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Introduction

0 Accelerator Physics

Special relativity Electromagnetism Classical mechanics

/N

Longitudinal

Transverse
beam dynamics

beam dynamics

Collective effects
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Lorentz force

= A charged particle moving with velocity v through an electro-magnetic
field experiences a force

— — - —
F=q(F+vxB)
= The second term is always perpendicular to the direction of motion, so it
does not give any longitudinal acceleration and it does not increase the

energy of the particle.

= Acceleration has to be done by an electric field E
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Electrostatic acceleration

E
sourcez E ; —>z Z :

Electrostatic Field:
Energy gain: W =e AV

Limitation: insulation problems
maximum high voltage (~ 10 MV)

Used for first stage of acceleration: particle 750 kV Cockroft-Walton generator
sources, electron guns, x-ray tubes at Fermilab (Proton source)
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Radio-Frequency (RF)

Q Ising-Wideroe type structure

A
—~
N
Y

Ion source

drift tubes

I~
—~

L RF source VO Sin wt

Cylindrical electrodes (drift tubes) separated by gaps and fed by a RF generator, as
shown above, lead to an alternating electric field polarity

/UiTRF /B’L)\RF V; = Ppa rticle veIocity
9 — 9 Tz = RF period

Synchronism condition ;. —
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Radio-Frequency (RF)

0 Alvarez type structure
lI lZ l3

(I o

Metallic cavity

W. Alvarez

RF generator @ LlNAc/;l\CERN
\
Synchronism condition li =v;Trr = BiARF e ws;, '
- e
WREF — 27T—Z
li

Used for proton and ions (50 — 200 MeV), fzr ~ 200 MHz
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Radio-Frequency (RF)

Q Resonant Cavities

= Higher operating frequency. e >

= The power lost by radiation, due to circulating currents on
the electrodes, is proportional to the RF frequency.

[{RF
= Solution: enclosing the system in a cavity whose resonant
frequency matches the RF generator frequency. l
= Electromagnetic power constrained in the resonant volume /%
= Each such cavity can be independently powered from the RF @

generator /\ """ z>
)

= Note however that joule losses will occur in the cavity walls
(unless made of superconducting materials)
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Radio-Frequency (RF)

a Resonant Cavities @@@

Standing wave linear accelerator

1/2 - mode of the
E010 field pattern

V
Field gradient: ©Ge
20 MeV/m I
60 keV

CST® simulation examples: https//www.cst.com/Applications
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Synchronous phase

Q0 Phase stability (linac)

= Cavity set up so that particle at the centre of bunch (synchronous particle)
acquires just the right amount of energy A F = eVosin P,

eVl

eVy

Stable phase region

T
0 <Py < —
< <2

= Particles arriving early (N,) see O < (I)S and will gain less energy. In the next gap
it will appear closer to particle P, (synchronous particle)

» Particles arriving late (M,) see D > (I)S and reduce its delay compared to P,

* X %
* *
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Cyclotron

Used for protons, ions

RF generator, wg E. Lawrence

Synchronism condition

B= constant
wpp= constant

/ /w /
i

Ion source qB

Extraction
electrode |

Aslongas v < ¢ and 7Y = 1

the synchronism conditions stays fulfilled, and
the revolution frequency does not depend on
the radius

@
T

3

|

3|

D

For higher energies ... ?
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Synchrocyclotron

E. McMillan

In order to keep the synchronism at higher energies, one has to decrease wy.during
the acceleration cycle according to the relativistic Y(?)

qB
o7y (t)

wRF(t) — ws(t) —

It can accelerate protons up to around 500 MeV.

Limitation due to the size of the magnet
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Synchrotron

Synchronous accelerator since there is a synchronous RF phase
for which the energy gain fits the increase of the magnetic field at each turn.

