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Lorentz	force	

§  A	charged	par<cle	moving	with	velocity	v	through	an	electro-magne<c	
						field	experiences	a	force		
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~F = q( ~E + ~v ⇥ ~B)

§  The	second	term	is	always	perpendicular	to	the	direc<on	of	mo<on,	so	it	
does	not	give	any	longitudinal	accelera<on	and	it	does	not	increase	the	
energy	of	the	par<cle.	

	
§  Accelera<on	has	to	be	done	by	an	electric	field	E	

Javier	Resta	Lopez	



Electrosta)c	accelera)on	

23/03/2020	 4	

E

ΔV 

vacuum envelope 

source 

Fig. 1: Electrostatic acceleration

2.2 Induction – the betatron
Insulation issues limit the acceleration by static electric fields. In the general case, the electric field is
derived from a scalar potential V and the time derivative of a vector potential ~A:

~E = �~rV � @ ~A

@t
, (8)

~B = µ ~H =

~r⇥ ~A ) ~r⇥ ~E = �@ ~B

@t
. (9)

From Maxwell’s equations above, it follows that the time variation of the magnetic field generates an
electric field, which can accelerate particles overcoming the static insulation problems.

One method based on this principle is the betatron, as shown in Fig. 2. The circularly symmetric
magnet is fed by an alternating current at a frequency typically between 50 and 200 Hz. The time-
varying magnetic field ~B creates an electric field ~E and at the same time guides the particles on a circular
trajectory. According to the field symmetry, the electric field generated is tangent to the circular orbit.
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Fig. 2: Schematic of a betatron. The top shows the side view, the middle the top view, and the graph at the bottom
the magnetic field distribution.
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Electrosta)c	Field:	

Energy	gain:	W = e ΔV 
	
Limita<on:		insula<on	problems	
maximum	high	voltage	(~	10	MV)	
	
Used	for	first	stage	of	accelera<on:	par<cle	
sources,	electron	guns,	x-ray	tubes	

750 kV Cockroft-Walton generator 
at Fermilab (Proton source) 

Javier	Resta	Lopez	



Radio-Frequency	(RF)	

q  Ising-Wideröe	type	structure	
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Cylindrical	electrodes	(driT	tubes)	separated	by	gaps	and	fed	by	a	RF	generator,	as	
shown	above,	lead	to	an	alterna<ng	electric	field	polarity	

						Synchronism	condi)on													 vi =	par<cle	velocity	
TRF =	RF	period	li =

viTRF

2
=

�i�RF

2

V0 sin!t

Javier	Resta	Lopez	

R.	Wideröe	



Radio-Frequency	(RF)	

q Alvarez	type	structure	

23/03/2020	 6	

Synchronism condition 

LINAC	1,	CERN	
Metallic	cavity	

li = viTRF = �i�RF

l2 l3 l1 

!RF = 2⇡
vi
li

Used	for	proton	and	ions	(50	–	200	MeV),	fRF ~ 200 MHz	

Javier	Resta	Lopez	

L.	W.	Alvarez	



Radio-Frequency	(RF)	

q Resonant	Cavi)es	
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§  Higher	opera<ng	frequency.	

§  The	power	lost	by	radia<on,	due	to	circula<ng	currents	on	
the	electrodes,	is	propor<onal	to	the	RF	frequency.	

§  Solu<on:	enclosing	the	system	in	a	cavity	whose	resonant	
frequency	matches	the	RF	generator	frequency.	

§  Electromagne<c	power	constrained	in	the	resonant	volume	
	

§  Each	such	cavity	can	be	independently	powered	from	the	RF	
generator	
	

§  Note	however	that	joule	losses	will	occur	in	the	cavity	walls	
(unless	made	of	superconduc<ng	materials)	

z	

Javier	Resta	Lopez	



Radio-Frequency	(RF)	
q Resonant	Cavi)es	
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Standing	wave	linear	accelerator	

Field	gradient:		
20	MeV/m	

CST®	simula<on	examples:		hcps//www.cst.com/Applica<ons	

60	keV	

6	GeV	

π/2	-	mode	of	the		
E010	field	pacern	

Javier	Resta	Lopez	



Synchronous	phase	

q Phase	stability	(linac)	
	

§  Cavity	set	up	so	that	par<cle	at	the	centre	of	bunch	(synchronous	par<cle)	
acquires	just	the	right	amount	of	energy	
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�E = eV0 sin�s

§  Par<cles	arriving	early	(N1)	see																						and	will	gain	less	energy.	In	the	next	gap	
it	will	appear	closer	to	par<cle	P1	(synchronous	par<cle)	

§  Par<cles	arriving	late	(M1)	see																								and	reduce	its	delay	compared	to	P1	

� < �s

� > �s

Stable	phase	region	

0 < �s <
⇡

2
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Cyclotron	

!s =
qB

m0�
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Used	for	protons,	ions	

Synchronism condition 

RFs

RFs

Tv=
=

ρπ
ωω

2

RF generator,	ωRF 

B=	constant	
ωRF=	constant	

B 

g 

Extraction 
electrode 

Ion source 

As	long	as																					and																		
the	synchronism	condi<ons	stays	fulfilled,	and	
the	revolu<on	frequency	does	not	depend	on		
the	radius				

vs ⌧ c � ⇡ 1

For	higher	energies	…	?	

