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Basic Idea

• Discretize space to have Kronecker δxy instead of Dirac δ(x−y)   
so the degrees of freedom are countable [Z. Phys. 56 (1929) 1]. 

• Set up path integral for these degrees of freedom, which 
introduces discrete time steps [RMP 20 (1948) 367]. 

• Figure out how to enforce gauge invariance [PRD 10 (1974) 2445]. 

• End up with mathematically well-posed definition of QFT: 

• In finite volume, the number of degrees of freedom is finite (albeit large).
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• With a finite number of degrees of freedom, a computer can integrate. 

• Random number generator (Markov chain 
Monte Carlo) produces lattice data varying	
	 	  

• Extract masses, matrix elements, etc., 
from various correlation functions. 

• Use effective field theories to fit the lattice 
data to obtain results with 

• a → 0, 

• L, L4 → ∞, 

• quark masses tuned to nf hadron masses.
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a

L = NSa

L 4 =
 N

4a

(a,L,L4,{msea},mq,mQ)
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• This technique works best when e-iHt vs e-Hx4 is irrelevant, in particular, 

• (low-lying) energy levels, i.e., masses; 

• matrix elements with 1 hadron in the initial state and 0 or 1 hadrons in 
the final state: 

• decay and scattering mediated by electroweak currents; 

• local QCD observables; .... 

• QCD scattering and other two-body (even three-body) amplitudes can be 
obtained from precise calculations of the volume dependence of (not-so-
low-lying) energy levels. 

• Real time quantities, e.g., fragmentation functions, require new ideas or 
even new technologies such as quantum computers.
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Resources

• USQCD Whitepapers (published in the November 2019 issue of EPJA): 

• Quark and lepton flavor, Lehner, Meinel et al. arXiv:1904.09479; 

• Beyond the standard model, Neil et al. arXiv:1904.09964; 

• Neutrino-nucleus scattering, ASK, Richards et al. arXiv:1904.09931; 

• Fundamental symmetries, Cirigliano, Davoudi et al. arXiv:1904.09704; 

• Hadrons and nuclei, Detmold, Edwards et al. arXiv:1904.09512; 

• Hot, dense QCD, Karsch, Mukherjee et al., arXiv:1904.09951; 

• Calculations at the exascale, Joó, Jung et al., arXiv:1904.09725; 

• Flavor Lattice Averaging Group, arXiv:1902.08191, updates at FLAG 019..
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https://link.springer.com/journal/10050/topicalCollection/AC_441c8f346e52ea575708850ad9629286
http://inspirehep.net/record/1730491
http://inspirehep.net/record/1730601
http://inspirehep.net/record/1730504
http://inspirehep.net/record/1730510
http://inspirehep.net/record/1730506
http://inspirehep.net/record/1730501
http://inspirehep.net/record/1730494
http://inspirehep.net/record/1721393
http://flag.unibe.ch/2019/MainPage
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• Higgs Physics: Quark Masses; αs 

• Lepton-Flavor Physics: Nucleonic Ingredients for νA Scattering 

• HI-LHC+EIC Physics: Parton Distribution Functions 
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6



Quark-Flavor Physics
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arXiv:1902.08191

http://flag.unibe.ch/2019/MainPage
http://arXiv.org/abs/1902.08191/
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arXiv:1902.08191

|Vud| |Vus| |Vub|

|Vcb||Vcd| & |Vcs|

arg V*ub|Vtd| & |Vts|

http://flag.unibe.ch/2019/MainPage
http://arXiv.org/abs/1902.08191/


• Major update from Fermilab Lattice/MILC [arXiv:1712.09262]: ~0.2% 

• Also RBC/UKQCD [arXiv:1701.02644].
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http://inspirehep.net/record/1644910
http://inspirehep.net/record/1508489


• Updates from Fermilab Lattice/MILC [arXiv:1712.09262]: ~0.7% 

• Other updates from HPQCD [arXiv:1711.09981], ETM [arXiv:1603.04306].

|Vub|: Leptonic

175 185 195 205 215 225 235 245 255

Fermilab/MILC 17

HPQCD 17 (pseudoscalar current)

ETM 16

HPQCD 13 (NRQCD b)

RBC/UKQCD 14

HPQCD 12 (NRQCD b)

HPQCD 11 (HISQ b)

Fermilab/MILC 11 (Clover b)

fBs (MeV)fB+ (MeV)

u, d, s, c sea

u, d, s sea

10

http://inspirehep.net/record/1644910
https://inspirehep.net/record/1639266
https://inspirehep.net/record/1427417


• Semileptonic decays are a bit harder for lattice QCD: function of q2 and 
final-state hadron.  But experimental rates are higher. 

