
Baryon-Baryon interactions in lattice QCD

Sinya Aoki 
Center for Gravitational Physics and Quantum Information, 
Yukawa Institute for Theoretical Physics, Kyoto University

Baryon 2022  
7-11 November, 2022, Sevilla/Zoom 

for  
HAL QCD collaboration

CGPQIQI
Center for Gravitational Physics and 
Quantum Information
Yukawa Institute for Theoretical Physics, Kyoto University



I. Introduction 



Hadron interactions in lattice QCD

Finite volume method

HAL QCD method

spectra of two hadrons 
in finite box

scattering phase shift

Luescher’s finite volume formula

NBS wave functions Potential 
(Interaction kernel)

scattering 
phase shift

Schrodinger equation

FV/HAL QCD method works better for mesons/baryons.

NN controversy

FV spectra:  both deuteron and dineutron are bound at heavier pion masses.

Potential :  Two nucleons are unbound at heavier pion masses.



Fortunately, lattice QCD community’s  efforts are resolving controversy.

3

To Bind or not to Bind: A tale of which method is right, and which is wrong

<latexit sha1_base64="o+RJmjZ2LeJ3jvC81GcUZRdhbiA="></latexit>

bound state : lim
q!0

q cot � < 0
<latexit sha1_base64="E5iddROSp19CpgFy9ITsj/PW7kc="></latexit>

no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!
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q2/m2
⇡
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m⇡ ⇡ 715� 800 MeV

Latest FV spectra are consistent with potential results at low energy.

A. Nicolson, Lat2022

Two nucleons are unbound at heavy pion masses.

Community’s consensus

It is very unlikely to 
miss a bound state.

Old results

Latest results



HAL QCD method
Strategy

NBS wave function
W~k = 2

q
~k2 +m2

N

!
X

lm

Clm
sin(kx+ �l(k))

kx
Ylm(⌦~x)

energy-independent non-local potential 

'
~k(~x)e�W~kt = h0|N(~r, t)N(~r + ~x, t)|NN,W~ki

where |NN,~ki is a QCD energy-eigenstate for two nucleons with mass mN in the center

of mass system with the total energy W~k = 2
q
~k2 +m2

N and the relative momentum ~k[38].

Here the local interpolating field operator N(x) is for the nucleon is given by

N(x) :=

0

@ p(x)

n(x)

1

A = "abc
�
uT
a (x)C�5db(x)

�
qc(x), q(x) :=

0

@ u(x)

d(x)

1

A , (67)

where x := (~x, t), a, b, c are the color indices, and the charge conjugation matrix C =

�2�4, and p, n correspond to proton and neutron while u, d denote up and down quarks,

respectively. In literatures[5–7, 37], the potential in the HAL QCD method is introduced as

�
E~k �H0

�
'
~k(~x) =

Z
U(~x, ~y)'

~k(~y)d3y, E~k =
~k2

mN
, H0 =

�r2

mN
, (68)

for all ~k which satisfies W~k  Wth, where Wth := 2mN +m⇡ is the threshold energy for the

one pion production. While an existence of non-local but ~k (energy)-independent potential

U(~x, ~y) has ben shown in the literature, it has some ambiguities, which we call the scheme

dependence of the potential. One possible ambiguity comes from the definition of N(x) in

eq. (66) in terms of quark fields, which has already been fixed in the literatures as in eq. (67.

In addition, U(~x, ~y) can not be uniquely fixed by eq. (68), which is not necessarily satisfied for

W~k > Wth. In the previous literatures[5–7], this ambiguity has not been explicitly discussed.

Therefore we explicitly define our scheme for the potential in the HAL QCD method in the

next subsection.

B. A scheme for the potential in the HAL QCD method with the derivative ex-

pansion

For simplicity, we consider the S-wave (L = 0) scattering between two scalar particles,

although extensions to non-zero spin or angular momentum are straightforward (but rather

complicated). We here propose to define the potential for this system in the HAL QCD

method in terms of the derivative expansion as

V (~x,r) :=
1X

n=0

Vk(~x)(r2)n, (69)

12

W~k  Wth = 2mN +m⇡

QCD eigenstatehadron ops.

vacuum

Center of mass energy

derivative expansion

leading order (LO) potential

<latexit sha1_base64="Rqltlw/cIg2Oe65LgvGEIUg9es4="></latexit>

U(~x, ~y) = U(~x,r)�(3)(~x� ~y) =
1X

n=0

V (n)(~x)rn�(3)(~x� ~y)

non-local potential

Ishii-Aoki-Hatsuda, PRL 99 (2007) 022001.

