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Eikonal approximationBoosting the target

The eikonal approximation

Dense and left moving: Strong classical field

𝒜𝒜𝜇𝜇 𝑥𝑥 →

1
𝛾𝛾
𝒜𝒜+ 𝛾𝛾𝑥𝑥+,

𝑥𝑥−

𝛾𝛾
,𝒙𝒙

𝛾𝛾𝒜𝒜− 𝛾𝛾𝑥𝑥+,
𝑥𝑥−

𝛾𝛾
,𝒙𝒙

𝒜𝒜⊥ 𝛾𝛾𝑥𝑥+,
𝑥𝑥−

𝛾𝛾
,𝒙𝒙

Infinity Lorentz factor: 𝛾𝛾 → ∞

𝒜𝒜𝜇𝜇 𝑥𝑥 → �
0

𝛿𝛿(𝑥𝑥+)𝒜𝒜− 𝒙𝒙
0

𝑥𝑥+

𝑥𝑥⊥

(𝒜𝒜−,𝒜𝒜⊥)

𝑥𝑥+

𝑥𝑥⊥

Shockwave

Our approach

𝒜𝒜𝜇𝜇 𝑥𝑥 → �
0

𝒜𝒜− 𝑥𝑥+,𝒙𝒙
0

𝑥𝑥+

𝑥𝑥⊥

We still neglect the transverse
component of the field

Finite length
𝐿𝐿+

𝒜𝒜−

𝒜𝒜−

The projectile is eikonal and dilute¡

𝑗𝑗𝜇𝜇 𝑥𝑥 = 𝛿𝛿𝜇𝜇+𝛿𝛿 𝑥𝑥− 𝜌𝜌𝑏𝑏(𝒙𝒙)



Non-eikonal pp scattering

Gluon production in dilute-dilute (pp) collisions:

Non-eikonal corrections are sizeable at 
mid-rapidity

Double gluon production in the CGC is
symmetric in transverse momentum:

𝜎𝜎 𝒌𝒌𝟏𝟏,𝒌𝒌𝟐𝟐 = 𝜎𝜎 𝒌𝒌𝟏𝟏,−𝒌𝒌𝟐𝟐

[ P. A. ,T. Altinoluk, N. Armesto, arXiv:1902.04483]
[ P. A. ,T. Altinoluk, N. Armesto, arXiv:1907.03668]

Non-eikonal corrections break the symmetry:

Odd azimuthal harmonics

𝜎𝜎 𝒌𝒌𝟏𝟏,𝒌𝒌𝟐𝟐 ≠ 𝜎𝜎 𝒌𝒌𝟏𝟏,−𝒌𝒌𝟐𝟐



Looking for the retarted gluon field

Dilute-dense scattering (pA) in the CGC

Target: dense and left moving
𝒜𝒜𝜇𝜇 𝑥𝑥 = 𝛿𝛿𝜇𝜇−𝒜𝒜− 𝑥𝑥+,𝒙𝒙

Single gluon spectrum

2𝜋𝜋 3 2𝑘𝑘+
dN

𝑑𝑑𝑘𝑘+𝑑𝑑2𝒌𝒌
= ℳ𝜆𝜆

𝑎𝑎 𝑘𝑘 2
𝑝𝑝,𝑇𝑇

LSZ reduction formula

ℳ𝜆𝜆
𝑎𝑎 𝑘𝑘 = 𝜖𝜖𝜆𝜆

𝜇𝜇∗∫ 𝑑𝑑4𝑥𝑥 𝑒𝑒𝑖𝑖𝑖𝑖⋅𝑥𝑥 ⊡𝑥𝑥 𝐴𝐴𝜇𝜇𝑎𝑎(𝑥𝑥)

Projectile: dilute and right moving
𝑗𝑗𝜇𝜇 𝑥𝑥 = 𝛿𝛿𝜇𝜇+𝑗𝑗+ 𝑥𝑥−,𝒙𝒙 = 𝛿𝛿𝜇𝜇+𝛿𝛿 𝑥𝑥− 𝜌𝜌𝑏𝑏(𝒙𝒙)

