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Introduction

v

Problem with Interaction

• Lack of generalization of 𝑸.

• Lack of physical motivation of Hubble parameter 𝑯
appearing in the interaction. 

• Instability in the dark sector at the perturbation level.

Origin of Interaction
• The Lagrangian of the interacting DM-DE can be written as

𝓛 = 𝓛𝑮𝑹 + 𝓛𝑴(𝝍) + 𝓛𝑫𝑬(𝝓) + 𝓛𝒊𝒏𝒕(𝝍,𝝓)

• Variation yields:

𝟑 𝑯𝟐 = 𝝆𝑴 + 𝝆𝑫𝑬 + 𝝆𝒊𝒏𝒕
𝟐 ሶ𝑯 + 𝟑 𝑯𝟐 = −𝑷𝑴 + 𝑷𝑫𝑬 + 𝑷𝒊𝒏𝒕
ሶ𝝆𝑴 + 𝟑𝑯 𝝆𝑴 = 𝑸𝑴

ሶ𝝆𝑫𝑬 + 𝟑 𝑯 𝑷𝑫𝑬 + 𝝆𝑫𝑬 = 𝑸𝑫𝑬

• The constraint relation: 

ሶ𝝆𝒊𝒏𝒕 + 𝟑 𝑯 𝝆𝒊𝒏𝒕 + 𝑷𝒊𝒏𝒕 + 𝑸𝑴 +𝑸𝑫𝑬 = 𝟎.

Equivalence of two picture

Former approach Lagrangian approach

ത𝜌𝑀 + ത𝜌𝐷𝐸 𝜌𝑀 + 𝜌𝑖𝑛𝑡 + 𝜌𝐷𝐸
ത𝑃𝑀 + ത𝑃𝐷𝐸 𝑃𝑀 + 𝑃𝐷𝐸 + 𝑃𝑖𝑛𝑡

Linear Transformation 

ത𝜌𝑀 = 𝛼 𝜌𝑀 + 𝛽 𝜌𝐷𝐸 + 𝛾 𝜌𝑖𝑛𝑡
ത𝜌𝐷𝐸 = 1 − 𝛼 𝜌𝑀 + 1 − 𝛽 𝜌𝐷𝐸 + 1 − 𝛾 𝜌𝑖𝑛𝑡
ሶത𝜌𝑀 + 3 𝐻 ത𝜌𝑀 + ത𝑃 = 𝛼 − 𝛾 𝑄𝑀 + 𝛽 − 𝛾 𝑄𝐷𝐸

ሶത𝜌𝐷𝐸 + 3 𝐻 ത𝜌𝐷𝐸 + ത𝑃𝐷𝐸 = − 𝛼 − 𝛾 𝑄𝑀 − 𝛽 − 𝛾 𝑄𝐷𝐸

𝑸 ≡ 𝜶 − 𝜸 𝑸𝑴 + 𝜷 − 𝜸 𝑸𝑫𝑬

v

Action of an Interacting DM-DE

𝑆 =  −𝑔
𝑅

2 𝜅2
− −𝒈 𝝆 𝒏, 𝒔 + 𝑱𝝁 𝝋,𝝁 + 𝒔 𝜽𝝁 + 𝜷𝑨𝜶𝝁

𝑨

− −𝒈𝓛 𝑿,𝝓 − −𝒈 𝜶𝒄𝒇𝒄 𝝆,𝝓, 𝑿 + 𝜶𝒅𝒇𝒅 𝝆,𝝓, 𝑿 𝑱𝝁𝝓𝝁

Fluid Action 

k-essence Field Kinetic Interaction Derivative Interaction

• Lagrangian construction is equivalent to the former. 

• It modifies the Friedmann equations and generalizes the 

interaction. 

