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Transverse momentum dependent PDFs (TMDs)
Extension of collinear parton distribution functions (PDFs) and 
fragmentation functions (FFs)

<latexit sha1_base64="AapKGE5mcWChH/auhKc+941H7rs=">AAACBnicbVDNS8MwHE3n15xfVY8iBIcwQUY7FD0OvXjcwH3AWkuapVtY2oYkFUfZyYv/ihcPinj1b/Dmf2PW9aCbDwIv7/1+JO/5nFGpLOvbKCwtr6yuFddLG5tb2zvm7l5bxonApIVjFouujyRhNCItRRUjXS4ICn1GOv7oeup37omQNI5u1ZgTN0SDiAYUI6UlzzwMKg+nzbvaiaNiGEB9GXkOJ4JnomeWraqVAS4SOydlkKPhmV9OP8ZJSCKFGZKyZ1tcuSkSimJGJiUnkYQjPEID0tM0QiGRbprFmMBjrfRhEAt9IgUz9fdGikIpx6GvJ0OkhnLem4r/eb1EBZduSiOeKBLh2UNBwqCOPO0E9qkgWLGxJggLqv8K8RAJhJVurqRLsOcjL5J2rWqfV63mWbl+lddRBAfgCFSADS5AHdyABmgBDB7BM3gFb8aT8WK8Gx+z0YKR7+yDPzA+fwDZIJbR</latexit>

f(x,Q2) ! f(x, k?, Q
2)

Central role in

Hadronic physics 
beyond collinear 

factorization

High-energy 
scattering in QCD

Contents of this talk: 
- From collinear to TMD factorization 
- Unintegrated gluon distribution at low  
- How CGC encompasses both 
- Consequences & applications 
- Outlook
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Glasma calculations 
for initial states of 

heavy-ion collisions



Collinear vs TMD factorization

Measure  of outgoing hadronp⊥

x =
Q2

2P ⋅ q
≃

k+

P+

Hard scale

Collinear factorization if p⊥ ∼ Q
<latexit sha1_base64="+ZobumRAXguTyttu2oSdEYdNizM="></latexit>

��⇤p!h+X = �̂(Q2)⌦ f(x,Q2)⌦D(x,Q2)

partonic cross 
section PDFs FFs

<latexit sha1_base64="Fh+HZmQe2wnj0v02qr9+QV3WlyE="></latexit>

Q2 � ⇤2 $ ↵s(Q
2) ⌧ 1

Example: Semi-Inclusive DIS (SIDIS)
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Transverse momentum dependent (TMD) factorization

partonic cross 
section TMD PDFs TMD FFs

If  p⊥ ≪ Q
need to resum large logs 

<latexit sha1_base64="AIvBnNxEJzvJeZu7H4cDlO+J0xM=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSU5VUIBgrWBhbiV6kJkSO67RWHceyHaQqysrCq7AwgBArb8DG2+C0GaDllyx9+s858jl/KBhV2nG+rZXVtfWNzcpWdXtnd2/fPjjsqiSVmHRwwhLZD5EijHLS0VQz0heSoDhkpBdObop674FIRRN+p6eC+DEacRpRjLSxAht6MdJjGWeM514kEc7a9408E4EniBQGA7vm1J2Z4DK4JdRAqVZgf3nDBKcx4RozpNTAdYT2MyQ1xYzkVS9VRCA8QSMyMMhRTJSfzS7J4alxhjBKpHlcw5n7eyJDsVLTODSdxd5qsVaY/9UGqY6u/IxykWrC8fyjKGVQJ7CIBQ6pJFizqQGEJTW7QjxGJg9twquaENzFk5eh26i7F3WnfV5rXpdxVMAxOAFnwAWXoAluQQt0AAaP4Bm8gjfryXqx3q2PeeuKVc4cgT+yPn8AkwWa4Q==</latexit>

ln
Q2

p2?      can be intrinsic<latexit sha1_base64="QN2EBVoEe5ak4NbPLT7rmfjmltM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOepMhs7PDzKwQQj7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZpphg2WilS3I2pQcIkNy63AttJIk0hgKxrdzfzWE2rDU/loxwrDhA4kjzmj1kkt1esq1KpXrvhVfw6ySoKcVCBHvVf+6vZTliUoLRPUmE7gKxtOqLacCZyWuplBRdmIDrDjqKQJmnAyP3dKzpzSJ3GqXUlL5urviQlNjBknketMqB2aZW8m/ud1MhvfhBMuVWZRssWiOBPEpmT2O+lzjcyKsSOUae5uJWxINWXWJVRyIQTLL6+S5kU1uKr6D5eV2m0eRxFO4BTOIYBrqME91KEBDEbwDK/w5invxXv3PhatBS+fOYY/8D5/AHZrj6Y=</latexit>p?

