
TUTORIAL 2020 solution in ascii  format 

 

Exercice 1 : 

Uniformly Distributed Random Points Inside a Circle or radius 𝑅𝑅 with the cartesian coordinates : 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = �
1
𝜋𝜋𝑅𝑅2

,∀𝑥𝑥2 + 𝑦𝑦2 ≤ 𝑅𝑅2

0 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒ℎ𝑒𝑒𝑒𝑒𝑒𝑒 
 

Other method when changing to r,𝜃𝜃 coordinates : 

𝑥𝑥 = 𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝜃𝜃 𝑦𝑦 = 𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝜃𝜃 

We have 

𝑒𝑒 = �𝑥𝑥2 + 𝑦𝑦2 ,𝜃𝜃 = arctan (
𝑦𝑦
𝑥𝑥

) 

𝐼𝐼 = � 𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = � 𝑔𝑔(𝑒𝑒,𝜃𝜃)𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃 = 1

𝑟𝑟=𝑅𝑅,   𝜃𝜃=2𝜋𝜋

𝑟𝑟=0 𝜃𝜃=0𝑥𝑥2+𝑦𝑦2≤𝑅𝑅2
 

 

𝑑𝑑𝑥𝑥 = −𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝜃𝜃𝑑𝑑𝜃𝜃 + 𝑟𝑟𝑟𝑟𝑒𝑒𝜃𝜃𝑑𝑑𝑒𝑒,𝑑𝑑𝑦𝑦 = 𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝜃𝜃𝑑𝑑𝜃𝜃 + 𝑒𝑒𝑟𝑟𝑟𝑟𝜃𝜃𝑑𝑑𝑒𝑒 

𝑎𝑎𝑎𝑎 𝑓𝑓𝑟𝑟𝑒𝑒𝑒𝑒𝑎𝑎 𝑟𝑟𝑒𝑒𝑑𝑑𝑒𝑒𝑒𝑒,𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = (−𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟2𝜃𝜃 + 𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒2𝜃𝜃)𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃 

So 𝐼𝐼 = ∬ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 =𝑥𝑥2+𝑦𝑦2≤𝑅𝑅2 ∬ 1
𝜋𝜋𝑅𝑅2

𝑒𝑒(cos2 𝜃𝜃 − sin2 𝜃𝜃 )𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃 𝜃𝜃=2𝜋𝜋,𝑟𝑟=𝑅𝑅
𝜃𝜃=0,𝑟𝑟=0  

But cos2 𝜃𝜃 − sin2 𝜃𝜃 = 1 − 2𝑒𝑒𝑟𝑟𝑟𝑟2𝜃𝜃 = 1 − 𝑒𝑒𝑟𝑟𝑟𝑟2𝜃𝜃 

And ∫ 𝑒𝑒𝑟𝑟𝑟𝑟2𝜃𝜃 = 0𝜃𝜃=2𝜋𝜋
𝜃𝜃=0  

So  

𝐼𝐼 = �
𝑒𝑒
𝜋𝜋𝑅𝑅2

𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃
𝑟𝑟=𝑅𝑅,   𝜃𝜃=2𝜋𝜋

𝑟𝑟=0 𝜃𝜃=0
 

 

𝑃𝑃𝑒𝑒𝑟𝑟𝑃𝑃𝑎𝑎𝑃𝑃𝑟𝑟𝑒𝑒𝑟𝑟𝑎𝑎𝑦𝑦 𝑑𝑑𝑒𝑒𝑟𝑟𝑒𝑒𝑟𝑟𝑎𝑎𝑦𝑦 𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟 ∶  𝑃𝑃(𝑒𝑒,𝜃𝜃) =
𝑒𝑒
𝜋𝜋𝑅𝑅2

 

 