Linear response: 𝐴𝐴𝑎𝑎
𝜇𝜇 = 𝒜𝒜𝑎𝑎

𝜇𝜇 + 𝑎𝑎𝑎𝑎
𝜇𝜇 + 𝒪𝒪(𝑔𝑔3) 𝑎𝑎𝑎𝑎

𝜇𝜇(𝑥𝑥) = −𝑖𝑖∫ 𝑑𝑑4𝑦𝑦 𝐺𝐺𝑅𝑅
𝜇𝜇𝜇𝜇 𝑥𝑥, 𝑦𝑦 𝑎𝑎𝑎𝑎 𝑗𝑗𝜈𝜈𝜈𝜈(𝑥𝑥)

LC Gauge: 𝐴𝐴+ = 0 ; 𝜖𝜖𝜆𝜆
+ = 0 ℳ𝜆𝜆

𝑎𝑎 𝑘𝑘 = 𝜖𝜖𝜆𝜆
𝑖𝑖∗∫ 𝑑𝑑4𝑥𝑥 𝑒𝑒𝑖𝑖𝑖𝑖⋅𝑥𝑥 ⊡𝑥𝑥 𝑎𝑎𝑎𝑎𝑖𝑖 (𝑥𝑥)

We are only interested in the transverse part of 𝑎𝑎𝜇𝜇(𝑥𝑥)



Gluon propagator through a dense medium

Scalar retarded propagator

𝛿𝛿𝑎𝑎𝑎𝑎 𝑖𝑖 𝜕𝜕𝑥𝑥+ +
𝜕𝜕𝒙𝒙2

2𝑘𝑘+
+ 𝑔𝑔𝒜𝒜− 𝑥𝑥+,𝒙𝒙 𝑎𝑎𝑎𝑎 𝒢𝒢𝑘𝑘+

𝑏𝑏𝑏𝑏 𝑥𝑥+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 = 𝑖𝑖𝛿𝛿𝑎𝑎𝑎𝑎𝛿𝛿 2 𝒙𝒙 − 𝒚𝒚 𝛿𝛿(𝑥𝑥+ − 𝑦𝑦+)

Solve the 2+1 dimensional Schrödinger equation

𝒢𝒢𝑘𝑘+
𝑎𝑎𝑎𝑎 𝑥𝑥+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 = Θ 𝑥𝑥+ − 𝑦𝑦+ �

𝒚𝒚

𝒙𝒙
𝒟𝒟𝒛𝒛 𝑧𝑧+ exp

𝑖𝑖𝑘𝑘+

2
�
𝑦𝑦+

𝑥𝑥+

𝑑𝑑𝑧𝑧+ 𝒛̇𝒛2 𝑧𝑧+ 𝒰𝒰𝑎𝑎𝑎𝑎 𝑥𝑥+,𝑦𝑦+; 𝒛𝒛 𝑧𝑧+

The solution is a Brownian motion around the path 𝒛𝒛(𝑧𝑧+)

Wilson Line

𝒰𝒰𝑎𝑎𝑎𝑎 𝑥𝑥+,𝑦𝑦+; 𝒛𝒛 𝑧𝑧+ = 𝒫𝒫+ exp 𝑖𝑖𝑖𝑖 �
𝑦𝑦+

𝑥𝑥+

𝑑𝑑𝑧𝑧+𝒜𝒜− 𝑧𝑧+, 𝒛𝒛 𝑧𝑧+
𝑎𝑎𝑎𝑎

Propagator of a gluon moving through a dense medium (extensively used in jet quenching)