<latexit sha1_base64="ysYhjhxgh5G6E6lOhL43KX49hD0="></latexit>

��⇤p!h+X = �̂(Q2)⌦ f(x, k?;Q
2)⌦D(x, p?;Q

2)

Collins, Soper, Sterman (`85-`89);  
Ji, Ma, Yuan (2005); Collins (2011)

Collinear vs TMD factorization
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(Gluon) TMDs
PDFs parameterize longitudinal structure of hadron

TMDs parameterize 3D momentum structure + spin correlations

Angelez-Martinez et al. (2015)Collins (2011)Mulders & Rodrigues (2001)

Ultimate goal: extracting TMDs from few theoretically clean processes

No extractions of gluon TMDs yet

5

polarization of gluon

polarization  
of proton

encircled TMDs survive kT integration
<latexit sha1_base64="BNIAFM0ezI27gUXnZs6t9VZX654="></latexit>

fg(x,Q
2) /

Z
dk2? fg

1 (x, k?;Q
2)

<latexit sha1_base64="UNN2vTndos2hzxQt0wn/aZR+InY="></latexit>

�G /
Z

dxdk2? gg1L(x, k?;Q
2)

<latexit sha1_base64="8IGiJbrf5xMdPtgOiJ/KJ1oq5cA=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KIogcPRS8eK9gPaELZbDfp0s0m7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCAVXBvH+UalldW19Y3yZmVre2d3r7p/0NZJpihr0UQkqhsQzQSXrGW4EaybKkbiQLBOMLqd+p0npjRP5IMZp8yPSSR5yCkxVup6NzyKsDfpV2tO3ZkBLxO3IDUo0OxXv7xBQrOYSUMF0brnOqnxc6IMp4JNKl6mWUroiESsZ6kkMdN+Prt3gk+sMsBhomxJg2fq74mcxFqP48B2xsQM9aI3Ff/zepkJr/ycyzQzTNL5ojAT2CR4+jwecMWoEWNLCFXc3orpkChCjY2oYkNwF19eJu2zuntRd+7Pa43rIo4yHMExnIILl9CAO2hCCygIeIZXeEOP6AW9o495awkVM4fwB+jzB3xQj5Y=</latexit>)

<latexit sha1_base64="xXtAvnNzRJzOjLjZTw52Eo4e7xc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48V7Ac0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiOlI8ogzaqzUJX7IR/5sUK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQkfYt1TSGHWQL86dkQurDEmUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmai2yDnMs0MSrZcFGWCmITMfydDrpAZMbWEMsXtrYSNqaLM2IQqNgRv9eV10rmqe426+3BdazaLOMpwBudwCR7cQBPuoQVtYDCBZ3iFNyd1Xpx352PZWnKKmVP4A+fzB+nYj0k=</latexit> 
this talk

Kovchegov 
et al.



Collinear vs kT factorization

Previously, we have assumed that 

resum logs                             treating energy ( ) exactlyx

<latexit sha1_base64="pm1NydDVO6D/apDA15L66sCxOBI="></latexit>

dPq!qg

dx dk2?
=

↵sCR

⇡

1

k2?

1 + (1� x)2

x

xp+, k?

(1� x)p+, p? � k?
p+, p?

1

<latexit sha1_base64="7X0PCbDNK2vXO0kKhodnFoxKbLc="></latexit>Z Q2

⇤2

dk2?
k2?

= ln
Q2

⇤2

DGLAP

<latexit sha1_base64="mdSXVjb6ObSczGnY1VN2ZuU0Eio=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CooVFwMYyAS8JJmfY2+wlS3b3jt09IRz5FzYWitj6b+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy3szSWgg8FCyiBFsrPSgUU8zgZqPtX654lbdOdAq8XJSgRyNfvmrN4hJKqg0hGOtu56bmCDDyjDC6bTUSzVNMBnjIe1aKrGgOsjmF0/RmVUGKIqVLWnQXP09kWGh9USEtlNgM9LL3kz8z+umJroOMiaT1FBJFouilCMTo9n7aMAUJYZPLMFEMXsrIiOsMDE2pJINwVt+eZW0alXvsuo2Lyr1mzyOIpzAKZyDB1dQhztogA8EJDzDK7w52nlx3p2PRWvByWeO4Q+czx9uSZAV</latexit>

s ⇠ Q2

<latexit sha1_base64="4Swjg90ww8X4Fp4FtN7vTw4gqQg=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpICUpii5cFNy4cNGCfUCTlslkkg6dPJiZiCX0D9z4K25cKOLWrTv/xkkbUKsHBg7n3MOde5yYUSEN41MrLCwuLa8UV0tr6xubW/r2TltECcekhSMW8a6DBGE0JC1JJSPdmBMUOIx0nNFl5nduCRc0Cm/kOCZ2gPyQehQjqaSBfuhV7o6taxVwUb92ZMkIZkqzX7N8/1sf6GWjakwB/xIzJ2WQozHQPyw3wklAQokZEqJnGrG0U8QlxYxMSlYiSIzwCPmkp2iIAiLsdHrPBB4oxYVexNULJZyqPxMpCoQYB46aDJAcinkvE//zeon0zu2UhnEiSYhni7yEQXV1Vg50KSdYsrEiCHOq/grxEHGEpaqwpEow50/+S9q1qnlaNZon5fpFXkcR7IF9UAEmOAN1cAUaoAUwuAeP4Bm8aA/ak/aqvc1GC1qe2QW/oL1/AdZpmp8=</latexit>

f(x,⇤2) ! f(x,Q2 � ⇤2)