ℒ = −
𝜹𝟐

𝜿𝟐𝝓𝟐
(−𝑿 + 𝑿𝟐) & 𝑿 =

𝟏

𝟐
ሶ𝝓𝟐 𝑱𝝁 = −𝒈 𝒏 𝒖𝝁, 

• The covariant derivative of stress tensor becomes, 

𝛁𝝁𝑻𝝓
𝝁𝟎

= 𝑸𝟎 = 𝜶𝒄𝒇𝒄,𝝓 ሶ𝝓 + 𝜶𝒄𝒇𝒄,𝑿 ሶ𝝓 ሷ𝝓 = −𝛁𝝁𝑻𝑴
𝝁𝟎

• For the Derivative interaction

𝛁𝝁𝑻𝝓
𝝁𝟎

= 𝑸𝟎 = 𝒏𝟐𝜶𝒅𝟑 𝑯 ሶ𝝓 𝒇𝒅,𝒏 = −𝛁𝝁𝑻𝑴
𝝁𝟎

v

Dynamical Stability analysis

𝒚 =
𝜿𝟐𝑽

𝟑𝑯𝟐 , 𝛀𝑴 =
𝜿𝟐𝝆

𝟑𝑯𝟐 , 𝛀𝝓 =
𝜿𝟐𝝆𝝓

𝟑𝑯𝟐 , 𝒛 =
𝜿𝟐𝒇

𝟑 𝑯𝟐 , 𝒙 = ሶ𝝓

v

Kinetic Model

𝒇𝒄 = 𝑴𝟒−𝟒𝝐 𝝆𝝐
𝝓

𝜿

𝒎
𝒆𝜷 𝑿

Indirect Measurement

𝑯𝟎 = 𝟔𝟔 − 𝟔𝟖 𝐤𝐦 𝒔−𝟏 𝐌𝐩𝒄−𝟏
Direct Measurement

𝑯𝟎 = 𝟕𝟐 − 𝟕𝟒 𝒌𝒎 𝒔−𝟏𝑴𝒑𝒄−𝟏

𝚲CDM Model

Alternatives

Early Dark 

Energy

Alternatives 

Extra Dark 

Radiation 

Alternatives

Interacting DM-DE

ሶ𝜌𝑀 + 3𝐻 𝜌𝑀 + 𝑃𝑀 = 𝑸; ሶ𝜌𝐷𝐸 + 3𝐻 𝜌𝐷𝐸 + 𝑃𝐷𝐸 = −𝑸.

𝑸 = 𝝃 𝝆𝑫𝑬 𝑯 --- Valentino et. al

Planck 2018, 𝑯𝟎 = 𝟕𝟐. 𝟖−𝟏.𝟓
+𝟑.𝟎 𝐤𝐦 𝒔−𝟏 𝐌𝐩𝒄−𝟏 with 

𝝃 = −𝟎. 𝟓𝟒−𝟎.𝟐𝟖
+𝟎.𝟏𝟐

DM DEEnergy flow

Conclusion & References

Eigenvalues of 𝐽𝑖𝑗 = (𝐸1, 𝐸2, 𝐸3)

Stable: (-,-,-).  Unstable: (+,+,+)

Saddle: (-,+,+). 

Stability:

Autonomous Equations
𝒙𝒊′ = 𝒉𝒊 𝒙, 𝒚, 𝒛

Jacobian Matrix 

𝑱𝒊𝒋 =
𝒅𝒙𝒊′

𝒅𝒙𝒋 𝟑×𝟑

Critical 

points: 𝒙𝒊
′ = 𝟎

Conclusion & References

• The coupling introduced at the Lagrangian 

level generalizes the interaction, making it 

easy to identify instabilities. 

• Constructed two types of coupling: (i) one 

in which the interaction is a function of both 

field and fluid parameter, and using 

dynamical analysis with an exponential 

interaction form, the model demonstrates 

stable accelerating solution during the late-

time phase; and (ii) another in which field 

velocity is coupled with particle flux 

density, resulting in 𝑯 in the continuity 

equation.

[1] A. Pourtsidou, C. Skordis, and E. J. Copeland. “Models of dark matter 

coupled to dark energy”. In: Phys. Rev. D 88.8 (2013), p. 083505.

[2] Anirban Chatterjee, Saddam Hussain, and Kaushik Bhattacharya. 

“Dynamical stability of the k-essence field interacting nonminimally with 

a perfect fluid”. In: Phys. Rev. D 104.10 (2021), p. 103505.

[3] Kaushik Bhattacharya, Anirban Chatterjee, and Saddam Hussain. 

“Dynamical stability in presence of non-minimal derivative dependent 

coupling of k-essence field with a relativistic fluid”. In: Eur. Phys. J. C 

83.6 (2023), p. 488.

[4] Nicola Tamanini. “Phenomenological models of dark energy 

interacting with dark matter”. In: Phys. Rev. D 92.4 (2015), p. 043524

[5] Christian G. Boehmer, Nicola Tamanini, and MatthewWright. 

“Interacting quintessence from a variational approach Part I: algebraic 

couplings”. In: Phys. Rev. D 91.12  (2015), p. 123002.

[6] Christian G. Boehmer, Nicola Tamanini, and MatthewWright. 

“Interacting quintessence from a variational approach Part II: derivative 

couplings”. In: Phys. Rev. D 91.12

(2015), p. 123003

1908.04281