Gluon production matrix

Single gluon production amplitude

ℳ𝜆𝜆
𝑎𝑎 𝑘𝑘 ∝

2
𝒌𝒌𝑖𝑖

𝒌𝒌𝟐𝟐
�
𝒚𝒚
𝑒𝑒𝑖𝑖 𝒌𝒌−𝒒𝒒 ⋅𝒚𝒚 𝒰𝒰𝒚𝒚 𝐿𝐿+, 0 𝑎𝑎𝑎𝑎

−2
𝒒𝒒𝑖𝑖

𝒒𝒒2
�
𝒚𝒚,𝒙𝒙
𝑒𝑒𝒊𝒊𝒊𝒊⋅𝒚𝒚−𝑖𝑖 𝒌𝒌⋅𝒙𝒙 𝒢𝒢𝑘𝑘+

𝑎𝑎𝑎𝑎 𝐿𝐿+,𝒙𝒙; 0,𝒚𝒚

+
1
𝑘𝑘+

�
𝒙𝒙,𝒚𝒚
𝑒𝑒𝒊𝒊𝒊𝒊⋅𝒚𝒚−𝑖𝑖 𝒌𝒌⋅𝒙𝒙 �

0

𝐿𝐿+

𝑑𝑑𝑦𝑦+ 𝜕𝜕𝒚𝒚𝑖𝑖𝒢𝒢𝑘𝑘+
𝑎𝑎𝑎𝑎 𝐿𝐿+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 𝒰𝒰𝒚𝒚 𝑦𝑦+, 0 𝑐𝑐𝑐𝑐

0 𝐿𝐿+

0 𝐿𝐿+

0 𝐿𝐿+𝑦𝑦+

After contribution

Before contribution
(doesn’t appear in jet 
quenching)

Inside contribution
(completely non 
eikonal, 𝐿𝐿+ ≠ 0)



Single gluon spectrum

dN
𝑑𝑑𝑘𝑘+𝑑𝑑2𝒌𝒌

∝ ℳ𝜆𝜆
𝑎𝑎 𝑘𝑘 ℳ𝜆𝜆

𝑎𝑎 𝑘𝑘 †
𝑝𝑝,𝑇𝑇

3 ingredients

𝑑𝑑2 =
1

𝑁𝑁𝑐𝑐2 − 1
𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 𝒢𝒢𝑘𝑘+

† 𝑥𝑥+, �𝒙𝒙;𝑦𝑦+, �𝒚𝒚
𝑇𝑇

𝑑𝑑1 =
1

𝑁𝑁𝑐𝑐2 − 1
𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 𝒰𝒰�𝒚𝒚

† 𝑥𝑥+,𝑦𝑦+
𝑇𝑇

𝑑𝑑0 =
1

𝑁𝑁𝑐𝑐2 − 1
𝑇𝑇𝑇𝑇 𝒰𝒰𝒚𝒚 𝑥𝑥+,𝑦𝑦+ 𝒰𝒰�𝒚𝒚

† 𝑥𝑥+,𝑦𝑦+
𝑇𝑇

Generalizing the dipole operator

… and also a fourth one
𝜌𝜌𝑎𝑎 𝒙𝒙 𝜌𝜌𝑏𝑏∗ 𝒚𝒚 𝑝𝑝 ∝ 𝛿𝛿𝑎𝑎𝑎𝑎𝛿𝛿 2 (𝒙𝒙 − 𝒚𝒚) (MV model)

Localized GBW model

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒰𝒰𝒚𝒚 𝑥𝑥+,𝑦𝑦+ 𝒰𝒰�𝒚𝒚
† 𝑥𝑥+,𝑦𝑦+

𝑇𝑇
= exp −

𝑄𝑄𝑆𝑆2

4
𝒚𝒚 − �𝒚𝒚 2 𝑥𝑥

+ − 𝑦𝑦+

𝐿𝐿+

GBW model

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒰𝒰𝒚𝒚𝒰𝒰�𝒚𝒚
†

𝑇𝑇
= exp −

𝑄𝑄𝑆𝑆2

4
𝒚𝒚 − �𝒚𝒚 2



Discretizing the longitudinal space

Discretizing the longitudinal space

generalized dipole operator

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙; 𝑦𝑦+,𝒚𝒚 𝒢𝒢𝑘𝑘+ 𝑥𝑥+, �𝒙𝒙;𝑦𝑦+, �𝒚𝒚 †