• For |Vcb| and |Vub|: 

• B → D(*)lν [arXiv:1501.05373, arXiv:1503.07839, earlier, underway]; 

• B → πlν [arXiv:1501.05373, arXiv:1503.07839, earlier, underway]; 

• Bs → Klν [arXiv:1808.09285, arXiv:1901.02561, underway]; 

• Λb → Λc/plν: Detmold, Lehner, Meinel [arXiv:1503.01421]. 

• Explore prospects for, e.g., B → K*ll (two-hadron final state).

Semileptonic Decays
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↳ Kπ

http://inspirehep.net/record/1340702
http://inspirehep.net/record/1356283
http://inspirehep.net/record/1340702
http://inspirehep.net/record/1356283
http://inspirehep.net/record/1691728
http://inspirehep.net/record/1712821
http://inspirehep.net/record/1347268
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↳ Kπ

Aim to keep QCD uncertainties similar to Belle 2 and LHCb uncertainties.

http://inspirehep.net/record/1340702
http://inspirehep.net/record/1356283
http://inspirehep.net/record/1340702
http://inspirehep.net/record/1356283
http://inspirehep.net/record/1691728
http://inspirehep.net/record/1712821
http://inspirehep.net/record/1347268


• Most recent entry in FLAG 2016 was HPQCD 2010 (D → K), 2011 (D → π); 
see also arXiv:1305.1462 (unpublished). 

• Newer results from ETM removes hypercubic artifacts [arXiv:1706.03017] 
and determines CKM [arXiv:1706.03657]. 

• BES III obtains f+(0)|Vcs| = 0.7053 ± 0.0040 ± 0.0112 and f+(0)|Vcd| = 0.1400 
± 0.0026 ± 0.0007 [].

|Vcd| and |Vcs|: Semileptonic
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|Vcs| = 0.945(4)(38)
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http://inspirehep.net/record/1232211
http://inspirehep.net/record/1604031
http://inspirehep.net/record/1604280


• QCD uncertainty in |Vus| now the same as experiment [arXiv:1809.02827].

|Vus|: Semileptonic

13

|Vus| = 0.22333(42)expt(43)f+(0)

http://inspirehep.net/record/1693293


• QCD uncertainty in |Vus| now the same as experiment [arXiv:1809.02827].

|Vus|: Semileptonic

13

|Vus| = 0.22333(42)expt(43)f+(0)

~2σ violation of unitarity becomes >5σ with new RC

http://inspirehep.net/record/1693293


Quark Masses

https://imgur.com/S4HBG


• Mass renormalization [m = mMS(mMiSi)]: 

• m = Zm(m0 – mcr , with Zm either ≤ 2 loops or nonperturbative. 

• Ward identities: 

• mAWZP [ P] = ZA [d.A], run mAW to high scale μ & convert to mMS((u). 

• Continuum limit ⊗ continuum pQCD: 

• lim Gn(Qa) = 1 + Sum Gn(k) as(Q, e.g., quarkonium moments. 

• Continuum limit ⊗ HQET: 

• M = mMRSS + LMRSS + . . ., e.g., heavy-light meson masses.

lim
a!0

Gn(Qa) = 1+
K�3

Â
k=1

G(k)
n ak

s (Q)
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m̄ = Zm(m0 �mcr)
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mAWZPhPi= ZAh∂ ·Ai
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Four Methods
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mMS(µ)
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m̄ = mMS(mMS)
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new!

new!

new!M = mMRS + L̄MRS + · · ·
<latexit sha1_base64="Z6GOqcuHHozkWghLirXhmEj9XZA="></latexit>



• Very precise determinations of heavy-quarks come from: 	 	
	 	
	 	
	 	
	 	
	 	
	
Bochkarev & de Forcrand [hep-lat/9505025],	
Allison et al. [HPQCD, arXiv:0805.2999]. 

• New analysis on 11 hotQCD ensembles 
(nf = 2+1 HISQ) by Maezawa & Petreczky 
[arXiv:1606.08798] compatible with earlier 
HPQCD results [arXiv:1408.4169].

Charmonium Correlators

even
lim
a!0

Gn

Gtree
n

= gn(as(µ),mc,MS/µ)

Gn = Â
t

tnm2
0

D
c̄g5c(t) c̄g5c(0)

E
, n � 4
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this paper
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http://inspirehep.net/record/395527
http://inspirehep.net/record/786244
http://inspirehep.net/record/1472824
http://inspirehep.net/record/1311492


• Fix gauge and use quark vertex function: 

• Trickiest part of the analysis is that this gauge-fixed quantity has “gluon-
mass condensate” contribution ~ [A2/µ2]]. 