<latexit sha1_base64="7yrUf+HFI9EspwAsgaGYm9qA+YI="></latexit>

V (0)(~x) =
1

'~k(~x)

 
r2

mN
+

~k2

mN

!
'
~k(~x)
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Large r



4-pt correlation function NBS wave function for a ground state

source op.

FV method also suffers from this problem.

<latexit sha1_base64="8tXyTztihvJVyYO7h41hFceWNOI="></latexit>

FNN
J (~x, t) :=

X

~r

h0|N(~r + ~x, t)N(~r, t)J†
NN (t = 0)|0i

 It is difficult to take large t with small errors, in particular for multi-baryons.

Time-dependent method Ishii et al. (HAL QCD), PLB712(2012)437

normalized 4-pt function
<latexit sha1_base64="lKxL4mMEpbFLBsutrUTqezH7ogY="></latexit>

RNN
J (~x, t) :=

FNN
J (~x, t)

e�2mN t
'

X

n

AJ,n'
~ke��Wnt
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t!1�! AJ,0'
~k(~x)e�W0t + · · ·

<latexit sha1_base64="U7wIctnXuNx4NIFHe5piUG17XPI="></latexit>

�Wn = Wn � 2mn
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d3y U(~x, ~y)R2N

J (~y, t) '
X

n

 
r2

mN
+

~k2

mN

!
AJ,n'

~k(~x)e��Wnt =

✓
r2

mN
� @

@t
+

1

4mN

@2

@t2

◆
R2N

J (~x, t)

LO potential
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V (0)(~x) =
1

R2N
J (~x, t)

✓
r2

mN
� @

@t
+

1

4mN

@2

@t2

◆
R2N

J (~x, t)
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A small t dependence of V (0)(~x)

Inelastic contributions are negligible.

LO approximation works well. 

<latexit sha1_base64="Ld7C8Dt+ugKolZcJ7b9RJn4iOsw="></latexit>

moderately large t
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II. NN interactions



1. Spin-triplet NN potentials
heavy pions
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central potential

tensor potential

(a) Range of attraction becomes wider.

As a pion mass decreases 

one pion exchange (?)

(b) Height of repulsive core increases.

one gluon exchange in quark model (?)

(c) Strong and negative at all distances.

(d) becomes stronger as pion mass 
decreases.

one pion exchange (?)

N. Ishii[HAL QCD], PoS CD12(2013) 025.



Almost physical point
a ≃ 0.0846 fm, mπ ≃ 146 MeV, mK ≃ 525 MeV2+1 flavor QCD on  lattice964

central potential tensor potential

(a) Much noisier than heavier pion masses.
mainly caused by higher partial waves (?)

(b) repulsive core becomes wider and stronger.
one gluon exchange in quark model (?)

(c) tensor force becomes stronger and  more long-ranged .
one pion exchange (?)

T. Doi et al. [HAL QCD], EPJ Web Conf. 175(2018)05009.



2. NN potentials in parity-odd channels

very heavy pion
 MeV in 2flavor QCD(mπ, mN) ≃ (1133,2158)
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(c) LS potential  (blue) at NLO is strong and negative.VI=1
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heavy pion (?)

neutron pair correlation/superfluidity in neutron stars

K. Murano et al. [HAL QCD], PLB 735(2014)19.



scattering phase shifts
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(b) Attractive behavior at low energy is missing in  (red, left).3P0

weak tensor force due to the heavy pion

(c) Attractive behavior in  (red, right).3P2
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strong attraction of LS potential

physical point ?

K. Murano et al. [HAL QCD], PLB 735(2014)19.

(stay tuned)



III. Hyperon interactions



1. Baryon interactions in the flavor SU(3) limit
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Potentials depend on irreducible representation in the flavor SU(3).