That implies the following operating conditions:

©

m

A

elV/sin® _—, Energygain perturn

B

® =@ =cte —— Synchronous particle

RF synchronism

extraction Wpp =h, ——s (h - harmonic number)

p =cte R =cte— Constant orbit

Bp = % — B —— Variable magnetic field

If v=c¢, w, hence w,; remain constant (ultra-relativistic regime)
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ELENA ring

Extranon

lon Swit

= Acompact synchrotron to decelerate antiprotons AD e j - lon Source
e P

Injectlon at5.3MeV

ELENA cycle

Extraction b . . /
1t deceleration /\’f’} —_—

»

N\

Electron cooling at 650 keV _ Experiments

deceleration
Electron cooling at 100 keV

I | | I | I
0 5 10 15
Time (s)

RF cavity

N

Quadrupole magnet

Horizontal and vertical
corrector magnet

Extraction line
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Q Remember the Lorentz force

F =q(E +7x B)

= We have used E to accelerate/decelerate particles

= Now we shall use B to deflect particles as we really benefit from the presence of the
velocity in the Lorentz force

= At high velocities magnets are used to deflect particles

= Although at low velocities electric fields may be more efficient (e.g. electrostatic
elements are used in the ELENA’s transfer line to experiments)
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Coordinate system

Coordinates w.r.t. the design orbit

Let’s consider a local segment of one particle’s trajectory

Paraxial approximation: we will assume the deviation of particle coordinates from the
design orbit is small , so x, y << bending radius (p)
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Coordinate system

The state of a particle (phase space) represented with a 6-D vector

(z, 2" y,y', 2 = s — Bct,d = Ap/po)

with , dxr dxdt  p, , dy dydt p,

x:ds_dtds_pz’ y:ds_dtds_pz
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Magnetic field

Q1 Taylor expansion:

dB, 1d2By 5 dBBy :
By(z) =Byo + dx x—|—§ dx? g 3! dxz3 aws T

Magnet strengths normalized to the beam rigidity:

—By(x) _k() —+ klflj —+ kg.ﬁlj‘ —+ /{3.213 -+ ...

CEnEaO

Dipole Quadrupole Sextupole Octupole

2n-pole:
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Bending

0 Dipole e —
If we want to deflect particles ) v
=] /
F=quB ; .
. . EER . EER /
We equate this to the centripetal force LLL o= 5
2 I r
ja Y .
% ;

B|T]
(Gev /e | (fora=e)

S
Zm~' = 0.2998
p p

. D
Rigidity: Bp = 7 ELENA ring dipole

Bp|T - m] = 3.3356 - p|GeV /(]|

23/03/2020 Javier Resta Lopez




Focusing/defocusing

1 Quadrupole
dB,

= Constant gradient g = — —=

dx N

= Focusing forces increase linearly with displacement

= Magnetic lenses are focusing in one plane but
are defocusing in the orthogonal plane

Normalised strength:

21— 9 1,21 — g|T/m]
kilm™ %] = [ ] 0'2998}9[(}6\//0]

ELENA ring quadrupole

23/03/2020 Javier Resta Lopez




Hill’s equation

2" (s) + K(s)x(s) =0 AW
Motion with periodic focusing properties W
(> L

Compare with a simple harmonic
oscillator with restoring force

F=-kx

« with a restoring force 7 const

* K(s) depends on longitudinal position s

* K(s+L)=K(s) periodic function, where L is the “lattice
period”
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Hill’s Equation

O Equation of transverse motion

= Drift: x"=0, y"=0

George Hill

" Solenoid:  x"+2ky' +k'y=0, y"-2kx'—k'x=C(
" Quadrupole: x"+kx=0, y'—ky=0

1
= Dipole: x"+—x=0, »"'=0

= Sextupole: x"+ k(x2 = y2)= 0, y'=2kxy=0

0 Hil's Equation: x" + & (s)x=0, y"+k (s)y=0
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Focusing quadrupole

= For similarity with harmonic oscillator, considering K=const.

= Horizontal focusing quadrupole (defocusing in vertical plane), K > 0:

z'(0)
VK
2’ (s) = — 2(0)VK sin(VKs) + 2'(0) cos(VKs)

z(s) =x(0) cos(VKs) + sin(vV K s)

=  For convenhience we can use a matrix formalism:

<x<8> )=( cos(VKs) g sin(VEs) ) ( %)) m .............................. .

—\/Xsin(\/ﬁs) cos(\/ﬁs) 2'(0)
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Defocusing quadrupole

= For similarity with harmonic oscillator, considering K=const.