𝑇𝑇

𝒢𝒢𝑘𝑘+
𝑎𝑎𝑎𝑎 𝑥𝑥+,𝒙𝒙; 𝑦𝑦+,𝒚𝒚 = Θ 𝑥𝑥+ − 𝑦𝑦+ �

𝒚𝒚

𝒙𝒙
𝒟𝒟𝒛𝒛 𝑧𝑧+ exp

𝑖𝑖𝑘𝑘+

2
�
𝑦𝑦+

𝑥𝑥+

𝑑𝑑𝑧𝑧+ 𝒛̇𝒛2 𝑧𝑧+ 𝒰𝒰𝑎𝑎𝑎𝑎 𝑥𝑥+,𝑦𝑦+; 𝒛𝒛 𝑧𝑧+

𝒢𝒢𝑘𝑘+
𝑎𝑎𝑎𝑎 𝑥𝑥+,𝒙𝒙; 𝑦𝑦+,𝒚𝒚

= lim
𝑁𝑁→∞

Θ 𝑥𝑥+ − 𝑦𝑦+ � �
𝑛𝑛=1

𝑁𝑁−1

𝑑𝑑2𝒛𝒛𝑛𝑛
−𝑖𝑖𝑘𝑘+𝑁𝑁

2 𝑥𝑥+ − 𝑦𝑦+

𝑁𝑁

exp
𝑖𝑖 𝑘𝑘+𝑁𝑁

2 𝑥𝑥+ − 𝑦𝑦+
�
𝑛𝑛=0

𝑁𝑁−1

𝒛𝒛𝑛𝑛+1 − 𝒛𝒛𝑛𝑛 2 𝒫𝒫+ �
𝑛𝑛=1

𝑁𝑁−1

exp 𝑖𝑖𝑖𝑖
𝑥𝑥+ − 𝑦𝑦+

𝑁𝑁
𝒜𝒜− 𝑧𝑧𝑛𝑛+, 𝒛𝒛𝑛𝑛

𝑎𝑎𝑎𝑎

𝑥𝑥+𝑦𝑦+𝑧𝑧1+𝑧𝑧2+ 𝑧𝑧𝑁𝑁−1+⋯ ⋯

𝒚𝒚 𝒛𝒛𝟏𝟏
𝒛𝒛𝟐𝟐

𝒛𝒛𝑵𝑵−𝟏𝟏 𝒙𝒙

𝑧𝑧0 = 𝑦𝑦
𝑧𝑧𝑁𝑁 = 𝑥𝑥



Non-eikonal dipole operator

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙; 𝑦𝑦+,𝒚𝒚 𝒢𝒢𝑘𝑘+ 𝑥𝑥+, �𝒙𝒙;𝑦𝑦+, �𝒚𝒚 †