NN 1S0

NN 3S1

strongest repulsion

stronger repulsion deep attraction

attractive core
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(MPS,MB) ' (470, 1160)MeV

T. Inoue et al. [HAL QCD] NPA 881 (2012) 28.



2. H dibaryon in the flavor SU(3) limit
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(a) Attraction becomes stronger at lighter  .Mps

(b) Binding energy decreases at lighter  .Mps

(c) Size of bound state increases at lighter  .Mps

physical point ? lighter pion mass

flavor SU(3) breaking s coupled channelΛΛ − NΞ

T. Inoue et al. [HAL QCD] NPA 881 (2012) 28.



3. H dibaryon at almost physical point
Coupled channel potential

 ΛΛ ← NΞ

 NΞ ← NΞ

 ΛΛ ← ΛΛ

 NΞ ← ΛΛ

<latexit sha1_base64="vbzjtvyoC1WvM1C1quxK1TtfzB4="></latexit>

2I+1,2s+1SJ
K. Sasaki et al. [HAL QCD]　NPA 998 (2020) 121737.



scattering phase shifts

 ΛΛ  NΞ

(a) No bound state/resonance in . ΛΛ
weak attraction in  potential ΛΛ

(b) No H dibaryon near  threshold. ΛΛ
<latexit sha1_base64="nE/yZes0HUN2wZOixzE4VUOYyRU="></latexit>

a⇤⇤
0 = �0.8(3) fm

(c) Sharpe enhancement and rapid drop 
near  threshold. NΞ

(d) Sharpe increase near  threshold. NΞ

off-diagonal  potential ΛΛ → NΞ

significant  attractionNΞ

(e) H appears as a virtual state of  
at almost physical point.

NΞ

K. Sasaki et al. [HAL QCD]　NPA 998 (2020) 121737.



4.  interactions at almost physical pointNΞ

<latexit sha1_base64="vbzjtvyoC1WvM1C1quxK1TtfzB4="></latexit>

2I+1,2s+1SJ

 31S0

 13S1

 33S1

weakly repulsive

weakly attractive

weakly attractive

K. Sasaki et al. [HAL QCD]　NPA 998 (2020) 121737.scattering phase shifts



A comparison with experiments
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Allice collaboration, Nature 558 (2020), 232-238.

(a) LHC  data can not be 
explained by Coulomb interaction alone. 

p − Ξ−

(b) Data are consistent with Coulomb + 
HAL QCD potential.

(c) A similar comparison has been 
made for  data.p − Ω−



IV. Dibaryons at almost physical point

Y. Lyu, H. Tong, T. Sugiura, S. Aoki, T. Doi, T. Hatsuda, J. Meng, T. Miyamoto,  
“Dibaryon with highest charm number near unitarity from lattice QCD”, 
Phys. Rev. Lett. 127 (2021) 072003 (arXiv:2102.0081).



 SU(3) classification for Dibaryon candidates (B=2)

!5

10⌦ 10 = 28� 27� 35� 1̄0

10⌦ 8 = 35� 8� 10� 27

8⌦ 8 = 27� 8s � 1� 1̄0� 10� 8a
1) octet-octet system

2) decuplet-octet system

3) decuplet-decuplet system

H-dibaryon(J=0)
Jaffe (1977)

ΩΩ system (J=0) ΔΔ system (J=3)
Zhang et al(1997)

Deuteron(J=1)

Introduction: SU(3) classification for Dibaryon 
candidates (B=2)

NΩ system and NΔ system (J=2)

Dyson, Xuong (1964)

Kamae, Fujita(1977)

Oka, Yazaki(1980)

Goldman et al (1987)

Dyson, Xuong (1964)
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1. The most strange dibaryon Ω−
sssΩ−

sss
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Potential

binding energy

(a) Potential is very similar to NN 
central potentials. 
repulsive core + attractive pocket
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B⌦�
sss⌦