• Run mSMOM = ZSMOMmmiim0 to a high scale and convert to mMjjjjjjS.

RI-SMOM Method 
arXiv:1805.06225
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hA2i/µ2
<latexit sha1_base64="26KnvpmrwR1JpfzrMrd/cmb+yco="></latexit><latexit sha1_base64="xxaFPCYDez6VI9cQTLi9lDT9jiU="></latexit><latexit sha1_base64="xxaFPCYDez6VI9cQTLi9lDT9jiU="></latexit><latexit sha1_base64="IEzk7VwS4zIcXWW1YfIm7bleopI="></latexit>

LP = hS�1(p1)ihȳg5y(p1, p2)ihS�1(p2)
i

|p1 + p2|= |p1|= |p2|⌘ µ

ZSMOM

P (µ)⌘ LP(µ)
L(0)

P

ZSMOM

m (µ) = 1/ZSMOM

P (µ)
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mSMOM(µ) = ZSMOM
m (µ)m0
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Heavy-light Meson Masses

• From HQET (or other approaches to the 1/mh expansion):	 	
	 	
	 	
	 	
	 	
	 	
	 	
	 	
	 	
	 	
	 	
	  

• This formula used to determine M, Mj, and MG(mh) from lattice QCD in 
hep-ph/0006345; new, improved theory [arXiv:1712.04983].
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http://inspirehep.net/record/1643281


• New idea how to isolate the leading O(Λ) ambiguity in the pole mass, 
yielding an unambiguous definition of Λ. 

• For the bottom quark (tree, 1-loop, 2-loop, 3-loop, 4-loop): 

• For the top quark (tree, 1-loop, 2-loop, 3-loop, 4-loop): 	 	
	 	
	 	
	
could have implications for top physics at LHC.

Minimal Renormalon Subtraction 
arXiv:1701.00347, arXiv:1712.04983
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mb,pole/m̄b = (1,1.093,1.143,1.183,1.224)

mb,MRS/m̄b = (1.157,1.133,1.131,1.132,1.132)

mt,MRS/m̄t = (1.0687,1.0576,1.0573,1.0574,1.0574)

L̄
<latexit sha1_base64="RoXw9Oi/qizEnWGY8XmGth4Fgmc="></latexit>
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Results from MRS/HQET

• Masses in numerical form: 

• Mass ratios:
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αs parametric not 
PT truncation

mc/ms = 11.784(11)stat(17)syst(00)as(08) fp,PDG

mb/ms = 53.93(7)stat(8)syst(1)as(5) fp,PDG

mb/mc = 4.577(5)stat(7)syst(0)as(1) fp,PDG
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ml,MS(2 GeV) = 3.404(14)stat(08)syst(19)as(04) fp,PDG MeV

mu,MS(2 GeV) = 2.118(17)stat(32)syst(12)as(03) fp,PDG MeV

md,MS(2 GeV) = 4.690(30)stat(36)syst(26)as(06) fp,PDG MeV

ms,MS(2 GeV) = 92.52(40)stat(18)syst(52)as(12) fp,PDG MeV

mc,MS(3 GeV) = 984.3(4.2)stat(1.6)syst(3.2)as(0.6) fp,PDG MeV

mb,MS(mb,MS) = 4203(12)stat(1)syst(8)as(1) fp,PDG MeV
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Heavy Comparisons
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• Precision: 0.3% for bottom to 0.5% for charm.
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Light Comparisons
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Obtained from charmed quark mass and mass ratios.

• Precision: 2% for up quark.
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αs



• Small Wilson loops: 

• ☐ = 1 + αs z1 + αs2 z2 + …; isolate sides, corners, area. 

• Vertex functions: 

• Ratio of dressed and bare ghost-gluon vertex. 

• Continuum limit ⊗ continuum pQCD: 

• lim Gn(Qa) = 1 + Sum Gn(k) as(Q, e.g., quarkonium moments. 

• Continuum limit ⊗ step scaling: 

• QCD in a can.

lim
a!0

Gn(Qa) = 1+
K�3

Â
k=1

G(k)
n ak

s (Q)
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• Wilson loop W	 has UV singularities. 

• Creutz ratios χ	

cancels these, but still has UV behavior.  

• Tadpole-improved Wilson loops: cancel sides. 

• OPE/Symanzik: W	 ,; 
condensate information must be accounted for. 

• R	 ; Q = d/a, with d estimated via BLM. 