𝑇𝑇

Discretizing the longitudinal space

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,�𝒙𝒙;𝑦𝑦+, �𝒚𝒚 †

𝑇𝑇

= lim
𝑁𝑁→∞

Θ 𝑥𝑥+ − 𝑦𝑦+ � �
𝑛𝑛=1

𝑁𝑁−1

𝑑𝑑2𝒛𝒛𝑛𝑛𝑑𝑑2�𝒛𝒛𝑛𝑛
−𝑖𝑖𝑘𝑘+𝑁𝑁

2 𝑥𝑥+ − 𝑦𝑦+

2𝑁𝑁

exp
𝑖𝑖 𝑘𝑘+𝑁𝑁

2 𝑥𝑥+ − 𝑦𝑦+
�
𝑛𝑛=0

𝑁𝑁−1

𝒛𝒛𝑛𝑛+1 − 𝒛𝒛𝑛𝑛 2 − �𝒛𝒛𝑛𝑛+1 − �𝒛𝒛𝑛𝑛 2

×
1

𝑁𝑁𝑐𝑐2 − 1
𝑇𝑇𝑇𝑇 𝒰𝒰𝒛𝒛0 𝑧𝑧0

+, 𝑧𝑧1+ 𝒰𝒰𝒛𝒛1 𝑧𝑧1
+, 𝑧𝑧2+ ⋯𝒰𝒰𝒛𝒛𝑁𝑁−1 𝑧𝑧𝑁𝑁−1

+ , 𝑧𝑧𝑁𝑁+ 𝒰𝒰�𝒛𝒛𝑁𝑁−1 𝑧𝑧𝑁𝑁−1
+ , 𝑧𝑧𝑁𝑁+ † ⋯𝒰𝒰�𝒛𝒛1 𝑧𝑧1

+, 𝑧𝑧2+ †𝒰𝒰�𝒛𝒛0 𝑧𝑧0
+, 𝑧𝑧1+ †

𝑻𝑻

𝑥𝑥+𝑦𝑦+𝑧𝑧1+𝑧𝑧2+ 𝑧𝑧𝑁𝑁−1+⋯ ⋯

𝒚𝒚 𝒛𝒛𝟏𝟏
𝒛𝒛𝟐𝟐

𝒛𝒛𝑵𝑵−𝟏𝟏 𝒙𝒙

Discretizing the space



Therefore

The MV model is local

Localization argument

𝐹𝐹 𝑥𝑥+, 𝑧𝑧+ 𝐹𝐹 𝑧𝑧+, 𝑥𝑥+ 𝑇𝑇 = 𝐹𝐹 𝑥𝑥+, 𝑧𝑧+ 𝑇𝑇 𝐹𝐹 𝑧𝑧+, 𝑥𝑥+ 𝑇𝑇 ; 𝑦𝑦+ < 𝑧𝑧+ < 𝑥𝑥+

The target ensemble is color neutral

𝒰𝒰𝑎𝑎𝑎𝑎𝒰𝒰𝑏𝑏𝑏𝑏†
𝑇𝑇 =

𝛿𝛿𝑎𝑎𝑎𝑎

𝑁𝑁𝑐𝑐2 − 1
𝑇𝑇𝑇𝑇[𝒰𝒰𝒰𝒰†] 𝑇𝑇

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒰𝒰𝒛𝒛0 𝑧𝑧0
+, 𝑧𝑧1+ 𝒰𝒰𝒛𝒛1 𝑧𝑧1

+, 𝑧𝑧2+ ⋯𝒰𝒰𝒛𝒛𝑁𝑁−1 𝑧𝑧𝑁𝑁−1
+ , 𝑧𝑧𝑁𝑁+ 𝒰𝒰�𝒛𝒛𝑁𝑁−1 𝑧𝑧𝑁𝑁−1

+ , 𝑧𝑧𝑁𝑁+ † ⋯𝒰𝒰�𝒛𝒛1 𝑧𝑧1
+, 𝑧𝑧2+ †𝒰𝒰�𝒛𝒛0 𝑧𝑧0

+, 𝑧𝑧1+ †

𝑇𝑇

=
1

𝑁𝑁𝑐𝑐2 − 1 𝑁𝑁 𝑇𝑇𝑇𝑇 𝒰𝒰𝒛𝒛0 𝑧𝑧0
+, 𝑧𝑧1+ 𝒰𝒰�𝒛𝒛0 𝑧𝑧0

+, 𝑧𝑧1+ †
𝑇𝑇
⋯ 𝑇𝑇𝑇𝑇 𝒰𝒰𝒛𝒛𝑁𝑁−1 𝑧𝑧𝑁𝑁−1

+ , 𝑧𝑧𝑁𝑁+ 𝒰𝒰�𝒛𝒛𝑁𝑁−1 𝑧𝑧𝑁𝑁−1
+ , 𝑧𝑧𝑁𝑁+ †

𝑇𝑇

= exp −
𝑄𝑄𝑠𝑠2

4𝑁𝑁
�
𝑛𝑛=0

𝑁𝑁−1

𝒛𝒛𝑛𝑛 − �𝒛𝒛𝑛𝑛 2

Localized GBW model

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒰𝒰𝒛𝒛𝒏𝒏 𝑧𝑧𝑛𝑛+, 𝑧𝑧𝑛𝑛+1+ 𝒰𝒰�𝒛𝒛𝒏𝒏 𝑧𝑧𝑛𝑛+, 𝑧𝑧𝑛𝑛+1+ †
𝑇𝑇