Radiative corrections 
lead to large logs

Dokshitzer, Gribov, Lipatov, Altarelli, Parisi (`72-`77)

<latexit sha1_base64="NfgH4xniXN2/mQAdEnFOhghnJN8=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswURRcuCm5cuKhgH9KOJZPJtKFJZkgyQhn6FW5cKOLWz3Hn35i2s9DWA4HDOeeSe0+QcKaN6347hZXVtfWN4mZpa3tnd6+8f9DScaoIbZKYx6oTYE05k7RpmOG0kyiKRcBpOxhdT/32E1WaxfLejBPqCzyQLGIEGys99G5tNMSPtX654lbdGdAy8XJSgRyNfvmrF8YkFVQawrHWXc9NjJ9hZRjhdFLqpZommIzwgHYtlVhQ7WezhSfoxCohimJlnzRopv6eyLDQeiwCmxTYDPWiNxX/87qpiS79jMkkNVSS+UdRypGJ0fR6FDJFieFjSzBRzO6KyBArTIztqGRL8BZPXiatWtU7r7p3Z5X6VV5HEY7gGE7Bgwuoww00oAkEBDzDK7w5ynlx3p2PebTg5DOH8AfO5w808o//</latexit>

⇤2
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Collinear vs kT factorization
<latexit sha1_base64="pm1NydDVO6D/apDA15L66sCxOBI="></latexit>

dPq!qg

dx dk2?
=

↵sCR

⇡

1

k2?

1 + (1� x)2

x

xp+, k?

(1� x)p+, p? � k?
p+, p?

1

At high energies (low )x
<latexit sha1_base64="+5toUEWdIWq+mZ4Zz04uSTfGB/E=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CooVFwMYyAfMhyRn2NnuXJbt7x+6eEI78ChsLRWz9OXb+GzfJFZr4YODx3gwz84KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh25neeqNIslvdmklBf4EiykBFsrPSgUT+KUPOxNihX3Ko7B1olXk4qkKMxKH/1hzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJmMc0Z6lEguq/Wx+8BSdWWWIwljZkgbN1d8TGRZaT0RgOwU2I73szcT/vF5qwms/YzJJDZVksShMOTIxmn2PhkxRYvjEEkwUs7ciMsIKE2MzKtkQvOWXV0m7VvUuq27zolK/yeMowgmcwjl4cAV1uIMGtICAgGd4hTdHOS/Ou/OxaC04+cwx/IHz+QOLF4+Q</latexit>

s � Q2

resum logs                                   treating  exactlyk⊥

BFKL

<latexit sha1_base64="E9FrKuPEa42CA9CfvEdyOHD7M7o="></latexit>Z 1

x

dx

x
= ln

1

x
⇠ ln

s

Q2

unintegrated gluon distribution (UGD)

Radiative corrections 
lead to large logs

Balitsky, Fadin, Kuraev, Lipatov (`77, `78)

x
d
ec
re
as
es

<latexit sha1_base64="mGoZBWfvnOkh+zBsmJ5tbPdlG0A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYGMZ0XxAcoS9zV6yZG/v2J0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XItRGxesBxwv2IDpQIBaNopfunntsrV9yqOwNZJl5OKpCj3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxsduqEnFilT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwVt8eZk0z6reRdW9O6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDCbCNnQ==</latexit>x0

<latexit sha1_base64="ngsFbF8miCpyeUzaEYzul9P7oII=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYGMZ0XxAcoS9zV6yZG/v2J0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XItRGxesBxwv2IDpQIBaNopfunntcrV9yqOwNZJl5OKpCj3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxsduqEnFilT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2nZINwVt8eZk0z6reRdW9O6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDCzSNng==</latexit>x1

UGD is perturbative tail of the gluon TMDs in 
unpolarized target at low-x

<latexit sha1_base64="YWRIK/vP8H9pWzYZh+yDSSFm2JA=">AAACLHicbVDLSsNAFJ34rPUVdelmsAgVpCRFUdBFoQtdtmAf0MQwmU7boZNkmJmIJfSD3PgrgriwiFu/w0mbhW09MHA451zm3uNzRqWyrImxsrq2vrGZ28pv7+zu7ZsHh00ZxQKTBo5YJNo+koTRkDQUVYy0uSAo8Blp+cNq6reeiJA0Ch/UiBM3QP2Q9ihGSkueWXUCpAYYseRuXHz2rPOh53Ai+E39sXzmqAjO+7bDGFyMeWbBKllTwGViZ6QAMtQ8893pRjgOSKgwQ1J2bIsrN0FCUczIOO/EknCEh6hPOpqGKCDSTabHjuGpVrqwFwn9QgWn6t+JBAVSjgJfJ9PV5aKXiv95nVj1rt2EhjxWJMSzj3oxg7qEtDnYpYJgxUaaICyo3hXiARIIK91vXpdgL568TJrlkn1ZsuoXhcptVkcOHIMTUAQ2uAIVcA9qoAEweAFv4BNMjFfjw/gyvmfRFSObOQJzMH5+ATJRpuY=</latexit>