• Range of Q at present is ~6 = 1.8/0.3.

c(N1,M1,N2,M2) =
W (N1 ⇥M1)W (N2 ⇥M2)

W (N2 ⇥M1)W (N1 ⇥M2)

W (P ) = Re�trexp
H

P dz ·A⇥

R =� lnW,� lnc

WN⇥M = ZN⇥M(as)+a4KN⇥M(as)as trGµnGµn

Small Wilson Loops 
HPQCD, arXiv:0807.1687; Maltman, arXiv:0807.2020
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• Fix gauge and use gluon-ghost vertex function—an RI-MOM definition. 

• Same basic idea as the RI-MOM schemes for quark masses, including 
gauge-variant condensates. 

• Run mSM    OM = ZSMOMmmiim0 to a high scale and convert to mMjjjjjjS. 

• Not as advanced as other methods at present. 

• References: hep-lat/9605033, arXiv:1201.5770, arXiv:1702.00612.

Vertex Functions
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aRI-MOM

s (µ) = Z̃RI-MOM

1
(µ)a0
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• Many precise determinations of heavy-quarks come from: 	 	
	 	
	 	
	 	
	 	
	 	
	
Bochkarev & de Forcrand [hep-lat/9505025],	
Allison et al. [HPQCD, arXiv:0805.2999]. 

• New analysis on 11 ensembles from hotQCD 
(nf = 2+1 HISQ) by Maezawa & Petreczky 
[arXiv:1606.08798] compatible with earlier 
HPQCD results [arXiv:1408.4169].

Quarkonium Correlators

even
lim
a!0

Gn

Gtree
n

= gn(as(µ),mc,MS/µ)

Gn = Â
t

tnm2
0

D
c̄g5c(t) c̄g5c(0)

E
, n � 4
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quarkonium moments method

 0.116  0.118  0.12
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Nf = 2 + 1

Nf = 2 + 1 + 1
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this paper

JLQCD’16

Bazavov’14

HPQCD’10

αs(MZ)
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• QCD in a small volume is still QCD, but it is (mostly) perturbative, with the 
box size L being the short distance. 

• In this way, it is possible to probe a very large range of scales: 

• if L is small, the continuum limit is feasible. 

• Can obtain a nonperturbative calculations of ams21/L) (in a finite-volume 
scheme) and verify where perturbative running is observed. 

• Units of L obtained from computing a hadron mass in a large volume 10L:

Schrödinger Functional 
e.g., arXiv:1706.03821
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aSF(1/L)
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10L
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Mpa =C ) L =
C

10MPDG
p
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αs Comparisons 
arXiv:1902.08191

• Good consistency 

• w/in lattice QCD; 

• w/ scattering + 
perturbative QCD. 

• Lattice QCD will 
presumably dominate 
αs determinations in 
HL-LHC + EIC eras.
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Lepton-Flavor Physics



Neutrino Physics—nN Scattering

• Key issue in neutrino oscillations is to reconstruct the neutrino energy, but 
the nuclear remnant (and possibly other particles) are not detected. 

• Therefore, nuclear models are needed. 

•  The models require nucleonic ingredients which should come from QCD: 

• Therefore, aim to get scattering amplitudes from first principles: 

• np or nd scattering experiments in the Tokai, NuMI, or LBNF beam; 

• lattice QCD with error budgets as comprehensive as those for CKM.
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Lattice QCD Calculations

• Calculate quantities of the form (Jν = electroweak current)	 	
	 	
	 	
	
where Ni and Nf are states are single nucleons, two nucleons, nucleons 
with pions (including resonances), or small nuclei. 

• Ingredients for nuclear many-body theory: 

• the matrix elements themselves; 

• chiral-effective-theory couplings, potentials, etc., from EFT analysis of 
lattice-QCD properties of small (and eventually medium) nuclei.
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Nucleon Isovector Form Factors

• In the quasielastic region, nucleon form 
factors are key: 

• vector form factors can be obtained from 
eN scattering and isospin; 

• axial form factor FA(Q2) is important only 
in neutrino scattering— 

• elementary target, nd or np; 

• lattice QCD (e.g., arXiv:1801.01635); 

• slope of FA is controversial (see next).
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Axial Form Factor

• Hill, Marciano, Kimmel, Sirlin [arXiv:1708.08462] 
argue solid lattice-QCD calculations of	
	 	
	 	
	 	
are urgently needed.
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Future Topics and Challenges

• Form factors for Nπ final states (incorporating resonances) {NN|JiiNN}: 

• finite-volume conceptual formalism 2015; calculation with mesons 2017. 

• Two-body currents—urgent request from many-body theorists: 

• finite-volume formalism for {NN|Jiiiii|NN} now worked out. 

