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Introduction:  form factorsB → π
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FNAL/MILC results obtained on asqtad ensembles 
using Fermilab approach for the b quarks 
[arXiv:1503.07839, PRD 2015] 
dominant contribution to the FLAG 2021 average

Enables determinations of  from exp. 
measurements of exclusive (differential) decay 
rates with commensurate contributions to total 
errors from lattice and experiment
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Introduction:  and  form factorsBs → K B → K
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[arXiv:1901.02561, PRD 2019] 
can be combined with new LHCb measurements
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[arXiv:1509.06235, PRD 2016] 
also results for tensor form factor

FNAL/MILC results obtained on asqtad ensembles using Fermilab approach for the b quarks
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From the asqtad to the HISQ ensembles
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FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC HISQ nf = 2+1+1
MILC asqtad  nf = 2+1

HISQ ensemble set:  
smaller discretization errors with HISQ action 
physical mass ensembles at every lattice 
spacing with  
➠ chiral interpolation

L ∼ 5.5 − 6 fm

Form factor projects on HISQ ensembles:  
1. Fermilab approach for b quark (same as on asqtad)  

➠ see Alejandro Vaquero talk 
2. HISQ action for heavy and light valence quarks  

➠ cross check of heavy quark discretization effects
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Finding Beauty
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 quarkb

 mesonB

   ➠ leading discretization errors  
                     (using same action and matching to 
                     cont. QCD as for light quarks)   

mb ≫ Λ ∼ (amb)2

use EFT 
• relativistic heavy quark approach (Fermilab) 

matching relativistic lattice action via HQET to continuum QCD 
nontrivial matching and renormalization 

   +  highly improved staggered quark (HISQ) action            
       ➠ same action for all quarks  
       ➠ simple renormalizations (Ward identities)

a−1 > mb ≫ Λ

➠ (1-3)% errors

➠ < 1% errors 
     are possible

uncontrolled if   
mb > a−1
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all HISQ  meson decay constantsB
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FIG. 8. Decay constants plotted in units of fp4s vs the heavy-strange meson mass for physical-mass
ensembles at three lattice spacings, and continuum extrapolation. For each color there are two sets
of data and fit lines: one with valence light mass mx = ms (higher one), and one with mx = mu.
The dashed vertical lines indicate the cut amh = 0.9 for each lattice spacing, and data points (with
open symbols) to the right of the dashed vertical line of the corresponding color are omitted from
the fit. The width of the fit lines shows the statistical error coming from the fit. The solid vertical
lines indicate the D and B systems, where MHs = MDs and MHs = MBs , respectively.

Altogether we have 492 lattice data points in the base fit and 60 parameters in the EFT
fit function. The fit has a correlated �

2
data/dof = 466/432, giving p = 0.12. Figure 8

shows a snapshot of the decay constants for physical-mass ensembles, plotted versus the
corresponding heavy-strange meson masses MHs at three lattice spacings. The continuum
extrapolation is also shown. The valence light mass mx is tuned either to ms (upper points)
or to mu (lower points). Data points with open symbols that are at the right of the dashed
vertical line of the corresponding color are omitted from the fit because they have amh > 0.9.
The fact that the fit lines agree well with the omitted points is evidence that we have not
overfit the data. In the continuum extrapolation, the masses of sea quarks are set to the
correctly-tuned, physical quark masses ml, ms, and mc, while at nonzero lattice spacing the
masses of the sea quarks take the simulated values.

The width of the fit lines in Fig. 8 shows the statistical error coming from the fit, which
is only part of the total statistical error, since it does not include the statistical errors in the
inputs of the quark masses and the lattice scale. To determine the total statistical error of
each output quantity, we divide the full data set into 20 jackknife resamples. The complete
calculation, including the determination of the inputs, is performed on each resample, and
the error is computed as usual from the variations over the resamples. (For convenience, we
kept the covariance matrix fixed to that from the full data set, rather than recomputing it

29

A. Bazavov et al [FNAL/MILC, arXiv:1712.09262, 2018 PRD]

W

µ+

Bs
µ�

ℬ(Bs → μ+μ−) = 3.660 (38) × 10−9

SM prediction for rare leptonic decay rate

other

CKM

fBs

error2

LQCD decay constant 
now sub dominant 
source of uncertainty!