G(x0, k?;Q
2) ! G(x1 ⌧ x0, k?;Q

2)

<latexit sha1_base64="Lg7Jnlsbthxm93NRATxAFr7tX8U="></latexit>

fg
1 , h

?g
1 (x ⌧ 1, k? ⌧ Q;Q2) = G(x, k?;Q2)

some extractions available 
e.g. Kutak-Sapeta (2012)
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What about the Color Glass Condensate (CGC)?

CGC pertains to high energies, features small but perturbative 
saturation scale:            

<latexit sha1_base64="GqGVCq1DV00hXwG95x9bfP99slY=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CooVFwMYyAfOByRn2NnvJkr29Y3dOCCH/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5nfuuJayNidY/jhPsRHSgRCkbRSg/1nnmsdKUkplcsuWV3DrJKvIyUIEOtV/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248Sfzi6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyex90heaM5RjSyjTwt5K2JBqytCGVLAheMsvr5Jmpexdlt36Ral6k8WRhxM4hXPw4AqqcAc1aAADBc/wCm+OcV6cd+dj0Zpzsplj+APn8wfRO5BW</latexit>

Q2
s ⌧ s

McLerran, Venugopalan, Balitsky, Kovchegov, Iancu, Jalilian-Marian, Kovner, Leonidov, Weigert (1994-2002)

Contains both small-  TMD factorization and 
kT factorization in two well-defined limits

x

8

See Alex Kovner’s talk

Dominguez, Marquet, Xiao, Yuan (2011) 
Kotko, Kutak, Marquet, Petreska, Sapeta (2015)

Gelis (2012)



perturbative                  splittings

 = average over 
classical gluon fields in 

target: nonperturbative info

⟨ . . . ⟩x

P

�⇤

x2

x1

)
X

1

Dijet production in DIS at low x
<latexit sha1_base64="J7Kf4FqU/FWpxMCicFBtenVIleY=">AAACBXicbVDLSgMxFL3js9bXqEtdBIsgFMpMUXShUHDjsoJ9QDsOmTTThsk8SDJCHbpx46+4caGIW//BnX9j2s5CWw+EnJxzLzf3eAlnUlnWt7GwuLS8slpYK65vbG5tmzu7TRmngtAGiXks2h6WlLOINhRTnLYTQXHocdrygqux37qnQrI4ulXDhDoh7kfMZwQrLbnmwcNl1xeYZIFr35VH0wuVA7eqX65ZsirWBGie2DkpQY66a351ezFJQxopwrGUHdtKlJNhoRjhdFTsppImmAS4TzuaRjik0skmW4zQkVZ6yI+FPpFCE/V3R4ZDKYehpytDrAZy1huL/3mdVPnnTsaiJFU0ItNBfsqRitE4EtRjghLFh5pgIpj+KyIDrENROriiDsGeXXmeNKsV+7Ri3ZyUahd5HAXYh0M4BhvOoAbXUIcGEHiEZ3iFN+PJeDHejY9p6YKR9+zBHxifP3FIlzg=</latexit>

z =
k+1

k+1 + k+2

<latexit sha1_base64="3Nny5o2M/+FqYHkGYwbyynpqPR0=">AAACA3icbVDLSsNAFJ3UV62vqjvdBIsgIiURRRcuCm5cuKjQFzQx3Ewn7dCZJJ2ZCCUU3Pgrblwo4tafcOffOG2z0NYDA4dz7uXOOX7MqFSW9W3kFhaXllfyq4W19Y3NreL2TkNGicCkjiMWiZYPkjAakrqiipFWLAhwn5Gm378e+80HIiSNwpoaxsTl0A1pQDEoLXnFPacLnMP9sZfWTm5HjorMgeODSAcjr1iyytYE5jyxM1JCGape8cvpRDjhJFSYgZRt24qVm4JQFDMyKjiJJDHgPnRJW9MQOJFuOskwMg+10jGDSOgXKnOi/t5IgUs55L6e5KB6ctYbi/957UQFl25KwzhRJMTTQ0HCTJ10XIjZoYJgxYaaABZU/9XEPRCAla6toEuwZyPPk8Zp2T4vW3dnpcpVVkce7aMDdIRsdIEq6AZVUR1h9Iie0St6M56MF+Pd+JiO5oxsZxf9gfH5A6L0l4E=</latexit>