• Parity-violating structure functions for deep inelastic region. 

• Axial-current matrix elements in light nuclei: 3H, 3He, 4He, 6Li, ... 

• growth of Wick contractions factorial is in number of quark lines.
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HL-LHC and EIC Physics



• Any improvement benefits (HL-)LHC searches. 

• EIC will provide unprecedented measurements. 

• Moments of PDFs: 

• higher moments power-law divergent; 

• gradient flow [arXiv:1612.01584] is a theoretically appealing way to 
smooth a gauge field; 

• fixing a short flow “time” in physical units provides an observable w/o 
power-law divergence: use continuum pQCD to convert from flow-time 
scheme to MS scheme.

Parton Distribution Functions

http://inspirehep.net/record/1501937


Parton Distribution Functions

• Dependence on Bjorken x: 

• Explosion of numerical & theoretical  
work ⇐ first USQCD studies.
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A.D. Martin et al. 
Eur.Phys.J. C63, 189 
(2009)

J.F. Owens et al.
PRD 87, 094012 
(2012)

S. Dulat et al. 
arXiv:1506.07443

Quark Distribution 
§ A first exploratory study 
[Nf = 2+1+1 clover/HISQ lattices (MILC)
Mπ ≈ 310 MeV, a ≈ 0.12 fm (MπL ≈ 4.5), O(103) measurements

HWL et al. 1402.1462

Huey-Wen Lin — Symposium on EFT & LGT @ IAS TUM
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The isovector PDF at large x can be used as a con-
straint in global PDF analysis. The large-x experimental
data are often contaminated by nuclear e↵ects, which
are hard to cleanly remove. Many current PDF analyses
rely on extrapolation in these regions. There are ongoing
LHCb measurements that can potentially improve and
constrain the PDF in the large-x region, but the precision
of these data are not yet good enough to make a di↵er-
ence. A recent community whitepaper among lattice and
global analysis practitioners [60] predicted that a calcu-
lation of the large-x isovector with 10% final error can
improve on the current PDF, especially in the antiquark
regions where experimental inputs are even scarcer. Cur-
rently, we are able to reproduce the global PDF results;
the next step will be to plan improved calculations with
total uncertainty less than 10%. 2) With the promising
results shown here, we can proceed with similar analy-
ses for the less known polarized PDFs, such as helicity
and transversity (the longitudinal and transversely polar-
ized PDFs), where the isovector PDFs needed to make
impacts for global analysis are less demanding than the
unpolarized ones.
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FIG. 4. Our final PDF renormalized at 3 GeV and compared
with CT14 [61] which is consistent with NNPDF3.1 distribu-
tion [62] and CJ15 [63]. Our results agree nicely with the
global-analysis PDF.

Summary and Outlook: In this work, we report the
state-of-the-art isovector unpolarized quark distribution
using lattice QCD directly at physical pion mass. We
use nucleon boosted momenta as large as 3 GeV with
high-statistics analysis. We carefully study excited-state
systematics whose error is reflected in our final distri-
bution uncertainty. We renormalize our nucleon matrix

element using the nonperturbative RI/MOM renormliza-
tion, and perform the LaMET one-loop finite-momentum
matching and conversion to MS-scheme to connect lattice
quasi-distribution to lightcone distribution. We found
our final distribution agree well with the global analysis
distribution. We carefully examine all possible system-
atics which will give us better guideline to improve our
future calculations and provide better precision distribu-
tions. Future direction will be investigating smaller lat-
tice spacing ensembles for reaching even higher boosted
momentum such that we can push toward smaller-x re-
gion.
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• Need for dialog between EIC, LHC, and lattice QCD communities! 

• Already begun: “Parton distributions and lattice QCD calculations: 
A community white paper,” H.-W. Lin et al. arXiv:1711.07916. 

• What is the correct way to think about the interplay between experiment 
and lattice QCD?  If PDF uncertainties (at high x) are 

• 20%, 10%, or 5%? 

• Results from QCD Lagrangian, with reliable uncertainty estimates.

PDF Outlook
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Outlook



• Lattice QCD now has had huge impact in quark-flavor physics: 

• results are increasingly precise: sub-% threshold has been passed for 
fB(s), fD(s), mb, mc (and good enough for Belle 2, BES III); 

• quark masses already more than good enough for ILC Higgs studies. 

• (Lattice QCD is on track to reduce hadronic uncertainties in muon g−2.) 

• Bright future for nucleon matrix elements: 

• form factors for neutrino physics; 

• PDFs for HL-LHC & EIC; 

• many others for the precision frontier.
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QCD 
is 

everywhere!



Thank you!
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