
WIR	SCHAFFEN	WISSEN	–	HEUTE	FÜR	MORGEN

Machine Physics 1 
Joint	Universities	Accelerator	School

Rasmus	Ischebeck



Rasmus	Ischebeck	>	JUAS	2020	>	Synchrotron	Radia;on

• Radiation	emitted	by	electrons	in	a	magnetic	fields	can	be	calculated	from	Maxwell’s	equations

Radiation Emitted by Electrons in a Synchrotron

2
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Lienard-Wiechert potentials (I)

3Riccardo Bartolini

We want to compute the em field generated by a charged particle in motion 
on a given trajectory
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The charge density and current distribution of a single particle read
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We have to solve Maxwell equations driven by such time varying charge 
density and current distribution. 

The general expression for the wave equation for the em potentials (in the 
Lorentz gauge) reads
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Lienard-Wiechert potentials (II)

4Riccardo Bartolini

The general solutions for the wave equation driven by a time varying 
charge and current density read (in the Lorentz gauge) [ Jackson Chap. 6 ]
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Now we use the charge density and current distribution of a single particle
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Integrating the Dirac delta in time we are left with 
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Lienard-Wiechert potentials (III)

5Riccardo Bartolini

Using again the properties of the Dirac deltas we can integrate and obtain 
the Lienard-Wiechert potentials
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These are the potentials of the em fields generated by the charged particle 
in motion.  

The trajectory itself is determined by external electric and magnetic fields
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Substituting we get
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Critical Frequency and Critical Angle

6Bill Barletta
US Particle Accelerator School

Critical frequency and critical angle

Properties of the modified Bessel function ==> radiation intensity is negligible for x >> 1
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For frequencies much larger than the critical frequency and angles much larger
than the critical angle the synchrotron radiation emission is negligible
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Spectrum of Synchrotron Radiation

7Bill BarlettaUS Particle Accelerator School

Integrating over all angles yields the
spectral density distribution
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Frequency Distribution of Radiation

8Bill Barletta
US Particle Accelerator School

Frequency distribution of radiation

The integrated spectral density up to the critical frequency contains half of the
total energy radiated, the peak occurs approximately at 0.3�c
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For electrons, the critical energy
in practical units is
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where the critical photon energy is
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Applying a Linear Scale

9https://www.cv.nrao.edu/course/astr534/SynchrotronSpectrum.html
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• Damping	
• Vertical	
• Horizontal	
• Longitudinal	
• Quantum	excitation

Damping in Synchrotrons

10
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• Remember	the	canonical	variables	

• M	is	a	symplectic	transformation,	if		 ,	with	MT · S ·M = S

<latexit sha1_base64="53Z3ElfgCz23pHqlvKV1p/FMxNE=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGCroRim7cFCp9QjuWTCbThmaSIckIZShu/BU3LhRx61e4829M21lo64HLPZxzL8k9fsyo0o7zbeVWVtfWN/Kbha3tnd09e/+gpUQiMWliwYTs+EgRRjlpaqoZ6cSSoMhnpO2PbqZ++4FIRQVv6HFMvAgNOA0pRtpIffuoep82JrCHA6FhPetVeAXrfbvolJwZ4DJxM1IEGWp9+6sXCJxEhGvMkFJd14m1lyKpKWZkUuglisQIj9CAdA3lKCLKS2cnTOCpUQIYCmmKazhTf2+kKFJqHPlmMkJ6qBa9qfif1010eOmllMeJJhzPHwoTBrWA0zxgQCXBmo0NQVhS81eIh0girE1qBROCu3jyMmmdl9xyqXxXLlauszjy4BicgDPgggtQAbegBpoAg0fwDF7Bm/VkvVjv1sd8NGdlO4fgD6zPH5dclZ8=</latexit>

Damping in Synchrotrons

11
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Radiation Damping of the Vertical Emittance

12Andy Wolski and David Newton, USPAS Course

Action and radiation

So far, we have considered only symplectic transport, i.e.

motion of a particle in the electromagnetic fields of drifts,

dipoles, quadrupoles, etc. without any radiation.