= Horizontal defocusing quadrupole (focusing in vertical plane), K < 0:

z'(0) |
z(s) =x(0) cosh Kls sinh Kls
(s) =z(0) (V| \)+m (V|K|s)

' (s) =2(0)+/| K| sinh(1/|K]|s) + 2’ (0) cosh(/|Ks)

=  Matrix formalism:

ol coshl/[RTs) = snb(yTRTs) \ (o) \ [\ [ :
(20) (e e (==
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= For K=0, and no further magnetic elements, we have a drift space:

z(s) =x(0) + (s — sg)z’(0) = x(0) + Lz'(0)
2’ (s) =2’ (0)

= Position changes if particle has a slope which remains unchanged.

M arige =

1 L\ .
0 1
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Thin lens approximation

For a focusing quadrupole (K>0)

Mo — cos(vVKL) \/% sin(v K L)
Qr = —VKsin(vVKL)  cos(VKL)

For a defocusing quadrupole (K<0)

QD( cosh(y/|K|L) = sinh( K|L)>

VIE]sinh(\TKIL)  cosh(y/[KIL)

In the limit [, — (0, and KL=const.

Focal length

1 0 1 0 1
o= ( ko 0)-(48) o

Note that the sign of K or fis now absorbed inside the symbol

In the other plane, focusing becomes defocusing and vice versa
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Joining elements

For an arbitrary number of transport elements, each with a constant,
but different, K, we have

M (sp|s0) = M (sp|Sn_1) ... M(s3|s2) - M(s2]|s1) - M(81|89)

-

v
Sl Sz S3 oo o Sll-l > & from SO tO SJ,

S S

’ "L from s, to s,
~—
from s, to s,
S~— —
——

T, T from s, to Sh
< o > :M(sn!so)< ZUZ ) ’

Thus by breaking up the parameter K(s) into piecewise constant chunks, K(s)={K1,
K2, ... Kn}, we have found a useful method for finding the particle transport
equation through a long section of beamline with many elements.
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Betatron motion E’
/N

0 General solution of Hill’s eq. for on-momentum
linear motion of a particle:

=+/€06(s) cos(y(s) + ¢g)

€
=/ 5y () + 00) + x(s) cos((s) + o)
B'(s) 1 +af(s)?
Twiss parameters: s), a(s)=— : S) =
Bls), als) =757 als) =50
ds
Betatron phase: Qp(s) —
B(s)
L _ 1 ds

Tune (in a ring): number of betatron oscillations Q =
per turn, or phase advance per turn in units of 2nt 2T 5(3)
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Phase space

AN

O The twiss parameters a, f, y have a geometric meaning

Phase space ellipse

v(s)z? + 2a(s)zx’ + B(s)x"? = ¢

Area of ellipse = me

Courant-Snyder invariant: €

Beam envelope

E(s) = veB(s)
Beam divergence
A(s) = v/ ev(s)

23/03/2020 Javier Resta Lopez




Consider the effective length of the dipole unchanged:
Af A A
Hp:leffzconst.:>pA6—|—9Ap:0:—:__p:_ p
0 P Po Ap

Off-momentum particles get different deflection (different orbit): Do
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Dispersion

0 Inhomogeneous Hill’s equation
1 Ap

ZC”—I_K( )
P Po

The solution is a sum of the homogeneous equation (on-momentum) and the
inhomogeneous (off-momentum):

2(s) = 25(s) + D(s) =2

Po

Dispersion function: D(s)

Dispersion equation: DN(S) + K(S)D(S) — 1
0
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Dispersion and orbit

Meaning:
Xp(s) describes the deviation of the closed orbit for an off-momentum particle
with p=p, + Ap

Xg describes the betatron oscillation around the new chromatic close orbit

Design orbit

On-momentum
particle trajectory

Off-momentum
particle trajectory
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Chromaticity

=  Off-momentum particle gets different focusing

Quad.
Ap/p >0
N
e e e e | o o e __———_—- v " —E __S
Ap/p <0 \/
. . . . Ap

» Chromaticity acts like a quadrupole error (optical aberration), AK = —K —

and leads to a tune spread: p

{ = &, » first order chromaticity

p
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Chromaticity

* How to correct chromaticity?