〈𝑥𝑥〉 = ∫ ∫ 𝑥𝑥𝑟𝑟
𝜋𝜋𝑅𝑅2

𝜃𝜃=2𝜋𝜋
𝜃𝜃=0 𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃 =𝑅𝑅

𝑟𝑟=0 ∫ ∫ 𝑟𝑟2𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 
𝜋𝜋𝑅𝑅2

𝜃𝜃=2𝜋𝜋
𝜃𝜃=0 𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃 = 0𝑅𝑅

𝑟𝑟=0   

〈𝑥𝑥2〉 = � �
𝑥𝑥2𝑒𝑒
𝜋𝜋𝑅𝑅2

𝜃𝜃=2𝜋𝜋

𝜃𝜃=0
𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃 =

𝑅𝑅

𝑟𝑟=0
� �

𝑒𝑒3 cos2 𝜃𝜃 
𝜋𝜋𝑅𝑅2

𝜃𝜃=2𝜋𝜋

𝜃𝜃=0
𝑑𝑑𝑒𝑒𝑑𝑑𝜃𝜃 =

1
𝜋𝜋𝑅𝑅2

[
𝑒𝑒4

4
]0𝑅𝑅

𝑅𝑅

𝑟𝑟=0
�

1
2

(𝑟𝑟𝑟𝑟𝑒𝑒2𝜃𝜃 + 1)𝑑𝑑𝜃𝜃
𝜃𝜃=2𝜋𝜋

𝜃𝜃=0 
 

〈𝑥𝑥2〉 =
1
𝜋𝜋𝑅𝑅2

�
𝑒𝑒4

4
�
0

𝑅𝑅 1
2

[𝑒𝑒𝑟𝑟𝑟𝑟2𝜃𝜃 + 𝜃𝜃]𝜃𝜃=0𝜃𝜃=2𝜋𝜋 =
𝑅𝑅4

8𝜋𝜋𝑅𝑅2
2𝜋𝜋 =

𝑅𝑅2

4
 

 



𝜎𝜎𝑥𝑥 = �〈𝑥𝑥2〉 =
𝑅𝑅
2

 

1.2 ϵ N = 𝑅𝑅
2 �

𝑘𝑘𝐵𝐵𝑇𝑇
𝑚𝑚𝑝𝑝𝑐𝑐2

 

𝑘𝑘𝐵𝐵𝑇𝑇 = 2,75 × 10−11𝑒𝑒𝑒𝑒   

𝑚𝑚𝑝𝑝𝑟𝑟2 = 938,272 × 106𝑒𝑒𝑒𝑒   

𝑅𝑅
2

= 0,0025 m 

ϵ N = 1,31 × 10−8 𝑚𝑚. 𝑒𝑒𝑎𝑎𝑑𝑑  

ϵ N = 1,31 × 10−2 𝑚𝑚𝑚𝑚.𝑚𝑚𝑒𝑒𝑎𝑎𝑑𝑑  

ϵ N = 4,17 × 10−3 𝜋𝜋.𝑚𝑚𝑚𝑚.𝑚𝑚𝑒𝑒𝑎𝑎𝑑𝑑  

 

2. cyclotron frequency 

2.1 

⎩
⎪
⎨

⎪
⎧
𝑑𝑑𝑣𝑣𝑥𝑥
𝑑𝑑𝑎𝑎

= 𝜔𝜔𝑣𝑣𝑦𝑦   (𝑒𝑒𝑒𝑒. 1)

𝑑𝑑𝑣𝑣𝑦𝑦
𝑑𝑑𝑎𝑎

= −𝜔𝜔𝑣𝑣𝑥𝑥 (𝑒𝑒𝑒𝑒. 2)

𝑑𝑑𝑣𝑣𝑧𝑧
𝑑𝑑𝑎𝑎

= 0       (𝑒𝑒𝑒𝑒. 3)

 

(𝑒𝑒𝑒𝑒. 3) 𝑎𝑎𝑟𝑟𝑑𝑑 𝑣𝑣𝑧𝑧(𝑎𝑎 = 0) = 0 =>  𝑣𝑣𝑧𝑧(𝑎𝑎) = 0 ; => 𝑧𝑧(𝑎𝑎) = 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎. = 𝑧𝑧(0) = 0 

(eq.2) in 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑒𝑒𝑒𝑒. 1) => 𝑑𝑑
2𝑣𝑣𝑥𝑥
𝑑𝑑𝑑𝑑2