However, we know that a charged particle moving through an

electromagnetic field will (in general) undergo acceleration, and

a charged particle undergoing acceleration will radiate

electromagnetic waves.

What impact will the radiation have on the motion of a

particle?

In answering this question, we wil consider first the case of

uncoupled vertical motion: for a particle in a storage ring, this

turns out to be the simplest case.

Design of Electron Storage Rings 14 Part 1: Review of Linear Dynamics

Radiation damping of vertical emittance

The radiation emitted by a relativistic particle has an opening

angle of 1/γ, where γ is the relativistic factor for the particle.

For an ultra-relativistic particle, γ ! 1, and we can assume that

the radiation is emitted directly along the instantaneous

direction of motion of the particle.

Design of Electron Storage Rings 15 Part 1: Review of Linear Dynamics
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Radiation Damping of the Vertical Emittance

13Andy Wolski and David Newton, USPAS Course
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Radiation Damping of the Vertical Emittance

14Andy Wolski and David Newton, USPAS Course

Radiation damping of vertical emittance

The momentum of the particle after emitting radiation is:

p′ = p− dp ≈ p

(

1−
dp

P0

)

, (14)

where dp is the momentum carried by the radiation, and we

assume that:

p ≈ P0. (15)

Since there is no change in direction of the particle, we must

have:

p′y ≈ py

(

1−
dp

P0

)

. (16)

Design of Electron Storage Rings 16 Part 1: Review of Linear Dynamics

Radiation damping of vertical emittance

After emission of radiation, the vertical momentum of the
particle is:

p′y ≈ py

(

1−
dp

P0

)

. (17)

Now we substitute this into the expression for the vertical
betatron action (valid for uncoupled motion):

2Jy = γyy
2 + 2αyypy + βyp

2
y, (18)

to find the change in the action resulting from the emission of
radiation:

dJy = −
(

αyypy + βyp
2
y

) dp

P0
. (19)

Then, we average over all particles in the beam, to find:

〈dJy〉 = dεy = −εy
dp

P0
, (20)

where we have used:

〈ypy〉 = −αyεy, 〈p2y〉 = γyεy, and βyγy − α2
y = 1. (21)

Design of Electron Storage Rings 17 Part 1: Review of Linear Dynamics
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Radiation Damping of the Vertical Emittance

15Andy Wolski and David Newton, USPAS Course
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Radiation Damping of the Vertical Emittance

16Andy Wolski and David Newton, USPAS Course

Radiation damping of vertical emittance

For a particle moving round a storage ring, we can integrate

the loss in momentum around the ring, to find the total change

in momentum in one turn. The emittance is conserved under

symplectic transport, so if the non-symplectic (radiation)

effects are slow, we can write:

dεy = −εy
dp

P0
∴

dεy
dt

= −
εy
T0

∮ dp

P0
≈ −

U0

E0T0
εy, (22)

where T0 is the revolution period, and U0 is the energy loss in

one turn. The approximation is valid for an ultra-relativistic

particle, which has E ≈ pc.

We define the damping time τy:

τy = 2
E0

U0
T0, (23)

so the evolution of the emittance is:

εy(t) = εy(t) exp

(

−2
t

τy

)

. (24)

Design of Electron Storage Rings 18 Part 1: Review of Linear Dynamics

Radiation damping of vertical emittance

Typically, in an electron storage ring, the damping time is of

order several tens of milliseconds, while the revolution period is

of order of a microsecond. Therefore, radiation effects are

indeed “slow” compared to the revolution frequency.

But note that we made the assumption that the momentum of

the particle was close to the reference momentum, i.e. p ≈ P0.