�
sss

= 1.6(9)MeV
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B⌦�
sss⌦

�
sss

= 0.7(7)MeV

binding energy

w/o Coulomb

with Coulomb 
repulsion
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a
⌦�

sss⌦
�
sss

0 = 4.6(1.3) fm
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r
⌦�

sss⌦
�
sss

e↵ = 1.27(7) fm

The most strange dibaryon
Effective Range Expansion (ERE) w/o Coulomb

k cot δ0(k) = −
1
a0

+
1
2

reffk2 + O(k4)

S. Gongyo et al. [HAL QCD] PRL 120(2018) 212001.



2. The most charming dibaryon Ω++
cccΩ++

ccc

potential
scattering phase shift

similar to NN potentials

one bound state

4

FIG. 3. (Color online). The inverse of the scattering length
1/aC

0 as a function of ↵e/↵
phys.
e . The red solid line is the

central values for rd = 0.410 fm. The statistical errors are
shown by the inner band (red), while the outer band (gray)
corresponds to the statistical and systematic errors added in
quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.

from the potential V (r) as

B = 5.68(0.77)(+0.46
�1.02) MeV,

p
hr2i = 1.13(0.06)(+0.08

�0.03) fm.
(5)

These results are consistent with the general formula for
loosely bound states [24, 39] with scattering parameters
a0 and re↵: B = 1/(m⌦cccr

2
e↵)(1 �

p
1� (2re↵/a0))2 '

5.7 MeV and
p

hr2i = a0/
p
2 ' 1.1 fm.

Since the binding energy and the size of the bound
state from the strong interaction are not large, we need
to take into account the Coulomb repulsion V Coulomb(r)
between ⌦++

ccc
s with finite spatial size. For this pur-

pose, we consider the dipole form factor for ⌦++
ccc

ac-
cording to the LQCD study on the charge distribution
of heavy baryons [18]: In the coordinate space, it cor-
responds to an exponential charge distribution ⇢(r) =

12
p
6/(⇡r3

d
)e�2

p
6r/rd , where the charge radius rd =p

|hr2icharge| of ⌦++
ccc

is taken to be rd = 0.410(6) fm [18].
Then, we have

V Coulomb(r) = ↵e

ZZ
d3r1d

3r2
⇢(r1)⇢(|~r2 � ~r|)

|~r1 � ~r2|
=

4↵e

r
F (x),

(6)
where x = 2

p
6r/rd and F (x) = 1�e�x(1+ 11

16x+
3
16x

2+
1
48x

3). The e↵ective range expansion with Coulomb re-
pulsion is written as

k
⇥
C2

⌘
cot �C0 (k) + 2⌘h(⌘)

⇤
= �

1

aC0
+
1

2
rCe↵k

2+O(k4), (7)

where �C0 (k) is the phase shift in the presence of Coulomb
repulsion, C2

⌘
= 2⇡⌘

e2⇡⌘�1 , ⌘ = 2↵em⌦ccc/k, h(⌘) =

Re[ (i⌘)] � ln(⌘), and  is the digamma function [40].
To see the e↵ect of the Coulomb repulsion, we vary ↵e

from zero to the physical value ↵phys.
e

= 1/137.036 be-
low. Note that the systematic errors originated from the
uncertainty in rd are found to be much smaller than the
statistical errors and are neglected.
In Fig. 3, we show the inverse of scattering length

1/aC0 under the change of ↵e/↵phys.
e

from 0 to 1. Due
to the large cancellation between the attractive strong
interaction and the Coulomb repulsion, the result at
↵e/↵phys.

e
= 1 is located very close to unitarity with a

large scattering length

aC0 = �19(7)(+7
�6) fm,

rCe↵ = 0.45(0.01)(+0.01
�0.00) fm.