= exp −
𝑄𝑄𝑠𝑠2

4
𝒛𝒛𝑛𝑛 − �𝒛𝒛𝑛𝑛 2 𝑧𝑧𝑛𝑛+1

+ − 𝑧𝑧𝑛𝑛+

𝐿𝐿+
= exp −

𝑄𝑄𝑠𝑠2

4𝑁𝑁
𝒛𝒛𝑛𝑛 − �𝒛𝒛𝑛𝑛 2

For a generic functional 𝐹𝐹[𝜌𝜌𝑇𝑇] of the target charge density:



The solution

Performing the integral
1

𝑁𝑁𝑐𝑐2 − 1
𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙; 𝑦𝑦+,𝒚𝒚 𝒢𝒢𝑘𝑘+

† 𝑥𝑥+,�𝒙𝒙;𝑦𝑦+, �𝒚𝒚
𝑇𝑇

= lim
𝑁𝑁→∞

Θ 𝑥𝑥+ − 𝑦𝑦+ � �
𝑛𝑛=1

𝑁𝑁−1

𝑑𝑑2𝒛𝒛𝑛𝑛𝑑𝑑2�𝒛𝒛𝑛𝑛
−𝑖𝑖𝑘𝑘+𝑁𝑁

2 𝑥𝑥+ − 𝑦𝑦+

2𝑁𝑁

exp
𝑖𝑖 𝑘𝑘+𝑁𝑁

2 𝑥𝑥+ − 𝑦𝑦+
�
𝑛𝑛=0

𝑁𝑁−1

𝒛𝒛𝑛𝑛+1 − 𝒛𝒛𝑛𝑛 2 − �𝒛𝒛𝑛𝑛+1 − �𝒛𝒛𝑛𝑛 2 exp −
𝑄𝑄𝑠𝑠2

4𝑁𝑁
�
𝑛𝑛=0

𝑁𝑁−1

𝒛𝒛𝑛𝑛 − �𝒛𝒛𝑛𝑛 2

1
𝑁𝑁𝑐𝑐2 − 1

𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙; 𝑦𝑦+,𝒚𝒚 𝒢𝒢𝑘𝑘+
† 𝑥𝑥+,�𝒙𝒙;𝑦𝑦+, �𝒚𝒚