�⇤
T,L ! qq̄

multiple eikonal scatterings

9

no TMD- or kT factorization

<latexit sha1_base64="ZWI89B7UyhGwNKwoG31fNszoQfQ=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXJSSBEUXLgpuXLZgL9DEMJlO2qGTSZiZCCX0Pdz4Km5cKOJKcOHbOGmzqK0/DPx85xzmnD9IGJXKsn6M0tr6xuZWebuys7u3f2AeHnVknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4xv83r3kQhJY36vJgnxIjTkNKQYKY1802n58sFxa7AG3QipURBm46mf2dMc1haRkyPGoPTNqlW3ZoKrxi5MFRRq+uaXO4hxGhGuMENS9m0rUV6GhKKYkWnFTSVJEB6jIelry1FEpJfNbpvCM00GMIyFflzBGV2cyFAk5SQKdGe+rFyu5fC/Wj9V4bWXUZ6kinA8/yhMGVQxzIOCAyoIVmyiDcKC6l0hHiGBsNJxVnQI9vLJq6bj1O3LutW6qDZuijjK4AScgnNggyvQAHegCdoAgyfwAt7Au/FsvBofxue8tWQUM8fgj4zvX0FMoFI=</latexit>

Q2
s ,k

2
1 ,k

2
2 ⌧ s



Correlation limit: TMD factorization

Dominguez, Marquet, Xiao, Yuan (2011) 
Metz, Zhou (2011)

Dominguez, Qiu, Xiao, Yuan (2012) 
Dumitru, Lappi, Skokov (2015)

Consider back-to-back configuration:
<latexit sha1_base64="8leCPL6bDwZh+A97LSPGYGxqT1U="></latexit>

Q2
s . k2

T ⌧ P2 ⇠ k2
1 ⇠ k2

2 ⌧ s

Cross section simplifies into:

!
P ! (1 " z)k1 " zk2 # k1

" P # k2

k T ! k1 + k2

1

<latexit sha1_base64="XlTAcx/LoYT1ankGtw2+Eaqh7pQ=">AAACBnicbZC7SgNBFIZn4y3G26qlCINBiIVhNyhaWARsLBMwF0g2YXZyNhkye3FmNpAsqWx8FRsLRWx9Bjvfxsml0MQfBj7+cw5nzu9GnEllWd9GamV1bX0jvZnZ2t7Z3TP3D6oyjAWFCg15KOoukcBZABXFFId6JID4Loea27+d1GsDEJKFwb0aRuD4pBswj1GitNU2j5sQScY1eq0CbsJDzAZ4lLPPR2flVqFtZq28NRVeBnsOWTRXqW1+NTshjX0IFOVEyoZtRcpJiFCMchhnmrGEiNA+6UJDY0B8kE4yPWOMT7XTwV4o9AsUnrq/JxLiSzn0Xd3pE9WTi7WJ+V+tESvv2klYEMUKAjpb5MUcqxBPMsEdJoAqPtRAqGD6r5j2iCBU6eQyOgR78eRlqBby9mXeKl9kizfzONLoCJ2gHLLRFSqiO1RCFUTRI3pGr+jNeDJejHfjY9aaMuYzh+iPjM8fZLaXwA==</latexit>

! 2
f ! z(1 " z)Q2

unpolarized gluon TMD linearly polarized gluon TMD

Works for all  processes!2 → 2

Same result as low-  limit of  
TMD calculation

x

10



Dilute limit: kT factorization

Cross section simplifies into:

<latexit sha1_base64="XlTAcx/LoYT1ankGtw2+Eaqh7pQ=">AAACBnicbZC7SgNBFIZn4y3G26qlCINBiIVhNyhaWARsLBMwF0g2YXZyNhkye3FmNpAsqWx8FRsLRWx9Bjvfxsml0MQfBj7+cw5nzu9GnEllWd9GamV1bX0jvZnZ2t7Z3TP3D6oyjAWFCg15KOoukcBZABXFFId6JID4Loea27+d1GsDEJKFwb0aRuD4pBswj1GitNU2j5sQScY1eq0CbsJDzAZ4lLPPR2flVqFtZq28NRVeBnsOWTRXqW1+NTshjX0IFOVEyoZtRcpJiFCMchhnmrGEiNA+6UJDY0B8kE4yPWOMT7XTwV4o9AsUnrq/JxLiSzn0Xd3pE9WTi7WJ+V+tESvv2klYEMUKAjpb5MUcqxBPMsEdJoAqPtRAqGD6r5j2iCBU6eQyOgR78eRlqBby9mXeKl9kizfzONLoCJ2gHLLRFSqiO1RCFUTRI3pGr+jNeDJejHfjY9aaMuYzh+iPjM8fZLaXwA==</latexit>