S. Aoki et al 
[FLAG review, 
arXiv:2111.09849]

0.6%

[Beneke et al, arXiv:1908.07011]
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all HISQ semileptonic form factors: setup
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• Use HISQ action also for valence heavy and light quarks 
• heavy quark masses:               light quark masses:  
• hadronic matrix elements  from 3-pt functions:

0.9 mc ≤ mh ≲ mb ml = mud, 0.1 ms, 0.2 ms, ms
⟨L |Jμ |H⟩

✦ H meson at rest, L meson with recoil momentum  
✦ currents:    
✦ use Ward-Takashi identity to obtain renormalized vector current matrix elements   

| ⃗p L | ≥ 0
J = S, V0, Vi, Ti4

qμ⟨Vμ⟩ = (mh − ml) ⟨S⟩

H

tsource+Ttsource

tsource+t
l

q

h

L

J  
                      + excited states 
  

Combine information from 2&3 pt-functions to  
obtain desired hadronic matrix element 

C3pt( ⃗p L, t, T ) ∼ ZLZH⟨L |J |H⟩e−ELte−EH(T−t)
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Tests and correlator fits
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✦ Dispersion relation tests from pion two-point functions

   vs  E2/(m2 + p2) p2 Amplitude  vs  p2

✦ Stability of fit to obtain  from 3&2-pt functions under 
variations of fit parameters (# of states, tmin)

fD→π
0

✦ Test of Ward identity for ⟨π |J |D⟩

➠ small statistical uncertainties 
➠ small discretization effects 
➠ renormalizations ZVμ

≃ 1
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h⇡|V µ|Bi = f+(q
2)


pµB + pµ⇡ � M2
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+ f0(q

2)
M2
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B �M2

⇡
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f0(q
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h⇡|Tµ⌫ |Bi = 2
pµBp

⌫
⇡ � p⌫Bp

µ
⇡

MB +M⇡
fT (q

2)

Convenient for chiral-continuum expansion:

h⇡|V µ|Bi =
p
2MB

⇥
vµfk(E⇡) + pµ?f?(E⇡)

⇤

fk(E⇡) =
h⇡|V 4|Bip

2MB
,

f?(E⇡) =
h⇡|V i|Bip

2MB

1

pi

v = p/MB

pµ? = pµ � (p · v)vµ

form factors for B → πℓν
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Form Factors
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SU(3) ratios
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of order E⇡/mb. This ratio grows rapidly from E⇡/mb ⇠ 3% at q
2
max to E⇡/mb ⇠ 30% at

q
2 ⇡ 14 GeV2. The observed size of deviations from the leading heavy-quark-symmetry
prediction are somewhat larger than the rough estimate based on power counting. Although
form factors from ab-initio QCD are now available for B ! ⇡ and B ! K, other analyses
of semileptonic decay processes might still use heavy-quark-symmetry relations. Figure 1
provides quantitative, empirical guides for estimating the associated systematic uncertainty
introduced by their use.

In the limit q2 ⌧ M
2
B
, a collinear spin symmetry emerges for the energetic daughter quark,

and the vector, scalar, and tensor form factors are related to a universal MB-independent
form factor [98, 140]:

f+(q
2) =

MB

2EP

f0(q
2) =

MB

MB +MP

fT (q
2), (q2 ⌧ M

2
B
). (3.7)

The first relation merely recovers the kinematic constraint, f+(0) = f0(0). Unfortunately,
as q

2 decreases, so do the correlations between the lattice-QCD determinations of f+ and
fT . The error on the ratio fT/f+ therefore increases, reaching 100% at q2 = 0. Thus, we are
unable to quantitatively test the predicted relationship between fT and f+ at large recoil.

C. Tests of SU(3)-flavor symmetry

The B ! ⇡ and B ! K form factors would be equal in the SU(3)-flavor limit mu = md =
ms and, thus, di↵er due to corrections that are suppressed by the factor (ms�mud)/⇤, where
⇤ is a typical QCD scale inside heavy-light mesons. Indeed, approximate SU(3) symmetry
implies relations among all matrix elements of the form

hPqr̄(pP )|q̄�b|Br(pB)i, (3.8)

where r denotes the flavor of the spectator quark; � is �µ, 1, or i�µ⌫ ; and the subscript on
the final-state pseudoscalar denotes its flavor content.

A rule of thumb [141] for SU(3) breaking is that large e↵ects can be traced to the pseu-
doscalar masses—M

2
K

� M
2
⇡
—while SU(3)-breaking e↵ects in matrix elements per se are

small. In considering the matrix elements in Eq. (3.8), the final-state four-momentum pP

cannot be the same for all Pqr̄ mesons, because the mass shells di↵er. The masses a↵ect the
kinematic variables q2, EP , and pP in di↵erent ways.