If the particle continues to radiate without any restoration of

energy, we will reach a point where this assumption is no longer

valid. However, electron storage rings contain RF cavities to

restore the energy lost through synchrotron radiation. But

then, we should consider the change in momentum of a particle

as it moves through an RF cavity.

Design of Electron Storage Rings 19 Part 1: Review of Linear Dynamics
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Radiation Damping of the Vertical Emittance

17Andy Wolski and David Newton, USPAS Course
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Synchrotron Radiation Energy Loss

18Andy Wolski and David Newton, USPAS Course

Radiation damping of vertical emittance

Fortunately, RF cavities are usually designed to provide a

longitudinal electric field, so that particles experience a change

in longitudinal momentum as they pass through, without any

change in transverse momentum.

This means that we do not have to consider explicitly the

effects of RF cavities on the emittance of the beam.

Design of Electron Storage Rings 20 Part 1: Review of Linear Dynamics

Synchrotron radiation energy loss

To complete our calculation of the the vertical damping time,

we need to find the energy lost by a particle through

synchrotron radiation on each turn through the storage ring.

We quote the (classical) result that the power radiated by a

particle of charge e and energy E in a magnetic field B is given

by:

Pγ =
Cγ

2π
c3e2B2E2. (25)

Cγ is a physical constant given by:

Cγ =
e2

3ε0(mc2)4
≈ 8.846× 10−5m/GeV3. (26)

Design of Electron Storage Rings 21 Part 1: Review of Linear Dynamics



Rasmus	Ischebeck	>	JUAS	2020	>	Synchrotron	Radia;on

Synchrotron Radiation Energy Loss

19Andy Wolski and David Newton, USPAS Course
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Synchrotron Radiation Energy Loss

20Andy Wolski and David Newton, USPAS Course

Synchrotron radiation energy loss

A charged particle with energy E in a magnetic field B follows

a circular trajectory with radius ρ, given by:

Bρ =
p

q
. (27)

For an ultra-relativistic electron, E ≈ pc:

Bρ ≈
E

ec
. (28)

Hence, the synchrotron radiation power can be written:

Pγ ≈
Cγ

2π
c
E4

ρ2
. (29)

Design of Electron Storage Rings 22 Part 1: Review of Linear Dynamics

Synchrotron radiation energy loss

For a particle with the reference energy, travelling at (close to)

the speed of light along the reference trajectory, we can find the

energy loss by integrating the radiation power around the ring:

U0 =
∮

Pγdt =
∮

Pγ
ds

c
. (30)

Using the previous expression for Pγ, we find:

U0 =
Cγ

2π
E4
0

∮

1

ρ2
ds, (31)

where ρ is the radius of curvature of the reference trajectory.

Note that for these expressions to be valid, we require that the

reference trajectory be a real physical trajectory of a particle.

Design of Electron Storage Rings 23 Part 1: Review of Linear Dynamics
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The Second Synchrotron Radiation Integral

21Andy Wolski and David Newton, USPAS Course
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Number of Photons Emitted

22Bill Barletta

US Particle Accelerator School

Number of photons emitted

� Since the energy lost per turn is

� And average energy per photon is the

� The average number of photons emitted per revolution is
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• Let’s	assume	a	uniform	radius	of	curvature	ρ	
• The	energy	lost	per	turn	can	then	be	simplified	to:
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Radiation Damping of the Horizontal Emittance

23Andy Wolski and David Newton, USPAS Course
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Coupling Between Horizontal and Longitudinal Phase Spaces

24Andy Wolski and David Newton, USPAS Course
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Coupling Between Horizontal and Longitudinal Phase Spaces

25Andy Wolski and David Newton, USPAS Course
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Damping of Horizontal Emittance

26Andy Wolski and David Newton, USPAS Course

* https://uspas.fnal.gov/materials/13CSU/Lecture1.pdf

*
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Damping of Horizontal Emittance

27Andy Wolski and David Newton, USPAS Course
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Undulators
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