! 2
f ! z(1 " z)Q2 unintegrated gluon distribution

11

Neglect all saturation effects
<latexit sha1_base64="fcQe/PTvYRd5A65abc/MYrTuRWg=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARREpJgqILFwU3LluwF2jaMJlO2qGTSZiZCCX0Hdz4Km5cKOLWjTvfxkmbRW39YeDnO+cw5/x+zKhUlvVjFNbWNza3itulnd29/QPz8Kglo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX98l9Xbj0RIGvEHNYlJL0RDTgOKkdLIMy8anuw7LmPQDZEa+UE6nnq2JhVYWURO3/HMslW1ZoKrxs5NGeSqe+a3O4hwEhKuMENSdm0rVr0UCUUxI9OSm0gSIzxGQ9LVlqOQyF46u2kKzzQZwCAS+nEFZ3RxIkWhlJPQ153ZlnK5lsH/at1EBTe9lPI4UYTj+UdBwqCKYBYQHFBBsGITbRAWVO8K8QgJhJWOsaRDsJdPXjUtp2pfVa3GZbl2m8dRBCfgFJwDG1yDGrgHddAEGDyBF/AG3o1n49X4MD7nrQUjnzkGf2R8/QLx6Zzr</latexit>

Q2
s ! k2

1 , k2
2

P

! !

x2

x1

!

X

1



Kotko, Kutak, Marquet, Petreska, Sapeta, van Hameren (2015) 
van Hameren, Kotko, Kutak, Sapeta (2019)

Altinoluk, Boussarie, Kotko (2019)

Altinoluk, Boussarie (2019)

Boussarie, Mehtar-Tani (2020) 
Fujii, Marquet, Watanabe (2020)

Altinoluk, Marquet, PT (in preparation)

Can we work at low , remove the restriction             , 
but still have a description in terms of gluon TMDs?

x

Merging both limits: ITMD

Yes! Low-  improved TMD (ITMD) framework: re-introduce the 
kinematical power corrections      , resum them on top of the CGC result

x

12

<latexit sha1_base64="UNF8vsKxdTxVr3f04tZthqRm2nc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRJRdOGi4MZlhb6gCWUynbRDJw9mboQQ8htu/BU3LhRxqSv/xkkbQVsvzHA451zuvceLBVdgWV9GZWV1bX2julnb2t7Z3TP3D7oqSiRlHRqJSPY9opjgIesAB8H6sWQk8ATredObQu/dM6l4FLYhjZkbkHHIfU4JaGpoWk5AYOL52TQfZo6iksdQ/pAKlrXz3BEC/7ha+dCsWw1rVngZ2CWoo7JaQ/PDGUU0CVgIVBClBrYVg5sRCZwKltecRLGY0CkZs4GGIQmYcrPZZTk+0cwI+5HULwQ8Y393ZCRQKg087Sw2VItaQf6nDRLwr9yMh3ECLKTzQX4iMES4iAmPuGQURKoB0XHoXTGdEEko6DBrOgR78eRl0D1r2BcN6+683rwu46iiI3SMTpGNLlET3aIW6iCKHtATekGvxqPxbLwZ73NrxSh7DtGfMj6/AZTEon4=</latexit>

k T ! P

<latexit sha1_base64="dBIsU7i4j1Bf3LtmJtNZCRaN9uI=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZaYoirgouHFZoS/o1JJJM21o5kFyRyhh/sWNv+LGhVLcuPBfzLQjaOuBhJNzzyX3Hi8WXIFtf1orq2vrG5uFreL2zu7efungsKWiRFLWpJGIZMcjigkesiZwEKwTS0YCT7C2N77N6u1HJhWPwgZMYtYLyDDkPqcEjNQvXbu+JFS7AYGR5+tx2teuopLHkN8wEUw30vShmmr8Y6tnz36pbFfsGfAycXJSRjnq/dLUHUQ0CVgIVBCluo4dQ08TCZwKlhbdRLGY0DEZsq6hIQmY6unZjik+NcoA+5E0JwQ8U393aBIoNQk848yGVIu1TPyv1k3Av+ppHsYJsJDOP/ITgSHCWWB4wCWjICaGEBOJmRXTETGhgYm1aEJwFldeJq1qxbmo2Pfn5dpNHkcBHaMTdIYcdIlq6A7VURNR9IRe0Bt6t56tV2tqfcytK1bec4T+wPr6Bq6yprY=</latexit>

k 2
T

P 2

!
P ! (1 " z)k1 " zk2 # k1

" P # k2

k T ! k1 + k2

1

<latexit sha1_base64="6kflo18+HBiNxevmcK0mQbKCOCI="></latexit>

d!
dzd2k1d2k2

= "" s

!
H f (z, k1, k2)xf g

1 (x, k T ) + H h (z, k1, k2)xg! g
1 (x, k T )

"



Generalization

!

X

1

!