In Ref. [122] (see also Ref. [141]), SU(3)-breaking was considered as a function of q2, with
the quantities R+,0,T (q2) defined as

Ri(q
2) =

f
BK

i
(q2)

fB⇡

i
(q2)

� 1, (3.9)

where i = +, 0, T . In Ref. [122], the ratios R+,0(q2) were calculated using lattice B ! ⇡ and
B ! K form factors from Refs. [142] and [43, 143], respectively. Here we repeat the tests in
Ref. [122] using the more precise Fermilab/MILC B ! ⇡ vector and scalar form factors [48],
and include an additional test using the Fermilab/MILC B ! ⇡ tensor form factor [63],
taking the B ! K form factors from Fermilab/MILC [62] as well. Figure 2, left, plots
the quantity Ri(q2), including correlations between the B ! ⇡ and B ! K form factors
from statistics as well as the dominant systematic errors [48, 62, 63]. We find that the sizes
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FIG. 2. SU(3)-flavor-breaking ratios using the Fermilab/MILC form factors [48, 62, 63] (solid and
hatched curves with error bands). Left: ratios R+,0,T (q2) [Eq. (3.9)]. Right: ratios R+,0,T (E)
[Eq. (3.10)]. We do not show RT when the error becomes too large to draw any useful inferences,
although the trend of the error band is shown by the thin lines extending from the RT error bands.

of Ri(q2) are between 20% and 60%, ranging from commensurate with (ms � mud)/⇤ (for
ms ⇠ 100 MeV, ⇤ ⇠ 500 MeV) to uncharacteristically large. In the region where the error
on the tensor form factors remain manageable, we find that RT (q2) ⇡ [R+(q2)+R0(q2)]/2, as
assumed in Ref. [122]. With the more precise Fermilab/MILC B ! ⇡ form factors [48, 63],
the resulting SU(3) breaking is larger than that deduced and employed in that work.

As an alternative to Eq. (3.9), we consider the analogous ratio with fixed final-state
energy (in the B rest frame):

Ri(E) =
f
BK

i
(E)

fB⇡

i
(E)

� 1. (3.10)

As shown in Fig. 2, right, the SU(3) breaking in Ri(E) is similar to that in Ri(q2).
A further alternative is to examine

R̃i(|v|) =
f
BK

i
(|v|)PBK

i

fB⇡

i
(|v|)PB⇡

i

� 1, (3.11)

where v = pP/MP is the final-state three-velocity (in HQET conventions) in the B-meson
rest frame. The factors PB⇡

0 = P
BK

0 = 1, PB⇡

+,T
= 1 � q

2
/M

2
B⇤ , and P

BK

+,T
= 1 � q

2
/M

2
B⇤

s
are

introduced to remove the kinematically important vector-meson pole from the vector and
tensor form factors. As shown in Fig. 3, this measure of SU(3) breaking is under 20% for
f+ and fT , and under 35% for f0 (in the momentum range shown). The result for R̃0 can
be understood in the soft-pion (soft-kaon) limit, where f0 / fB/fP , so

R̃0(|v| ! 0) =
f⇡

fK
� 1 ⇡ �0.16. (3.12)

which agrees very well with our result in Fig. 3 (right). Similarly, for R̃+

R̃+(|v| ! 0) =
f⇡gB⇤

sBK

fKgB⇤B⇡

� 1. (3.13)
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FIG. 3. Velocity-based SU(3)-flavor-breaking ratios R̃+,T (|v|) (left) and R̃0(|v|) (right) using the
lattice-QCD form factors from Refs. [48, 62, 63].

The SU(3)-breaking e↵ects in the couplings can be estimated from the chiral extrapolation
of a recent calculation of gB⇤B⇡ [144]. The expression of the chiral extrapolation of gB⇤B⇡

was given in Eq. (28) of Ref. [144]. Replacing the pions in the loops with kaons, we estimate
gB⇤

sBK/gB⇤B⇡ ⇡ 1.33 and, consequently, R+ ⇡ 0.11. Because of the heavy-quark relation
between fT and f+ discussed above, R̃T should be close to R̃+, and one can see in Fig. 3
(left) that this is indeed the case.

