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Outline

• Light-front Hamiltonian approach

• Application to the nucleon
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• Conclusion
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Fundamental Questions: Emergence
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I n t r o d u c t i on B L F Q | qqq i | qqq i + | qqqg i C on c l u si on s

Fundamental Propert ies: Mass and Spin

• About 99% of the visible mass is

contained within nuclei

• Nucleon: composite part icles, built

from nearly massless quarks (⇠ 1%

of the nucleon mass) and gluons

• How does 99% of the nucleon mass

emerge?

• Quant itat ive decomposit ion of

nucleon spin in terms of quark and

gluon degrees of freedom is not yet

fully understood.

• To address these fundamental issues

! nature of the subatomic force

between quarks and gluons, and the

internal landscape of nucleons.

1
P i c t u r es ( t op t o b ot t om ) t ak en f r om A . Si gn or i ’ s t a l k , J . Q u i t a l k , C . L or ce’ s t a l k
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Nucleon mass Nucleon spin Nuclear force

3D image in terms of 
quarks and gluons in 
the EIC era



Hamiltonian Formalism

• Schrödinger equation universally describes different physics：
𝐻 𝜓 = 𝐸|𝜓〉

Nonrelativistic Nonrelativistic Relativistic

atom nucleus hadron

• Wave functions encode full information of the system
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Light-front Time

• Hadron structure is measured by (virtual) photon

• We "see” the world at fixed light-front time (𝑡 = 𝑥0 + 𝑥3) 
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t º x0
2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x) = ||∂x/ ∂x||, part icularly

d4x = J (x) d4x. We shall keep track of the Jacobian only implicit ly. The three-volume

element dω0 is t reated correspondingly.

All the above considerat ions must be independent of this reparametrizat ion. The

fundamental expressions like the Lagrangian can be expressed in terms of either x or x.

There is however one subt le point . By matter of convenience one defines the hypersphere

as that locus in four-space on which one sets the ‘init ial condit ions’ at the same ‘init ial

t ime’, or on which one ‘quant izes’ the system correspondingly in a quantum theory. The

hypersphere is thus defined as that locus in four-space with the same value of the ‘t ime-

like’ coordinate x0, i.e. x0(x0, x) = const. Correspondingly, the remaining coordinates

are called ‘space-like’ and denoted by the spat ial three-vector x = (x1, x2, x3). Because

of the (in general) more complicated metric, cuts through the four-space characterized

by x0 = const are quite different from those with x0 = const. In generalized coordinates

the covariant and contravariant indices can have rather different interpretat ion, and one

must be careful with the lowering and rising of the Lorentz indices. For example, only

∂0 = ∂/ ∂x0 is a ‘t ime-derivat ive’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P0

which in general are completely different objects. The actual choice of x(x) is a matter

of preference and convenience.

2D Forms of H amilt onian D ynamics

Obviously, one has many possibilit ies to parametrize space-t ime by introducing some

generalized coordinates x(x). But one should exclude all those which are accessible by a

t º x+ = x0 + x32 HAMILTONIAN DYNAMICS 19
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i
¶

¶t
j(t) = H j(t) i

¶

¶x+
j(x+ ) =

1

2
P- j(x+ )

P0 = m2 + P2
P- =

m2 + P̂2

P+

𝑥1, 𝑥2, 𝑥3

𝑃0, 𝑃

𝑥− = 𝑥0 − 𝑥3,
𝑥⊥ = 𝑥1,2

𝑃− = 𝑃0 − 𝑃3,
𝑃+ = 𝑃0 + 𝑃3,𝑃⊥ = 𝑃1,2

Advantage:

• Frame-independent light-front wave 
functions

• Convenience in evaluating observables 
defined on the light-front

• Light-front wave functions carry parton
interpretation

• Hamiltonian formalism
• ...

Light-front Quantization

Equal time quantization Light-front quantization

[Dirac, 1949]



Basis Light-front Quantization

• Nonperturbative eigenvalue problem
𝑃−| ⟩𝛽 = 𝑃𝛽

−| ⟩𝛽

• 𝑃−: light-front Hamiltonian
• | ⟩𝛽 : mass eigenstate
• 𝑃𝛽

−: eigenvalue for | ⟩𝛽

• Evaluate observables for eigenstate

𝑂 ≡ 𝛽 𝑂 𝛽

• Fock sector expansion
• Eg.

• Discretized basis

• Transverse: 2D harmonic oscillator basis: Φ𝑛,𝑚
𝑏 Ԧ𝑝⊥ . 