Quad.
Ap/p>0

ELENA ring sextupole

23/03/2020 Javier Resta Lopez




ELENA ring optics

0 Betatron and dispersion functions

Good tunability in the range 2<Q,<2.5and1<Q,< 1.5

Hexagonal lattice
e- cooler

Periodicity of two:

* e-cooling section + 2 1.8
standard sections L 16
* Injection section + 2 114
standard sections ’
) 1.2
3 families of quadrupoles (each “',:? L 10 §;
of 4 members) e a)
- 0.8
2 skew quadrupoles L 06
2 families of sextupoles (each 04
of two members) 0.0 . . . . . . . . . 0.2
0.0 6.12 12.24 18.36 24.48 30.60

s (m)
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Beam

Periodic system

particle trajectory

For many particles  gpyelope=v(zf)




0 Ensemble of particles

Beam is a set of millions/billions of particles (V)

For example, a Gaussian transverse distribution has a Gaussian density profile in
phase space

N Vo + 2028’ + Bex® vyt 4 20,yy + By
flz, 2 y,y) = e | - — £ !

2€x,rms 26y,rms
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Q Statistical definition

Let’s consider first a 2D x — x "beam phase space for an ensemble of particles. We
need to characterise the spread of particles in phase space

Emittance is a measure of the phase space area occupied by a beam

€x,rms = \/<x2><x’2> — <$37/>2

(%)
y (7) =

1
N
| (z2') = %

N Do (@i — (@)
> (@ — (2))?
D iy 2oje (@i — () (@ — (2')

x’ [mrad]
hhdbroso=pOAO
1
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0 Emittance and Courant-Snyder Invariant

Particle orbit in terms of lattice Twiss parameters

(i=1to N) {5131(8) = \€B(s) cos((s) + ¢i)
ri(s) = —v/€/B(s)[a(s) cos(¥(s) + @) + sin((s) + ¢;)]

For a matched beam, for each ¢, particles are uniformly distributed around the ellipse

N A
1 W’

(2%) = D_ €iB(s) cos(W(s) + &) = B(s)(e)
(22) =v(s)(e)
"N =af(s

rr )= € 1
(za’) ){€) Grms:NZGi:<€>

Emax > €3 > €28

max

max

m|
w
m

Courant-Snyder Invariant can be seen as a single particle emittance
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Emittance (other definitions)

1
. . Area enclosed = / / drdx’ = = / / drdp, = me
= Normalised emittance: / p
The geometric emittance, as defined before, decreases as 1/p or 1/(fy), so when a
beam is accelerated, it is not € that is conserved, but the quantity

€n = Brelﬂ)/rele
Bret = v/c

Yrel -+ Lorentz factor

=  Percentile emittance:

e.g. 95% emittance, which defines the area
of ellipse that contains 95% of the beam.
It is a convenient definition when we have

to deal with irregular beam distributions
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Liouville’s theorem

In a Hamiltonian system, i.e. in the absence of collisions or
dissipative processes, the density in phase space along the
trajectory is invariant

Joseph Liouville

As particle moves along the orbit the shape and position of the phase space ellipse
change according to f(s), but the area remains constant.

M (ss5]s1) = M(s5]s4) - - M(s3|s2) M (s2]s1) S, 5 2 s

\)
det(M) =1 !
Ellipses in x-x" plane for different s
Poincare invariant:

1 (in 2-D. It can be
Area enclosed = / / dedx’ = = / / dxdp, = me extendedtothe

P beam volume)

* X %
* *
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Emittance dilution

Hamiltonian
e Accelerator system
— Beam mismatch

— Nonlinear optics
— Errors,misalignments

e Collective effects
— Space charge
— Coherent synchrotron radiation (CSR)
— Wakefield (impedance)
e Two-beam effects
— Beam-beam
— Electron cloud for positively charged beam
— lon effects for electron beams

Non-Hamiltonian

e Synchrotron radiation

e Scattering
— Residual gas scattering
— Intrabeam scattering
— Touschek scattering
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Rest gas scattering

Particle scattered by o Particle scattered remaining
large angle and lost ~

Rest gas nucleus

0 Emittance growth caused mainly by Multiple Coulomb Scattering

derms _ 280\ , (m.c?)?
— ms1 2
dl_ <ﬁJ—>n n ( o ) re ﬁcpz

Relativistic velocity factor: B = V/C

Average betatron function: <BL> — 1/2(<Bx> + <ﬁy>)

Z*1n (280/ (a(AZ)!/3))
In(280/ )