Javier	Resta	Lopez	

E.	Lawrence	



Synchrocyclotron	

23/03/2020	 11	

	
	
In	order	to	keep	the	synchronism	at	higher	energies,	one	has	to	decrease	ωRF	during	
the	accelera<on	cycle	according	to	the	rela<vis<c	ϒ(t) 

!RF (t) = !s(t) =
qB

m0�(t)

It	can	accelerate	protons	up	to	around	500	MeV.		
	
Limita<on	due	to	the	size	of	the	magnet	

Javier	Resta	Lopez	

E.	McMillan	



Synchrotron	

							Synchronous	accelerator	since	there	is	a	synchronous	RF	phase	
							for	which	the	energy	gain	fits	the	increase	of	the	magne<c	field	at	each	turn.		
							That	implies	the	following	opera<ng	condi<ons:	
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B 

injection extraction 

r	

R=C/2π 

E

Bending  
magnet 

ρ 

Be
PB

cteRcte

h

cte

Ve

rRF

s

⇒=

==

=

=Φ=Φ

Φ

ρ

ρ

ωω

sin
^

Energy	gain	per	turn	
	
	
Synchronous	par)cle	
	
RF	synchronism		
(h	-	harmonic	number)	
	
	
Constant	orbit	

	
Variable	magne)c	field	

If	v≈c,		ωr hence	ωRF		remain	constant	(ultra-rela<vis<c	regime	) 
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ELENA	ring	

§  		A	compact	synchrotron	to	decelerate	an<protons	
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Chapter 1 Introduction 7

Figure 1.1: Example of a typical ELENA cycle. The y-axis does not have
units due to it being representational based on the strengths of the bending

dipoles, which are proportional to beam energy.

may be performed, as seen in Fig. 1.1. Electron cooling is also applied prior to

extraction to achieve the highest quality beams of nominal intensity ⇡ 1.8 ⇥ 107

[45]. ELENA’s electron cooler is based on a design used by the S-LSR cooler ring

at Kyoto University [46, 47].

With these extremely low energy 100 keV beams the experiments will be able

to increase trapping e�ciencies by the order of 10-100, for example by significantly

decreasing the usage of degrader foils. The improved availability of trapped an-

tiprotons will allow experiments to greatly improve measurement statistics and

achieve their goals in a much shorter time frame. Currently AD beam time is

divided by experiments in 8 hour shifts whereas ELENA will be capable of dis-

tributing four bunches amongst four experiments per AD shot, allowing for almost

continuous beam time [48].

A series of electrostatic transport lines will carry the 100 keV antiprotons to

the experimental areas. Figure 1.2 shows the ELENA ring situated within the

AD and its network of beam transport lines. There are two main extraction

points from ELENA, one, which is under construction during LS2, will lead to the

original experimental area and a second which is already capable supplying beam

to GBAR. It should be pointed out that in Fig. 1.2 the position of AEGIS is a

proposed move from the empty space next to ATRAP.

ELENA also has a dedicated hydrogen ion, H�, source which is used for com-

missioning when antiprotons are not available, for example to set up the magnetic

ELENA	cycle	

1st	decelera<on	

2nd		decelera<on	



Recap.	

q Remember	the	Lorentz	force	
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~F = q( ~E + ~v ⇥ ~B)

§  We	have	used	E	to	accelerate/decelerate	par<cles	

§  Now	we	shall	use	B	to	deflect	par<cles	as	we	really	benefit	from	the	presence	of	the	
						velocity	in	the	Lorentz	force				
	
§  At	high	veloci<es	magnets	are	used	to	deflect	par<cles	
	
§  Although	at	low	veloci<es	electric	fields	may	be	more	efficient	(e.g.	electrosta<c	
						elements	are	used	in	the	ELENA’s	transfer	line	to	experiments)	
	
	

Javier	Resta	Lopez	



Coordinate	system	
The equation of motion in radial coordinates
Let’s consider a local segment of one particle’s trajectory:

and recall the radial acceleration: a

r

=
d2⇢

dt2
� ⇢

✓
d✓
dt

◆
2

=
d2⇢

dt2
� ⇢!2.