• Longitudinal: plane-wave basis, labeled by 𝑘. 
• Basis truncation: 

σ𝑖 2𝑛𝑖 + 𝑚𝑖 + 1 ≤ 𝑁𝑚𝑎𝑥,       σ𝑖 𝑘𝑖 = 𝐾. 
𝑁𝑚𝑎𝑥 , 𝐾 are basis truncation parameters

• Color degrees of freedom

⟩|proton = 𝑎 ⟩|𝑞𝑞𝑞 + 𝑏 ⟩|𝑞𝑞𝑞𝑔 + 𝑐 ⟩|𝑞𝑞𝑞𝑞ത𝑞 + 𝑑 ⟩|𝑞𝑞𝑞𝑔𝑔 +. . .

7

[Vary et al, 2008]



Light-front QCD Hamiltonian (First Principle)

𝑃𝐿𝐹𝑄𝐶𝐷
−

From QCD Lagrangian with 𝐴+ = 0
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Light-Front Hamiltonian (Model I)

𝑷− = 𝑯𝑲.𝑬. +𝑯𝒕𝒓𝒂𝒏𝒔 +𝑯𝒍𝒐𝒏𝒈𝒊 +𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕

𝑯𝒕𝒓𝒂𝒏𝒔 ~ 𝜿𝑻
𝟒𝒓𝟐

𝑯𝒍𝒐𝒏𝒈𝒊 ~−

𝒊𝒋

𝜿𝑳
𝟒𝝏𝒙𝒊 𝒙𝒊𝒙𝒋𝝏𝒙𝒋

𝑯𝑲.𝑬. =

𝒊

𝒑𝒊
𝟐 +𝒎𝒒

𝟐

𝒑𝒊
+

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = −
𝑪𝑭𝟒𝝅𝜶𝒔
𝑸𝟐 

𝒊,𝒋(𝒊<𝒋)

ഥ𝒖𝒔𝒊
′ 𝒌𝒊

′ 𝜸𝝁𝒖𝒔𝒊 𝒌𝒊 ഥ𝒖𝒔𝒋
′ 𝒌𝒋

′ 𝜸𝝁𝒖𝒔𝒋(𝒌𝒋)

[Y. Li, X. Zhao , P Maris , J. P. Vary, PLB 758(2016)]

[S. J. Brodsky, G. de Teramond arXiv: 1203.4025]

Parameters are determined 
through fitting nucleon mass 
and EMFFs.

[S. Xu et al, PRD 104 094036(2021)]
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| ൿ𝑃𝑏𝑎𝑟𝑦𝑜𝑛 = | ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞 𝑞ത𝑞 + ⋅⋅⋅⋅⋅⋅



GE(Q2) for proton in BLFQ

PRC79, 035205 Arrington 07

Milbrath 99, PRL 82, 2221

Pospischil 01, EPJ A12, 125

Jones 2000 PRL 84, 1398

Gayou 01, PRC, 038202

Gayou 02, PRL 88, 092301
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Anomalous magnetic moment
Proton : 𝜇𝑁 = 2.44 (Exp. : 2.79)

Neutron : 𝜇𝑁 = −1.41 (Exp. : −1.91)

proton

proton

[C. Mondal, et al. PRD. 102. 016008 (2020)]

I n t r o d u c t i on B L F Q | qqq i | qqq i + | qqqg i C on c l u si on s
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• Form factors: spatial 
distributions of charge 
and magnetization in 
the transverse plane

Truncation parameters: 𝑁𝑚𝑎𝑥=10    𝐾 =16.5 10



Parton Distribution Functions

11

• PDFs: longitudinal
distribution of partons

• Initial scale obtained 
from first moments

[S. Xu et al, PRD 104, 094036 (2021) ]

up

down

Φ 𝛾+ 𝑥, 𝑄2

= න
𝑑𝑧−

8𝜋
𝑒𝑖𝑥𝑃

+𝑧−/2⟨𝑃, Λ ത𝜓 𝑥 𝛾+𝜓 0 𝑃, Λ⟩

• Qualitative agreement 
with global fits

𝜇0
2 = 0.19 ± 0.02 GeV2



[S. Xu et al, PRD 104, 094036 (2021) ]

Generalized Parton Distribution Functions (GPD)

BLFQ

JLab/CLAS

HERMES

0.05 0.10 0.50 1
0.0

0.2

0.4

0.6

0.8

x

〈b
⊥2
〉(
x

)
(f
m
2
)