Multiple scattering density: n,,, = Zn,
N. Madsen, CERN/PS/DI Note 99-06, (1999)
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Multiple small-angle Coulomb scatterings of charged particles within the beam itself

 Exchange of energy between the transverse and longitudinal degrees of freedom, leading to
the growth of the beam phase dimensions

O Emittance growth rates:

1 1 1 ric

X
Te Ty Tp  32m\/TB3v4€ €,0,

_JN/C for coasting beams
| N/ (2/7o)  for bunched beams

/
where N is the number of particles in the beam, / W > S
and N, is the number of particles per bunch; \‘y

C is the circumference of the ring, o, the bunch length, and

o, the momentum spread
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Beam cooling

0 Beam cooling means reduction of beam
temperature

0 In this context, temperature is equivalent to
terms as phase space volume, emittance and
momentum spread

0 Beam cooling techniques are non-Liouvillean, i.e.
violate the assumption of conservative forces
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Benefits of beam cooling

O Improved beam quality
O Precision experiments
0 Luminosity increase (in colliders)
0 Increase lifetime

0 Compensation of heating
0 Experiments with internal target
0 Colliding beams
0 Other scattering effects, e.g. IBS

0 Intensity increase by accumulation
0 Weak beams from the source can be enhanced
0 Secondary beams (antiprotons, rare isotopes)
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Electron cooling

electron
gun

collector

Electron beam

-

O Consolidated
technique,

first proposed

by 6. Budker in 1966

O Cold electrons interacting with hot ions

AN Z lon beam
°?F| Eﬁ / 0 Momentum transfer by Coulomb
— | - collisions
g;_i
| ('\. L Cooling force results from energy loss in
the co-moving gas of free electrons
—0 _—9 Equilibrium:
e
‘\. / B ) 5
-—e —0 v, k,T,=k,T, or my =m,y,
H/.Nﬁ
—° —9 ion
“ 1
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Electron cooling in ELENA

5.3 MeV

650 keV

cooling pla

feau

ELENA magnetic cycle

1

2nOI copling plateau
100 keV

NN

pbar kinetic energy

Electron beam energy (eV)
Electron current (mA)
Electron beam density (m™3)

Boun (G)

Bt (G)

Expansion factor

Cathode radius (mm)
Electron beam radius (mm)
Py Py, Dy (m)
Flange-to-flange length (mm)
Drift solenoid length (mm)
Effective length (mm)

650 keV 100 keV
355 55
5 2
1.38 x 102 1.41 x 10'2
1 Ry
100000 s llm.ulllllh \ &
10 5 EEE'/
. ,
25
2.103, 2.186, 1.498
2330
1000
700

More details about cooling in L. V. Joergenson’s talk, this workshop
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Electron cooling in ELENA

0 Emittance measurement by scraping

moving
into beam

Support Arm

Scraper Window

\x

3<0

Hydraulic Movement

Beam Direction {( Assembly

First evidence of significant electron :
cooling in ELENA

ELENA séraper

5.3 MeV

ELENA magnetic cycle

|st cooling pglateau
650 keV

2"d cqoling platead

\ 100 keV |
1 1 1 \ |\-
0 5 0 15 20 2 30

/ Time (s) \

J. Hunt et al., NIMA 896 (2018) 139
J. Hunt et al., PRST-AB 23 (2020) 032802

t=7178s t=145s Change Off On Change
€, (mmmrad)  159+£0.02  1I15£002 28%+2% || |¢, (mmmrad)  255+£003 053001  79%+2% |
Yo (mm) -2.88+£003 -2.89+£003 -0.01+0.06 Vo (mm) —2.08+0.03 —-2.03 +0.03 0.05 £+ 0.06
€, (mm mrad) 36£027 070£005 81%+ 10%) e, (mmmrad) 254020  055+0.04  78% =+ 10%|
Xo (mm) —405E£0.04 —422£004 =0.17E008 | |*o (mm) —3.67+0.04 -391+£0.04 -0.24+0.08
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Electrostatic transfer lines

Electrostatic or magnetic beamline?