𝑇𝑇

=
𝑘𝑘+

2𝜋𝜋 𝑥𝑥+ − 𝑦𝑦+

2

exp 𝑖𝑖
𝑘𝑘+

2 𝑥𝑥+ − 𝑦𝑦+
𝒙𝒙 − 𝒚𝒚 2 − �𝒙𝒙 − �𝒚𝒚 2 exp −

𝑄𝑄𝑠𝑠2

12
𝒚𝒚 − �𝒚𝒚 2 + 𝒙𝒙 − �𝒙𝒙 𝒚𝒚 − �𝒚𝒚 + 𝒙𝒙 − �𝒙𝒙 2

Gaussians are doable

Discretizing the space



𝒢𝒢 𝒰𝒰† operator

Dipole operators beyond eikonal accuracy

𝒢𝒢 𝒢𝒢† operator

1
𝑁𝑁𝑐𝑐2 − 1

�
𝒙𝒙
𝑒𝑒−𝑖𝑖 𝒌𝒌⋅𝒙𝒙 𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 𝒰𝒰�𝒚𝒚

† 𝑥𝑥+,𝑦𝑦+
𝑇𝑇

= 𝐴𝐴 𝛼𝛼2𝜖𝜖 exp −𝑖𝑖𝐴𝐴 𝛼𝛼2𝜖𝜖 𝑘𝑘−𝐿𝐿+ − 𝑖𝑖 𝒌𝒌 ⋅
𝒚𝒚 + �𝒚𝒚

2
+

𝒚𝒚 − �𝒚𝒚
2

𝐵𝐵 𝛼𝛼2𝜖𝜖 −
𝛼𝛼𝐴𝐴 𝛼𝛼2𝜖𝜖 𝑄𝑄𝑠𝑠2

4
𝒚𝒚 − �𝒚𝒚 2

1
𝑁𝑁𝑐𝑐2 − 1

�
𝑥𝑥,𝑥̅𝑥
𝑒𝑒−𝑖𝑖 𝒌𝒌⋅(𝒙𝒙−�𝒙𝒙) 𝑇𝑇𝑇𝑇 𝒢𝒢𝑘𝑘+ 𝑥𝑥+,𝒙𝒙;𝑦𝑦+,𝒚𝒚 𝒢𝒢𝑘𝑘+

† 𝑥𝑥+,�𝒙𝒙;𝑦𝑦+, �𝒚𝒚
𝑇𝑇

= 𝑒𝑒𝑒𝑒𝑒𝑒 −
𝛼𝛼𝛼𝛼𝑠𝑠2

4
𝒚𝒚 − �𝒚𝒚 2 − 𝑖𝑖 𝒌𝒌 ⋅ 𝒚𝒚 − �𝒚𝒚

Non-eikonal parameter: 𝜖𝜖 = 𝑄𝑄𝑠𝑠2𝐿𝐿+

𝑘𝑘+
(Eikonal approximation ↔ 𝜖𝜖 = 0)

𝛼𝛼 = 𝑥𝑥+−𝑦𝑦+

𝐿𝐿+
(fraction of the medium)

It is the same as the eikonal dipole operator! (only for single gluon production, not for double inclusive)

𝐴𝐴 𝑥𝑥 =
tan − 𝑖𝑖𝑖𝑖2

− 𝑖𝑖𝑖𝑖2

𝐵𝐵 𝑥𝑥 = cosh−1
1 + 𝑖𝑖

2
𝑥𝑥

Harmonic oscillator:



Sizeable at RHIC energiesSizeable at mid-rapidty and large pT

𝑠𝑠𝑁𝑁𝑁𝑁 = 200 𝐺𝐺eV, 𝑄𝑄𝑠𝑠 = 1 𝐺𝐺𝐺𝐺𝐺𝐺 𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿0 = 6 𝑓𝑓𝑓𝑓

Results

η = 0.5, 𝑄𝑄𝑠𝑠 = 1 𝐺𝐺𝐺𝐺𝐺𝐺 𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿0 = 6 𝑓𝑓𝑓𝑓



Results

Comparing with data

dN𝑝𝑝+𝐴𝐴 → 𝜋𝜋++𝑋𝑋

𝑑𝑑𝑑𝑑𝑑𝑑2𝒌𝒌
= �

𝑧𝑧𝑚𝑚𝑚𝑚𝑚𝑚

1 𝑑𝑑𝑑𝑑
𝑧𝑧2
𝐷𝐷𝑔𝑔𝜋𝜋

+ 𝑧𝑧,𝑄𝑄 = 𝒌𝒌
dNg

𝑑𝑑𝑑𝑑𝑑𝑑2𝒌𝒌

We convolute our result with a FF:

STAR 𝑑𝑑 + 𝐴𝐴𝐴𝐴 → 𝜋𝜋+ + 𝑋𝑋 at 𝑠𝑠𝑁𝑁𝑁𝑁 = 200 GeV
𝑦𝑦 < 0.5 and centrality 0-20%

𝜂𝜂 = 0.2,𝑄𝑄𝑠𝑠 = 1 𝐺𝐺𝐺𝐺𝐺𝐺
𝐿𝐿0+ = 7 fm

Our parameters:

[NLO NNFF1.0 arXiv:1706.07049]

The improvement with respect to the eikonal
approximation is a factor 2 at large 𝑝𝑝⊥! Not attempting to fit data (ordinary

NLO corrections are needed)!



Conclusions

We have computed the dipole operators and single particle production
beyond eikonal accuracy in dilute-dense scattering (pA)

Non-eikonal corrections are sizeable when 𝑠𝑠𝑁𝑁𝑁𝑁 < 200 𝐺𝐺eV, 𝜂𝜂 < 1 and 
𝑝𝑝⊥ > 2 𝐺𝐺𝐺𝐺𝐺𝐺 relevant for RHIC and EIC

We are working on computing double inclusive gluon production 
beyond eikonal accuracy in dilute-dense scattering and studying its 
azimuthal harmonics



Thank you!
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