(8)

The ratio rCe↵/a
C
0 = �0.024(0.010)(+0.006

�0.014) is consider-
ably smaller in magnitude than that of the dineutron
(�0.149).
In Fig. 4, we plot the dimensionless ratio re↵/a0 as a

function of re↵ for ⌦++
ccc
⌦++

ccc
(1S0) and ⌦�⌦�(1S0) with

(without) Coulomb repulsion together with the experi-
mental values for NN(3S1-3D1) [41] and NN(1S0) [42,
43]. Note that we consider the Coulomb repulsion
in ⌦�⌦�(1S0) with the charge radius rd = 0.57 fm
for ⌦� [18].3 Among all those dibaryon systems,
⌦++

ccc
⌦++

ccc
(1S0) is the closest to unitarity. Note also

that the nearly unitary binding of both ⌦�
sss
⌦�

sss
(1S0)

and ⌦++
ccc
⌦++

ccc
(1S0) originates from a subtle cancellation

among the potential energy, the kinetic energy and the
Coulomb repulsion.
Finally, we briefly discuss other possible systematic

errors in this work: (i) The finite cuto↵ e↵ect is
O(↵2

s
a⇤QCD, (a⇤QCD)2) thanks to the RHQ action for

the charm quark and the non-perturbative O(a) improve-
ment for light (u, d, s) quarks, and thus amounts to be
O(1)%. (ii) In the vacuum polarization, light quark
masses are slightly heavier than the physical ones and
charm quark loop is neglected. The former e↵ect is ex-
pected to be small since light quarks are rather irrelevant
for ⌦ccc⌦ccc system. In fact, the range of the ⌦ccc⌦ccc

potential is found to be shorter than 1 fm. The latter
e↵ect is suppressed due to the heavy charm quark mass,
and is typically O(1)% [44]. These estimates for (i) and
(ii) are also in line with the observation that our value
of m⌦ccc is consistent with that in the literature or has
deviation of ⇠ 1% at most, where we refer to LQCD
studies by (2+1)-flavor at the physical point with finite
a [35], (2+1)-flavor with chiral and continuum extrapola-
tion [45] and (2+1+1)-flavor with chiral and continuum
extrapolation [46, 47]. In the future, these systematic

3
In Ref.[10], ⌦

�
was assumed to be point-like in charge distribu-

tion, which overestimates the repulsion and increases the scat-

tering length by 1 fm.

BE

size
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quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.
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FIG. 1. (Color online). The ⌦ccc⌦ccc potential V (r) in the
1
S0 channel as a function of separation r at Euclidean time
t/a = 25 (red square), 26 (blue diamond) and 27 (green cir-
cle).

⇤�1
QCD ⇠ 0.7 fm characterizing the inelastic states, and

is small enough to avoid large statistical errors. We find
that the potentials for t/a = 25, 26 and 27 are consistent
with each other within statistical errors. This indicates
that systematic errors due to inelastic states and higher
order terms of the derivative expansion do not largely
exceed the size of statistical errors [23] as we show below.

We find that the potential V (r) is repulsive at short-
range and attractive at mid-range, which has the same
qualitative behaviors with the NN potential [37] and
the ⌦⌦ potential [10]. The magnitude of the poten-
tial in the repulsive region r < 0.25 fm (correspond-
ing to dV (r)/dr < 0) for ⌦ccc⌦ccc is an order of mag-
nitude smaller than that of ⌦⌦ obtained by the same
method [10]. This may be qualitatively explained by the
phenomenological quark model [38] as the color-magnetic
interaction between constituent quarks is proportional to
the square of reciprocal constituent quark mass. Qual-
itatively, V cc

cm/V
ss
cm = (m⇤

s
/m⇤

c
)2 ⇠ (500/1500)2 ⇠ 0.1,

where V ff
0

cm is the color-magnetic interaction between the
quarks with flavor f and f 0 withm⇤

f
being the constituent

quark mass. On the other hand, the attraction in the re-
gion r > 0.25 fm (corresponding to dV (r)/dr > 0) may
originate from the exchange of charmed mesons or rather
be attributed to the direct exchange of charm quarks
and/or multiple gluons. As can be seen in Fig. 1, the
range of the potential is much smaller than the size of
the lattice volume, indicating that the finite volume ar-
tifact is negligible.