IV. STANDARD-MODEL RESULTS

We now use the Fermilab/MILC B ! ⇡ and B ! K form factors [48, 62, 63] to predict
B ! K(⇡)`+`�, B ! K(⇡)⌫⌫̄, and B ! ⇡⌧⌫ observables (and their ratios) in the Standard
Model. For predictions of B ! ⇡ decay observables, as in the previous section, we use the
more precise B ! ⇡ vector and scalar form factors obtained using the measured B ! ⇡`⌫ q

2

spectrum to constrain the shape. We present results for rare decays with a charged-lepton
pair final state, b ! q`` (q = d, s) in Sec. IVA, for rare decays with a neutrino pair final
state b ! q⌫⌫̄ (q = d, s) in Sec. IVB, and for tree-level b ! u⌧⌫⌧ semileptonic decays in
Sec. IVC. Where possible, we compare our results with experimental measurements.

We compile our numerical results for the partially integrated B ! K(⇡)`+`� observables
over di↵erent q2 intervals in Tables II–XV of Appendix A. To enable comparison with the
recent experimental measurements of B ! K(⇡)`+`� from LHCb, we provide the matrix
of correlations between our Standard-Model predictions for the binned branching fractions
(and the ratio of B ! ⇡-to-B ! K binned branching fractions) for the same wide q

2 bins
below and above the charmonium resonances employed by LHCb [45, 55].

Appendix B provides the complete expressions for the Standard-Model B ! K(⇡)`+`�

(` = e, µ, ⌧) di↵erential decay rates. The simpler expressions for the B ! K(⇡)⌫⌫̄ and
B ! ⇡⌧⌫ decay rates are presented in the main text of Secs. II C and IID, respectively. The
Wilson coe�cients and other numerical inputs used for all of the phenomenological analyses
in this work are given in Appendix C.
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of Ri(q2) are between 20% and 60%, ranging from commensurate with (ms � mud)/⇤ (for
ms ⇠ 100 MeV, ⇤ ⇠ 500 MeV) to uncharacteristically large. In the region where the error
on the tensor form factors remain manageable, we find that RT (q2) ⇡ [R+(q2)+R0(q2)]/2, as
assumed in Ref. [122]. With the more precise Fermilab/MILC B ! ⇡ form factors [48, 63],
the resulting SU(3) breaking is larger than that deduced and employed in that work.
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energy (in the B rest frame):
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As shown in Fig. 2, right, the SU(3) breaking in Ri(E) is similar to that in Ri(q2).
A further alternative is to examine
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introduced to remove the kinematically important vector-meson pole from the vector and
tensor form factors. As shown in Fig. 3, this measure of SU(3) breaking is under 20% for
f+ and fT , and under 35% for f0 (in the momentum range shown). The result for R̃0 can
be understood in the soft-pion (soft-kaon) limit, where f0 / fB/fP , so
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fK
� 1 ⇡ �0.16. (3.12)
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The SU(3)-breaking e↵ects in the couplings can be estimated from the chiral extrapolation
of a recent calculation of gB⇤B⇡ [144]. The expression of the chiral extrapolation of gB⇤B⇡

was given in Eq. (28) of Ref. [144]. Replacing the pions in the loops with kaons, we estimate
gB⇤

sBK/gB⇤B⇡ ⇡ 1.33 and, consequently, R+ ⇡ 0.11. Because of the heavy-quark relation
between fT and f+ discussed above, R̃T should be close to R̃+, and one can see in Fig. 3
(left) that this is indeed the case.

IV. STANDARD-MODEL RESULTS

We now use the Fermilab/MILC B ! ⇡ and B ! K form factors [48, 62, 63] to predict
B ! K(⇡)`+`�, B ! K(⇡)⌫⌫̄, and B ! ⇡⌧⌫ observables (and their ratios) in the Standard
Model. For predictions of B ! ⇡ decay observables, as in the previous section, we use the
more precise B ! ⇡ vector and scalar form factors obtained using the measured B ! ⇡`⌫ q

2

spectrum to constrain the shape. We present results for rare decays with a charged-lepton
pair final state, b ! q`` (q = d, s) in Sec. IVA, for rare decays with a neutrino pair final
state b ! q⌫⌫̄ (q = d, s) in Sec. IVB, and for tree-level b ! u⌧⌫⌧ semileptonic decays in
Sec. IVC. Where possible, we compare our results with experimental measurements.

We compile our numerical results for the partially integrated B ! K(⇡)`+`� observables
over di↵erent q2 intervals in Tables II–XV of Appendix A. To enable comparison with the
recent experimental measurements of B ! K(⇡)`+`� from LHCb, we provide the matrix
of correlations between our Standard-Model predictions for the binned branching fractions
(and the ratio of B ! ⇡-to-B ! K binned branching fractions) for the same wide q

2 bins
below and above the charmonium resonances employed by LHCb [45, 55].