Φ 𝛾+ 𝑥, 𝑄2 = න
𝑑𝑧−

8𝜋
𝑒𝑖𝑥𝑃

+𝑧−/2⟨𝑃′, Λ ത𝜓 𝑥 𝛾+𝜓 0 𝑃, Λ⟩

• x-dependent radius qualitatively agree with experimental data

12

• GPD: 3D distribution of partons in coordinate space



Transverse Moment Dependent Distributions (TMD)

• Six leading twist T-even TMDs at initial scale ( 𝜇𝑖
2 = 𝜁𝑖 = 0.195 GeV2 )

[Z. Hu et al, PLB 833, 137360 (2022)] 13

• TMD: 3D distribution of partons in momentum space



𝑁max = 9,𝐾 = 16.5

𝒎𝒖 𝒎𝒅 𝜿 𝒎𝒈 𝒎𝒊𝒏𝒕 𝒃𝒊𝒏𝒔𝒕 b g

0.32
GeV

0.25
GeV

0.54 
GeV

0.50
GeV

1.80
GeV

3.00
GeV

0.70
GeV

2.40

Different Mass
Asymmetry of u and d

Confining interaction

UV Cutoff
In Instantaneous term

• 𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 → 𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = 𝑯𝑽𝒆𝒓𝒕𝒆𝒙 + 𝑯𝒊𝒏𝒔𝒕

Parameters are determined through 
fitting nucleon mass and EMFFs.
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Light-Front Hamiltonian (Model II)
| ൿ𝑃𝑏𝑎𝑟𝑦𝑜𝑛 = | ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞 𝑞ത𝑞 + ⋅⋅⋅⋅⋅⋅

[S. Xu, C. Mondal, X. Zhao, Y. Li, J. P. Vary, 2209.08584 [hep-ph]]

+



Light-Front Hamiltonian (Model I)

𝑷− = 𝑯𝑲.𝑬. +𝑯𝒕𝒓𝒂𝒏𝒔 +𝑯𝒍𝒐𝒏𝒈𝒊 +𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕

𝑯𝒕𝒓𝒂𝒏𝒔 ~ 𝜿𝑻
𝟒𝒓𝟐

𝑯𝒍𝒐𝒏𝒈𝒊 ~−

𝒊𝒋

𝜿𝑳
𝟒𝝏𝒙𝒊 𝒙𝒊𝒙𝒋𝝏𝒙𝒋

𝑯𝑲.𝑬. =

𝒊

𝒑𝒊
𝟐 +𝒎𝒒

𝟐

𝒑𝒊
+

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = −
𝑪𝑭𝟒𝝅𝜶𝒔
𝑸𝟐 

𝒊,𝒋(𝒊<𝒋)

ഥ𝒖𝒔𝒊
′ 𝒌𝒊

′ 𝜸𝝁𝒖𝒔𝒊 𝒌𝒊 ഥ𝒖𝒔𝒋
′ 𝒌𝒋

′ 𝜸𝝁𝒖𝒔𝒋(𝒌𝒋)

[Y. Li, X. Zhao , P Maris , J. P. Vary, PLB 758(2016)]

[S. J. Brodsky, G. de Teramond arXiv: 1203.4025]

Parameters are determined 
through fitting nucleon mass 
and EMFFs.

[S. Xu et al, PRD 104 094036(2021)]
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| ൿ𝑃𝑏𝑎𝑟𝑦𝑜𝑛 = | ⟩𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞 𝑞ത𝑞 + ⋅⋅⋅⋅⋅⋅



Connection with Light-front QCD Hamiltonian

𝑃𝐿𝐹𝑄𝐶𝐷
−

First-principles 
interactions are 
included



BLFQ without DGBLFQ with DG

MMHT 14 NNPDFunpol3.1
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Unpolarized Parton Distribution Functions

• Initial scale increases with the inclusion of dynamical gluon

• Overall results improve with the inclusion of dynamical gluon

𝜇0
2 = 0.19 ± 0.02 GeV2
𝜇0
2 = 0.24 ± 0.01 GeV2

[S. Xu, C. Mondal, X. Zhao, Y. Li, J. P. Vary, 2209.08584 [hep-ph]]
17
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Angular Momentum Distributions

• Proton spin decomposition
[Jaffe-Manohar  90’]
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1

2
=
1

2
ΔΣ + Δ𝐺 + (𝐿𝑞 + 𝐿𝑔)