In order to convert the potential to physical ob-
servables such as the scattering phase shifts and bind-
ing energy, we perform the uncorrelated fit for V (r)
in Fig. 1 in the range r  2.5 fm by three-
range Gaussians, Vfit(r) =

P
i=1,2,3

↵i exp(��ir2). Fit-

FIG. 2. (Color online). The ⌦ccc⌦ccc scattering phase shifts
�0 in the 1

S0 channel obtained from the potential V (r) at
t/a = 25, 26, and 27 as a function of the center of mass kinetic
energy ECM.

ting parameters with t/a = 26 for example are
(↵1,↵2,↵3) = (239.5(3.0),�62.7(50.8),�98.8(50.3)) in
MeV and (�1,�2,�3) = (48.5(1.4), 7.8(2.6), 3.4(0.8)) in
fm�2 with an accuracy of �2/d.o.f. ⇠ 1.05.

In Fig. 2, we show the ⌦ccc⌦ccc scattering phase
shifts �0 in the 1S0 channel calculated by solving the
Schrödinger equation with the potential V (r) at t/a =
25, 26, and 27. The relativistic kinetic energy is defined

as ECM = 2
q
k2 +m2

⌦ccc
� 2m⌦ccc with a momentum

k in the center of mass frame. The error bands reflect
the statistical uncertainty of V (r). In all three cases, the
phase shifts start from 180� at ECM = 0, which indicates
the existence of a bound state in ⌦ccc⌦ccc system without
Coulomb repulsion.

The low-energy scattering parameters are extracted by
using the e↵ective range expansion up to the next-to-
leading order (NLO), k cot �0 = �

1
a0

+ 1
2re↵k

2 + O(k4),
where a0 and re↵ are the scattering length and the e↵ec-
tive range, respectively. The results are

a0 = 1.57(0.08)(+0.12
�0.04) fm,

re↵ = 0.57(0.02)(+0.01
�0.00) fm.

(4)

The central values and the statistical errors in the first
parentheses are obtained at t/a = 26, while the system-
atic errors in the last parentheses are estimated from the
values at t/a = 25, 26 and 27, which originates from the
inelastic states and the higher order terms of the deriva-
tive expansion.

The binding energy B and the root-mean-square dis-
tance

p
hr2i of the bound ⌦ccc⌦ccc state are obtained

unitary region

+ Coulomb repulsion

The most charming dibaryon

bound state disappears.

Y. Lyu et al.[HAL QCD],  PRL 127 (2021) 072003.



3. Comparisons of two systems

Lattice

Experiment

Experiment

All “dibaryons” appear near unitarity. 
Why ?

  dibaryon is closest to 
unitarity among these.
ΩcccΩccc(1S0)

(a) height of the repulsive core is an 
order of magnitude smaller for Ωccc

color magnetic interaction of quarks
(b) range of attraction
ΩcccΩccc : 0.25 fm ∼ 1.0 fm ΩsssΩsss : 0.5 fm ∼ 2.0 fm

meson exchange

Y. Lyu et al.[HAL QCD],  PRD 105 (2022) 074512. Y. Lyu et al.[HAL QCD],  PRL 127 (2021) 072003.



4.  dibaryonNΩsss(5S2)

(a) attractive at all distances without 
repulsive core like H-dibaryon.

<latexit sha1_base64="ySoljVb4BMtEPofiTA6lXVTGfYE="></latexit>

B = 1.5(3) MeV

<latexit sha1_base64="iQCV+o5E41faW0Yqk+0h1yExq7I="></latexit>

B = 2.5(4) MeV

(b) one bound state in each channel.

(c) a comparison of interaction with 
LHC data, as mentioned before. 
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n⌦�
sss
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p+⌦�
sss

with Coulomb attraction

no Coulomb attraction

T. Iritani et al.[HAL QCD],  PLB 792 (2019) 284.



V. Summary



• HAL QCD potential method provides useful tools to investigate baryon-
baryon interactions. 

• Qualitative features of NN interactions are roughly reproduced. NN 
potentials at physical point are needed at quantitative level, though 
current ones are still noisy.  

• Hyperon interactions in the flavor SU(3) limit reveals their flavor 
dependences.  

• Lattice  interactions are compared with LHC data. 

• Several candidates for dibaryons are investigated at almost physical 
point, and  interactions are compared with LHC data. 

• All dibaryons appear in unitary regions. A reason for this should be 
investigated.  

NΞ

p+Ω−
sss

More results at physical point will be expected. Stay tuned.

Thank you !