Appendix B provides the complete expressions for the Standard-Model B ! K(⇡)`+`�

(` = e, µ, ⌧) di↵erential decay rates. The simpler expressions for the B ! K(⇡)⌫⌫̄ and
B ! ⇡⌧⌫ decay rates are presented in the main text of Secs. II C and IID, respectively. The
Wilson coe�cients and other numerical inputs used for all of the phenomenological analyses
in this work are given in Appendix C.
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on the tensor form factors remain manageable, we find that RT (q2) ⇡ [R+(q2)+R0(q2)]/2, as
assumed in Ref. [122]. With the more precise Fermilab/MILC B ! ⇡ form factors [48, 63],
the resulting SU(3) breaking is larger than that deduced and employed in that work.
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introduced to remove the kinematically important vector-meson pole from the vector and
tensor form factors. As shown in Fig. 3, this measure of SU(3) breaking is under 20% for
f+ and fT , and under 35% for f0 (in the momentum range shown). The result for R̃0 can
be understood in the soft-pion (soft-kaon) limit, where f0 / fB/fP , so
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Bazavov et al [arXiv:1901.02561] using FNAL/MILC form factors from [arXiv:1202.6346]  
(obtained on a subset of the asqtad ensembles)
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+,0 (B ! D), calculated

by the same collaborations in [15] in 2015 (right). These are the ingredients to reconstruct the

Bs ! Ds`⌫ form factors f reco
+,0 (Bs ! Ds).

D. Ratio of the Bs ! K`⌫ and Bs ! Ds`⌫ form factors

We also calculate the ratios of the scalar and vector form factors between the Bs ! K`⌫

and Bs ! Ds`⌫ semileptonic decays. The ratios can be used along with future experimental

results to determine the ratio of the CKM matrix elements |Vub/Vcb|.

First, we reconstruct the Bs ! Ds`⌫ form factors from our previous papers [13, 15]. Form

factor ratios, f 2012
+,0 (Bs ! Ds)/f 2012

+,0 (B ! D), and the B ! D`⌫ form factors, f 2015
+,0 (B !

D), are calculated in Refs. [13] and [15], respectively. They are shown in Fig. 19. The
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work in progress by FNAL/MILC to compute the complete set of semi-leptonic B (and D) 
meson form factors on the HISQ ensembles using the HISQ action for the valence light 
and heavy quarks (all HISQ approach) for the following channels: 

, , ,  and ,   and ,  

all analyses are BLINDED until systematic error analysis is finalized 
available range of lattice spacings  fm: 
➠ reach   with small discretization errors  
ensembles with physical light-quarks in the sea:  
➠ chiral interpolation with significantly reduced uncertainties 
analyses set-up to easily obtain correlations and form ratios  
(SU(3), , etc…)  
comparison with form factors calculated in the Fermilab-HISQ project (see Alejandro’s 
talk) will provide cross checks of heavy quark discretization effects. 
  

goal is to obtain all form factors with percent level precision

B → π Bs → K B → K B → D Bs → Ds B → D* Bs → D*s

a ∼ 0.03 − 0.15
mh = mb

Bs → K/Bs → Ds



Farah Willenbrock

Thank you!
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Table XV. The results of fits to experimental data only.

Fit �
2/dof dof p b1/b0 b2/b0 b0|Vub|⇥ 10�3

All exp. 1.5 48 0.02 �0.93(22) �1.54(65) 1.53(4)

BaBar11 [7] 2 3 0.12 �0.89(47) 0.5(1.5) 1.36(7)

BaBar12 [8] 1.2 9 0.31 �0.48(59) �3.2(1.7) 1.54(9)

Belle11 [9] 1.1 10 0.36 �1.21(33) �1.18(95) 1.63(7)

Belle13 [10] 1.2 17 0.23 �1.89(50) 1.4(1.6) 1.56(8)

Figure 26. The contour plot of the slope b1/b0 and curvature b2/b0 of the form factor f+. The

open ellipses are the 1-� contour of the slope and curvature constructed from the 3-parameter z fit

to individual experimental data. The gold filled ellipse is from the combined fit of all experimental

data. The cyan filled ellipse is from the 4-parameter z fit to lattice form factors.
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where the lattice and experimental chi squared functions are defined in Eqs. (5.15) and

(5.24), respectively. The fit is performed to these five independent data sets with common

shape parameters bm and overall normalization |Vub| by minimizing Eq. (5.27). Table XVI
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