023:	Satellite	to	“Low-Q	Workshop”,	Crete.		
2.	26-30	June	2023:	PREN	workshop	in	Mainz	

Main	outcome:			full	SM	result!

Antognini,	Carlson,	Hagelstein,	Indelicato,	Pachucki,	Pascalutsa



QCD	section

Working	groups	

1. Elastic	nucleon	structure	—	form	factors	
2. Inelastic	nucleon	structure	—	polarizabilities	
3.			Other	hadronic	effects	—	HVP	

Each	split	into		
a. Lattice	
b. EFTs,	
c. Data-driven		(exp.	input!)	

Further	divisions	into		
Lamb	shift,	fs,	hfs	
H,	D,	He,	…

Antognini,	Carlson,	Hagelstein,	Indelicato,	Pachucki,	Pascalutsa