X

1

<latexit sha1_base64="nzzmEuIfYSlE0hrkVPPGePm33bM=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSSi6MJFxY3LCvYBTSg300k7dCZJZyZCCV248VfcuFDErR/hzr9x2mahrQcGDufcy51zgoQzpR3n21paXlldWy9sFDe3tnd27b39hopTSWidxDyWrQAU5Syidc00p61EUhABp81gcDPxmw9UKhZH93qUUF9AL2IhI6CN1LFLXg+EAHyNPR3jIfYCkNlwjHv4pNWxy07FmQIvEjcnZZSj1rG/vG5MUkEjTTgo1XadRPsZSM0Ip+OilyqaABlAj7YNjUBQ5WfTEGN8ZJQuDmNpXqTxVP29kYFQaiQCMylA99W8NxH/89qpDi/9jEVJqmlEZofClGOTd9II7jJJieYjQ4BIZv6KSR8kEG16K5oS3PnIi6RxWnHPK87dWbl6lddRQCV0iI6Riy5QFd2iGqojgh7RM3pFb9aT9WK9Wx+z0SUr3zlAf2B9/gB09Zar</latexit>

! A ! qøqg+ X

Altinoluk, Boussarie, Marquet, PT (2020)

Altinoluk, Boussarie, Marquet, PT (2020)

<latexit sha1_base64="BfCLRlRxAFSR4sgV5pONvLwa0E0=">AAACCHicbVDLSgMxFM34rPU16tKFwSIIhTIjii5cVNy4rGAf0BlKJpNpY5PMkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxzL7nnBAmjSjvOt7WwuLS8slpaK69vbG5t2zu7LRWnEpMmjlksOwFShFFBmppqRjqJJIgHjLSD4XXutx+IVDQWd3qUEJ+jvqARxUgbqWcfJPAKejqGHkd6IHkW0nuix1WvjzhH1U7Prjg1ZwI4T9yCVECBRs/+8sIYp5wIjRlSqus6ifYzJDXFjIzLXqpIgvAQ9UnXUIE4UX42CTKGR0YJYRRL84SGE/X3Roa4UiMemMn8XDXr5eJ/XjfV0YWfUZGkmgg8/ShKGTTB81ZgSCXBmo0MQVhScyvEAyQR1qa7sinBnY08T1onNfes5tyeVuqXRR0lsA8OwTFwwTmogxvQAE2AwSN4Bq/gzXqyXqx362M6umAVO3vgD6zPH8FOmSk=</latexit>

pA ! dijet + ! + X

øQ

Q

!

X

1

Akcakaya, Schäfer, Zhou (2013) 
Marquet, Roiesnel, PT (2018)

<latexit sha1_base64="u4x5VHF3mbTjHX7ob5ugCml/mWw=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0UQhJKIogcPFS8eW7Af0ISy2W7apZtN2N0IIdS/4sWDIl79Id78N27bHLT1wcDjvRlm5gUJZ0o7zre1srq2vrFZ2ipv7+zu7dsHh20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7qd95pFKxWDzoLKF+hIeChYxgbaS+XUnQLfJ0jJrIC7DMm5Ozbt+uOjVnBrRM3IJUoUCjb395g5ikERWacKxUz3US7edYakY4nZS9VNEEkzEe0p6hAkdU+fns+Ak6McoAhbE0JTSaqb8nchwplUWB6YywHqlFbyr+5/VSHV77ORNJqqkg80VhypF5dpoEGjBJieaZIZhIZm5FZIQlJtrkVTYhuIsvL5P2ec29rDnNi2r9poijBEdwDKfgwhXU4R4a0AICGTzDK7xZT9aL9W59zFtXrGKmAn9gff4Au0CThQ==</latexit>

pA ! Q øQ + X

13

! !

!

X

1

<latexit sha1_base64="Kf1XoBs9ow8KMDHg9PrUy0pRaTA=">AAACGnicbVBNSwMxEM3Wr1q/qh69BIsgKmVXFAU9VLx4EK1ga6Fby2yatqFJdkmyQln6O7z4V7x4UMSbePHfmH4Ian0w8Hhvhpl5QcSZNq776aQmJqemZ9Kzmbn5hcWl7PJKWYexIrREQh6qSgCaciZpyTDDaSVSFETA6U3QOe37N3dUaRbKa9ONaE1AS7ImI2CsVM96fguEgNstfIJ9E2JfgGkrkbShoULZ2674RwV/51u9OL/s1bM5N+8OgMeJNyI5NEKxnn33GyGJBZWGcNC66rmRqSWgDCOc9jJ+rGkEpAMtWrVUgqC6lgxe6+ENqzRwM1S2pMED9edEAkLrrghsZ/9G/dfri/951dg0D2sJk1FsqCTDRc2YY5tBPyfcYIoSw7uWAFHM3opJGxQQY9PM2BC8vy+Pk/Ju3tvPu1d7ucLxKI40WkPraBN56AAV0BkqohIi6B49omf04jw4T86r8zZsTTmjmVX0C87HFzYboFs=</latexit>

! ! A ! hadron + X @ NLO

PT, in preparation

LHCb, FOCAL CMS, ATLAS

EICUPCs



Langevin formulation of JIMWLK: Weigert (2002); 
Rummukainen; Weigert (2004); Lappi (2008)

MV model + JIMWLK evolution of gluon TMDs

Marquet, Petreska, Roiesnel (2016) 
Marquet, Roiesnel, PT (2018)