I For an ideal orbit: ⇢ = const ) d⇢
dt

= 0

)the force is
F

centrifugal

= �m⇢!2 = �mv

2/⇢

F

Lorentz

= eB

y

v

) p

e

= B

y

⇢

I For a general trajectory:

⇢ ! ⇢+ x : F = ma

r

) m

"
d2

dt2
(⇢+ x)� v

2

⇢+ x

#
= eB

y

v

14/32 A. Latina - Introduction to transverse beam dynamics: Lecture 1 - JUAS 2015
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Coordinates	w.r.t.	the	design	orbit	
	
Let’s	consider	a	local	segment	of	one	par<cle’s	trajectory	

Paraxial	approxima<on:	we	will	assume	the	devia<on	of	par<cle	coordinates	from	the		
design	orbit	is	small	,	so	x,	y	<<	bending	radius	(ρ)			

Javier	Resta	Lopez	



Coordinate	system	
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The	state	of	a	par<cle	(phase	space)	represented	with	a	6-D	vector	

(x, x0
, y, y

0
, z = s� �ct, � = �p/p0)

with	
x

0 =
dx

ds

=
dxdt

dtds

=
p

x

p

z

; y

0 =
dy

ds

=
dydt

dtds

=
p

y

p

z

ds 

x’ 

x 

dx 

x s 
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Magne)c	field	

q Taylor	expansion:		
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By(x) =By0 +
dBy

dx

x+
1

2
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dx
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Magnet	strengths	normalized	to	the	beam	rigidity:					

q

p

By(x) =k0 + k1x+
1

2
k2x

2 +
1

3!
k3x

3 + . . .
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By(x) = B⇢

1X

n=1

kn�1x
n�1

(n� 1)!
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2n-pole:	

Defini?on	of	magnets	

C.P. Welsch, oPAC School, RHUL, 7.-11. July 2014

Magnet Definitions
� 2n-pole:

dipole      quadrupole       sextupole        octupole …

n:          1                   2                         3                                4    …             

� Normal: gap appears at the horizontal plane

� Skew: rotate around beam axis by S/2n angle

� Symmetry: rotating around beam axis by S/n angle, the field is reversed (polarity 

flipped)
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n=1	 n=3	 n=4	

Dipole	 Quadrupole	 Sextupole	 Octupole	

n=2	



Bending	

q Dipole	
If	we	want	to	deflect	par<cles	

	

23/03/2020	 18	

F = qvB

We	equate	this	to	the	centripetal	force	

F =
�mv2

⇢

B⇢ =
p

q
Rigidity:	

C.P. Welsch, oPAC School, RHUL, 7.-11. July 2014

Keep particles on orbit: Dipole

> @ > @
> @c/GeVp

TB2998.0m1 01  
U

�
1

⇢
[m�1] = 0.2998

B[T]

p[GeV/c]
(for	q=e)	

B⇢[T ·m] = 3.3356 · p[GeV/c]

Javier	Resta	Lopez	

ELENA	ring		dipole	angle at the extremities. Here, the second option is
preferred as it allows for easy beam optics optimization,
easy adaptation of the electromagnetic design and manu-
facture. With this option, the focusing can be efficiently
handled by introducing an edge angle of 17 deg [6].
Three different design options for normal-conducting

iron-dominated dipoles are considered [19]: (1) H-shaped
dipoles, (2) O-shaped, also often called window-frame,
dipoles or (3) C-shaped dipoles. If no access to the vacuum
chamber is required, H-dipole magnets or window-frame
magnets are the preferred choice, as their fourfold sym-
metry allows only odd multipoles (B1; B3;…; B2nþ1) com-
pared to C-shaped dipoles with a twofold symmetry
allowing even and odd multipoles (B1; B2;…; Bn).
Window frame magnets are usually only used for corrector
magnets due to their need of having either bedstead coils
or a double number of ampere turns resulting in doubling
the consumption in addition to a larger external field. For
ELENA C-shaped dipole magnets have been chosen
because they allow access to the vacuum chambers. This
access is required to reach a vacuum pressure in the order of
10−10 Pa to limit interactions with residual gas, for min-
imizing losses and for reducing blowup of the beam
emittance. To reach such a vacuum pressure numerous
pumping ports are required, which need to be placed in the
dipole section as the dipoles cover a substantial part of the
machine.
A curved dipole magnet is envisaged (see Fig. 4), with

the parameters given in Table II, to limit the pole and
therefore the magnet size. The sagitta is ð1 − cos θÞρ ¼
124 mm and therefore a straight magnet would be too
large. To achieve a stable and excellent field quality and to
increase the overall mechanical stability of the yoke,
despite an edge angle of 17 deg, a wide backleg
(364 mm) is foreseen. A combined structural-magnetic
finite-element analysis with the mentioned conditions
confirmed that the closing of the gap due to the magnetic
pressure of p ¼ B2