At low velocities electric fields may be more efficient

100 keV is still in the reachable range for electrostatic elements

o O 0O O

Advantages of electrostatic:

No hysteresis

Better stability. Easy field shaping
Low power consumption

Cheap power supplies

Good magnetic shielding possibilities

o000

d Disadvantages:

O Safety with high-voltage
O Interlocking against sparks
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Electrostatic deflectors

G4beamline model of TL from ELENA to ALPHA

N4/

2 E

v 2 kin

F=qE=ma=m— — R==—"
q ma=m p

Bending radius depends only on the E , /q of the particle.
Independent of mass.

Fast deflector Bend + fringe field effects

Courtesy of V. Rodin
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ELENA Electrostatic transfer lines E’A

lon source

LNEO2
LNS LNEO1

AEGIS

R

D -
LNEO7 %

o
Q

ATRAP 1

Q ky

BASE ASAcus;jﬁ

LNEOS ¢

ATRAP

LNE51

@® lon switch @ Fast kicker + static deflector g
@ Fast kicker: injection @ Static deflector
O Fast kicker: extraction @ Magnetic dipole ASACUSA 2

Experiments, next talks ...

* X %
* *
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Basic definitions (briefly) reviewed for both linear longitudinal and
transverse beam dynamics

Starting from Lorentz equation

Techniques to accelerate particles (linacs, circular accelerators)
Magnets to guide the particle trajectory (dipoles, quadrupoles)
Single-particle beam dynamics

Hill’s equation and betatron motion

Matrix description (maps)

Off momentum particles: Dispersion function, Chromaticity
Multiparticle-beam

Transverse phase space: C-S invariant, emittance, Liouville’s Theorem
Emittance dilution mechanism

Beam cooling; electron cooling

Electrostatic elements

New accelerator facilities, such as ELENA, play a key role in antimatter
research
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Normalised emittance

* Apply some acceleration along z to all particles in the
bunch

— P, is constant
— P, increases
J
— x =P, /P, decreases!
* So the bunch emittance decreases

— This is an example of something called Liouville s
Theorem

— ~“Emittance is conserved in (x,P,) space”

* Define normalised emittance <p.>
E =

n

E
m
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Basic blocks: FODO Cell

Symmetric transfer matrix from center to center of focusing quads

Mropo = Muqr - Mauigt - Mqp - Marie, - Muqr

I 0 1 L I 0
MHQF — ( 1 > ) Mdrift — < ) ) MQD — (1 )
~3F 1 0 1 7 1

1— L 2L(1 + L
MFODO:< . ( L22f)>|
—spl—355) 1-3pm
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Evolution of phase space

= Alarge p-function corresponds to a large beam size and a small
beam divergence

x4 x 4 x 4 x x4
—> -> —-> -> —>
X X X X X
~.~~~~~ ax> O , ax< O ""‘,—
~~~~~~~ \\“ , '/ é”’ -
3| Y a k- 0[]
F car o QF
, _ _sj,QL.,uﬁ.;{i!;ti;ﬂ’f;‘}sf';;‘*'5“”-' amoev QD e o _
In the middle of & B B D VaN £ Inthe middle of
quad. QF, 7 o014 quad. QD,
. . 454 . . .
B, is maximum \ L o.13 ,By is maximum
« e 40. . .
(8, minimum), N o (5. minimum),
and a, ,=0 . . and a, ,=0
.4 L0010
20. 4
0.09
15 4
10, =008
e RS TS0 T Fs o 135 1k0 135 260 235 280 275 o

sim)
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Nonlinearities

In reality, some lattices have significant higher order terms

v’ + K(s)x = O(z?) +...
and magnetic imperfections, e.g. dipole errors
x'" + K(5)33 — 5(5 — SO)Herror

which can drive resonances

Tacoma Narrow bridge 1940

(Excitation by strong wind on the eigenfrequencies)
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Resonances

Hill’s equation is quasiharmonic, and whenever we have a harmonic

system, the danger of exciting a resonance exists. Multiple sources of
resonant driving terms exist in accelerators:

* Linear magnet imperfections
e Time varying fields

* Nonlinear magnets

e Collective effects

* etc, etc.

Qe +mQy =7

where ([, m, r) are integers

9,

Tune diagram
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Nonlinearities

= Example:

Sextupoles are the most common magnet nonlinearities in accelerators

Phase space plot of particle motion close to a fifth-order resonance
(a) (b)

Chaotic regimen
between the

resonant islands!
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Linear machine With a sextupole element

(Courtesy of W. Herr and E. Forest)
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