Quark spin, 
obtained from Δq, 
in quark model 
ΔΣ=1

Gluon spin, 
obtained from Δg

Quark/gluon orbital 
angular momentum, 
obtained from GTMD 𝐹1,4



Helicity Parton Distribution Functions

• Valence quark distributions at x<0.1 and x>0.5 regions show improvement with DG

BLFQ without DG

BLFQ with DG

COMPASS u

COMPASS d

0.001 0.01 0.1 0.5 1

- 0.2

0.0

0.2

0.4

x

x
Δ

q
(x

)

μ2=3.0 GeV2

Δu

Δd

[S. Xu, C. Mondal, X. Zhao, Y. Li, J. P. Vary, 2209.08584 [hep-ph]]

• ΔΣ𝑞 ≈ 0.7 ΔΣ𝑢 ≈ 0.86 ΔΣ𝑑 ≈ −0.16

19



Helicity Parton Distribution Functions

JAM

NNPDFpol1.1

BLFQ with DG
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N. Sato et al. [JAM], PRD93 (2016) 

[S. Xu, C. Mondal, X. Zhao, Y. Li, J. P. Vary, 2209.08584 [hep-ph]]

E. R. Nocera et al. [NNPDF], NPB 887 (2014) 
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• Δ𝑔 is positive over the entire 𝑥 range, qualitatively agreeing with global fits
• Δ𝑔/g increases with x, measurements of Δ𝑔/𝑔 at EICs are promising

• Δ𝐺 = 0
1
Δ𝑔 𝑥 = 0.131 ± 0.003, comparable with Δ𝐺[0.002,0.3] = 0.2 ± 0.1

from PHENIX collaboration [PRL 103 012003 (2009]



Orbital angular momentum distributions

𝐿𝑢 = 0.0327 ± 0.0013 𝐿𝑔 = −0.0065 ± 0.0005• 𝐿𝑑 = −0.0114 ± 0.0004

u quark

d quark

gluon

0.0 0.2 0.4 0.6 0.8
- 0.01

0.00

0.01

0.02

0.03

x

x
L
(x

)
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• From generalized transverse momentum-dependent parton distribution functions 𝐹1,4



1

2
ΔΣ∼ 0.359

Δ� ∼ 0.131

� = � + � ∼ 0.021 − 0.007

� = 0.24 GeV

Proton Spin Decomposition

• Fock Sector Expansion

Jaffe-Manohar decomposition: 
1

2
=

1

2
ΔΣ + Δ𝐺 + 𝐿𝑞 + 𝐿𝑔

72%

26%

proton = 𝑞𝑞𝑞 + 𝑞𝑞𝑞 𝑔 + 𝑞𝑞𝑞 𝑞ത𝑞 + 𝑞𝑞𝑞 𝑔𝑔 + 𝑞𝑞𝑞 𝑞ത𝑞 𝑔 +⋯

3%

44% 56%
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Transversity Parton Distribution Functions
[In preparation, Siqi Xu, C. Mondal et.al ]

[Phys. Rev. D87, 094019(2013)]

• Tensor charge of up quark with DG show improved agreement with the extracted data

𝑔𝑇
𝑖 =  𝑑𝑥 ℎ1

𝑖 (𝑥)

Preliminary results

𝜇0
2 = 0.25 GeV2

u quark

d quark

𝐱
𝐡
𝟏
(𝐱
)

Tensor charge No dynamical 
gluon

Dynamical 
gluon

Extracted from
exp. data

𝑔𝑇
𝑢 0.94 0.55 0.39−0.12

+0.18

𝑔𝑇
𝑑 −0.20 −0.29 −0.25−0.10

+0.30

• Tensor charge

23



Generalized Parton Distribution Functions (GPD)

With dynamical gluon

Without dynamical gluon

[In preparation, Siqi Xu, C. Mondal et.al ]



Generalized Parton Distribution Functions (GPD)

With dynamical gluon

Without dynamical gluon

[In preparation, Siqi Xu, C. Mondal et.al ]



Generalized Parton Distribution Functions (GPD)

• Gluon GPD at the initial scale 𝜇0
2 = 0.25 GeV2

[In preparation, Siqi Xu, C. Mondal et.al ]

➢ Generalized Parton Distribution Functions For Gluon



Conclusion

• Light-front Hamiltonian approach

3D image of nucleon with rich details
– Coordinate and momentum (5D) space

– Spin degrees of freedom

– Correlation among partons

• Systematically expandable 
– Sea quarks         multiple gluons         first principles

– Baryons/mesons/exotic hadrons

– Light nuclei

• Next generation high performance computers bring 
immense possibilities 
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Thank you!