= −𝜔𝜔𝑣𝑣𝑥𝑥 

General solution : 𝑣𝑣𝑥𝑥(𝑎𝑎) = 𝐴𝐴𝑟𝑟𝑟𝑟𝑒𝑒(𝜔𝜔𝑎𝑎) + 𝐵𝐵𝑒𝑒𝑟𝑟𝑟𝑟(𝜔𝜔𝑎𝑎) 

𝑣𝑣𝑥𝑥(0) = 𝑣𝑣 => 𝐴𝐴 = 𝑣𝑣  

(eq. 1)=>𝑣𝑣𝑦𝑦 = 1
𝜔𝜔 

 𝑑𝑑𝑣𝑣𝑥𝑥
𝑑𝑑𝑑𝑑

= −𝑣𝑣𝑒𝑒𝑟𝑟𝑟𝑟(𝜔𝜔𝑎𝑎) + 𝐵𝐵𝑟𝑟𝑟𝑟𝑒𝑒(𝜔𝜔𝑎𝑎) 

𝑣𝑣𝑦𝑦(0) = 0 => 𝐵𝐵 = 0  

so 

�
𝑣𝑣𝑥𝑥(𝑎𝑎) = 𝑣𝑣𝑟𝑟𝑟𝑟𝑒𝑒(𝜔𝜔𝑎𝑎)
𝑣𝑣𝑦𝑦(𝑎𝑎) = −𝑣𝑣𝑒𝑒𝑟𝑟𝑟𝑟(𝜔𝜔𝑎𝑎)

𝑣𝑣𝑧𝑧(𝑎𝑎) = 0
 

2.2 

𝑥𝑥(𝑎𝑎) − 𝑥𝑥(0) = � 𝑣𝑣𝑟𝑟𝑟𝑟𝑒𝑒(𝜔𝜔𝑎𝑎)𝑑𝑑𝑎𝑎
𝑑𝑑

0
=
𝑣𝑣
𝜔𝜔

sin(𝜔𝜔𝑎𝑎) − 0 

𝜌𝜌 =
𝑣𝑣
𝜔𝜔

 𝑎𝑎𝑟𝑟𝑑𝑑 𝑥𝑥(𝑎𝑎) = 𝜌𝜌 sin(𝜔𝜔𝑎𝑎) 

𝑦𝑦(𝑎𝑎) − 𝑦𝑦(0) = ∫ −𝑣𝑣𝑒𝑒𝑟𝑟𝑟𝑟(𝜔𝜔𝑎𝑎)𝑑𝑑𝑎𝑎𝑑𝑑
0 = 𝑣𝑣

𝜔𝜔
cos(𝜔𝜔𝑎𝑎) − 𝑣𝑣

𝜔𝜔
  



 

𝑦𝑦(𝑎𝑎) + 𝐿𝐿 = 𝜌𝜌 cos(𝜔𝜔𝑎𝑎) − 𝜌𝜌  

 

2.3𝑣𝑣 = 𝜌𝜌𝜔𝜔 = 𝜌𝜌𝜌𝜌𝐵𝐵
𝑚𝑚

 => 𝐵𝐵𝜌𝜌 = 𝑚𝑚𝑣𝑣
𝜌𝜌

  (non relativistic case) 

2.4 cyclotronic frequency of an electron : 

𝜔𝜔 = 2𝜋𝜋𝑓𝑓 and 𝑓𝑓 = 28 𝐺𝐺𝐺𝐺𝑧𝑧 

 

3. Charge breeding 

Atom mass is 𝑀𝑀 = 𝐴𝐴.𝑎𝑎𝑚𝑚𝑓𝑓 = 39 × 941,49 × 106𝑒𝑒𝑒𝑒/𝑟𝑟2 

Constant of motion : Kinetic energy (T) +potential energy (qV) =constant 

𝑇𝑇 + 𝑒𝑒𝑒𝑒 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎. = 𝐸𝐸 

1) In the 1+ source at potential 𝑒𝑒1 , the ion energy is such that 𝐸𝐸 = 𝑒𝑒𝑒𝑒1 = 10 𝑘𝑘𝑒𝑒𝑒𝑒 and 𝑇𝑇1 = 0 
2) After ion extraction, In the beam pipe at ground (so 𝑒𝑒2 = 0 there),  𝑇𝑇2 + 0 = 𝐸𝐸  