Unpolarized gluon TMD

14

<latexit sha1_base64="3A+J6b9LQ/+19oyw1Wi0Mj7oQAs=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WoICURRRcuCm5cVrAPaEOYTCft0MlMmJmUhtA/ceNCEbf+iTv/xkmbhbYeuHA4517uvSeIGVXacb6t0tr6xuZWebuys7u3f2AfHrWVSCQmLSyYkN0AKcIoJy1NNSPdWBIUBYx0gvF97ncmRCoq+JNOY+JFaMhpSDHSRvJte9qXI1GbXoz9vNJz3646dWcOuErcglRBgaZvf/UHAicR4RozpFTPdWLtZUhqihmZVfqJIjHCYzQkPUM5iojysvnlM3hmlAEMhTTFNZyrvycyFCmVRoHpjJAeqWUvF//zeokOb72M8jjRhOPFojBhUAuYxwAHVBKsWWoIwpKaWyEeIYmwNmFVTAju8surpH1Zd6/rzuNVtXFXxFEGJ+AU1IALbkADPIAmaAEMJuAZvII3K7NerHfrY9FasoqZY/AH1ucPu16TDA==</latexit>

x! (x, kx , ky )

<latexit sha1_base64="F+dzfy5WkluRQqEMJMgHYHRCp8s=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSJUKCURRRcuCm5cVugL2hgm00k7dPJg5kZaQn7Cjb/ixoUibgV3/o2TNgttPTDD4Zx7ufceN+JMgml+a4WV1bX1jeJmaWt7Z3dP3z9oyzAWhLZIyEPRdbGknAW0BQw47UaCYt/ltOOObzK/80CFZGHQhGlEbR8PA+YxgkFJjl6deI51P6xMqn0fw8j1knHqJH1JBIsg/2HKadJM01NHL5s1cwZjmVg5KaMcDUf/6g9CEvs0AMKxlD3LjMBOsABGOE1L/VjSCJMxHtKeogH2qbST2VWpcaKUgeGFQr0AjJn6uyPBvpRT31WV2epy0cvE/7xeDN6VnbAgioEGZD7Ii7kBoZFFZAyYoAT4VBGsElC7GmSEBSaggiypEKzFk5dJ+6xmXdTMu/Ny/TqPo4iO0DGqIAtdojq6RQ3UQgQ9omf0it60J+1Fe9c+5qUFLe85RH+gff4AKmGgFA==</latexit>

xf g
1 (x, k T )



Langevin formulation of JIMWLK: Weigert (2002); 
Rummukainen; Weigert (2004); Lappi (2008)

MV model + JIMWLK evolution of gluon TMDs

Marquet, Petreska, Roiesnel (2016) 
Marquet, Roiesnel, PT (2018)

Linearly polarized gluon TMD

15

<latexit sha1_base64="V1a417+Z9HK5rvMTXbx/iYOAtJQ=">AAACC3icbVDLSsNAFJ3UV62vqks3oUWoICURRRcuCm5cVrAPaGKYTCfN0EkmzNxoS+jejb/ixoUibv0Bd/6N08dCWw9cOJxzL/fe4yecKbCsbyO3tLyyupZfL2xsbm3vFHf3mkqkktAGEVzIto8V5SymDWDAaTuRFEc+py2/fzX2W/dUKibiWxgm1I1wL2YBIxi05BVLA0eG4i5zOA1Asl4IWErxMKoMjvveuIZHXrFsVa0JzEViz0gZzVD3il9OV5A0ojEQjpXq2FYCboYlMMLpqOCkiiaY9HGPdjSNcUSVm01+GZmHWumagZC6YjAn6u+JDEdKDSNfd0YYQjXvjcX/vE4KwYWbsThJgcZkuihIuQnCHAdjdpmkBPhQE0wk07eaJMQSE9DxFXQI9vzLi6R5UrXPqtbNabl2OYsjjw5QCVWQjc5RDV2jOmoggh7RM3pFb8aT8WK8Gx/T1pwxm9lHf2B8/gCq65tm</latexit>

x! ! (x, kx , ky )

<latexit sha1_base64="mSoZPFis61IZmJv7geOL4FKyvIU="></latexit>

k 2
T

M 2
p

xh! g
1 (x, k T )



! i = 1 / 3 and |k i | = 10 GeV
<latexit sha1_base64="hHEcpWimJTDQh4/IN0WD7l0WptU="></latexit>

Photoproduction of three jets

16

!

X

1

Altinoluk, Boussarie, Marquet, PT (2020)



Photoproduction of three jets

17



Thanks for your attention !

TMD scale evolution (CSS) implemented 

Low-  improved TMD framework future powerful tool for phenomenologyx

18

Conclusions and outlook

TMDs play major role in hadronic physics and at small x
hadronic physics p.o.v. : extraction from data is ultimate goal
low  p.o.v. : input for phenomenology of eA, pA, AA; 
reliable model of initial state

x

see REF workshops dedicated to overlap

CGC is ideal tool to analyse gluon TMDs at low x
natural framework for (non)linear energy 
evolution, nonperturbative models (MV)

Mueller, Xiao, Yuan (2013)  
Marquet, Wei, Xiao (2020)