=> 𝑇𝑇2 = 10 𝑘𝑘𝑒𝑒𝑒𝑒 

𝑇𝑇2 = (𝛾𝛾 − 1)𝑀𝑀𝑟𝑟2 

𝛾𝛾 = 1 +
𝑇𝑇2
𝑀𝑀𝑟𝑟2

 

𝛽𝛽 = �1 − 1/𝛾𝛾2 = 0,000742 NON RELATIVISTIC 

 

𝑣𝑣 = 2,23 × 105𝑚𝑚/𝑒𝑒 

 

3) In the booster at potential 𝑒𝑒3 = 9,9 𝑘𝑘𝑒𝑒𝑒𝑒, the ion energy is such that :  
𝑇𝑇3 + 𝑒𝑒𝑒𝑒3 = 𝐸𝐸 = 10 𝑘𝑘𝑒𝑒𝑒𝑒 

𝑇𝑇3 = 100 𝑒𝑒𝑒𝑒 

𝑣𝑣 = �2𝑇𝑇3
𝑀𝑀

= 2,23 × 104 m/s 

3.3 

𝜎𝜎 ~4.5 × 10−14 𝑔𝑔𝑖𝑖  
𝑒𝑒𝑟𝑟 �𝑇𝑇𝑃𝑃𝑖𝑖

�

𝑇𝑇𝑃𝑃𝑖𝑖
 

𝑇𝑇 = 90 𝑒𝑒𝑒𝑒,𝑃𝑃𝑖𝑖 = 31,63 𝑒𝑒𝑒𝑒,𝑔𝑔𝑖𝑖 = 6  

𝜎𝜎 = 4,31 × 10−17𝑟𝑟𝑚𝑚2 

𝑟𝑟 = 1012 𝑟𝑟𝑚𝑚−3 



𝜆𝜆 =
1
𝜎𝜎𝑟𝑟

= 231,7 𝑚𝑚 

 

Coordinate x along the plasma. At x=0 the ions enter in the plasma, the initial number of ions there is 
𝑁𝑁(0) = 𝑁𝑁0 

The number of remaining beam after a thickness x is N(x) 

The number of collisions between the plasma of density n and the remaining ions at position x, in a 
slice of thickness dx is : 𝑁𝑁𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑁𝑁(𝑥𝑥).𝑟𝑟.𝜎𝜎.𝑑𝑑𝑥𝑥 

N(x) is a decreasing function with x 

So 𝑁𝑁(𝑥𝑥 + 𝑑𝑑𝑥𝑥) −𝑁𝑁(𝑥𝑥) = 𝑑𝑑𝑁𝑁 = −𝑁𝑁(𝑥𝑥)𝑟𝑟𝜎𝜎𝑑𝑑𝑥𝑥 = −N(x) dx
λ

   

 𝑑𝑑𝑑𝑑
𝑑𝑑

= −𝑑𝑑𝑥𝑥
𝜆𝜆

=> 𝑁𝑁(𝑥𝑥) = 𝑁𝑁(0)𝑒𝑒−𝑥𝑥/𝜆𝜆 

At x=L=0,5 m : 𝑑𝑑(𝐿𝐿)
𝑑𝑑(0) = 0,9978 

 
Conservation of the number of ions : 𝑁𝑁(0) = 𝑁𝑁1+(𝑥𝑥) + 𝑁𝑁2+(𝑥𝑥) 
 

𝑁𝑁2+(𝑥𝑥)
𝑁𝑁(0) = 1 − 𝑒𝑒−𝑥𝑥/𝜆𝜆 

𝑁𝑁2+(𝐿𝐿)
𝑁𝑁(0) = 1 − 𝑒𝑒−

𝐿𝐿
𝜆𝜆 = 0,0022 

 