2μ0
¼ 0.05 % % % 0.6 MPa has a negligible

influence on the field quality.
The pole profile (see Fig. 5) is optimized in such a way

that the variation of the field quality over the full dynamic
range remains in the order of 10−5. End shims with five
45 deg chamfers are adapted, so that the integrated field

quality in the magnet is better than &2 × 10−4. A detailed
report on the design is given in [7]. Magnetic measurements
[20,21] on the series magnets show that the specifications
are met without the need to perform experimental trimming
of the shimming configuration to meet the field quality
requirements.
Furthermore, the variation of the quadrupole field

component over the dynamic range—a variation which
is typically observed in C-shaped dipoles—shall be mini-
mized. In order to achieve a small variation the anisotropic
properties of the steel I (see Sec. II B) are exploited by
choosing the easy magnetization direction (in rolling
direction) to be parallel to the pole face. By this choice
the flux is more equally distributed over the full pole width
and the quadrupole variation is limited to around 2 × 10−4.
Such an approach also has the advantage that the mother
coil with a width of 1200 mm can be almost fully used
(lamination size is 1022 mm × 774 mm).

B. Yoke material selection

The dynamic range in ELENA is pinj=pej ¼ 7.3.
Therefore, very low field levels (B ¼ 0.05 T) are required
during extraction. This may cause strong nonlinearities in
the transfer function and changes in the field quality due to
hysteresis effects, which cannot be easily modeled with
commercial software packages and make the operation of
an accelerator challenging. To minimize these effects a
material with low coercive force Hc is desirable. Candidate
materials are: pure iron, grain-oriented (GO) and nongrain
oriented (NGO) steel, Fe-Ni and Fe-Co alloys. Fe-Ni and
Fe-Co alloys are excluded, despite their very large per-
meability and low coercive force, due to their high-cost
and, in the case of Fe-Co, also due to the expected high

FIG. 3. Sketch of a sector coil generating an approximate dipole
field.

FIG. 4. Picture of ELENA preseries magnet during magnetic
measurements.

CASE STUDY OF A MAGNETIC SYSTEM … PHYS. REV. ACCEL. BEAMS 19, 082401 (2016)

082401-3



Focusing/defocusing	
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q Quadrupole	
	

§  Constant	gradient		
g = �dBy

dx

§  Focusing	forces	increase	linearly	with	displacement		
	
§  Magne<c	lenses	are	focusing	in	one	plane	but	
					are	defocusing	in	the	orthogonal	plane	

C.P. Welsch, oPAC School, RHUL, 7.-11. July 2014

Focusing: Quadrupoles

� Quadrupole produces a  
constant gradient g=-dBz/dx.
– Focusing forces increase 

linearly with displacement
– Important: no coupling 

� Optical lenses are either focusing or defocusing.
� Magnetic lenses focus in one plane but are defocusing in the 

orthogonal plane (from Maxwell’s equations)

> @ > @
> @c/GeVp

m/Tg2998.0mk 2  �

Javier	Resta	Lopez	

ELENA	ring	quadrupole	

B. Yoke material selection

For quadrupoles, nonlinearities in the transfer function
and changes in the field quality due to hysteresis effects are
expected to be even larger than for the dipole magnets
because the dynamic range for the quadrupole family is
larger and the pole field smaller. To minimize these effects a
GO and a NGO steel are explored. For the selection of
the lamination thickness the same criteria as outlined in
Sec. II B 1 are followed. However, GO steel is not com-
mercially available in a thickness larger than 0.35 mm.
Therefore, both NGO (M250-35 A) and GO (M140-35 S)
steel with a thickness of 0.35 mm are compared. The
chemical composition of the steel, measured with a PMI
spectrometer, is summarized in Table VIII. The carbon
values are not shown in the table as they are too small to be
detected by the method used here.
For the prototypes, GO steel M140-35 S from supplier A

(ArcelorMittal, Czech Republic) is used, and for the series
production steel M140-35 S (internal designation C140-35)
from supplier B (ThyssenKrupp, Germany) is considered.
It is worth noting that, despite the same designation and
specified loss values, the magnetic characteristic of these
two GO steels is different, as evident from the hysteresis

cycle for M140-35 S, shown in Fig. 11, and the chemical
composition provided in Table VIII. The permeability for
the GO steel from supplier B is on average around 7 times
larger than the one from supplier A and the coercive force is
around 1.7 times smaller. This difference comes from a
different annealing process. After magnetic annealing at
800 °C for 1 h (heating with 2–4 °C=h), decreasing the
temperature with 2–4 °C=h to 300 °C and cooling down by
free convection to room temperature, the BH curves
resembled each other. This comparison shows that the
selection of an adequate steel, independent of its official
denomination, with large (initial) permeability [41] can be
very efficient with respect to the increase of the permeabil-
ity over the working range.

C. Prototypes

To study the overall performance of the quadrupoles
employing the steel selected above, four yokes in 1∶1 scale

FIG. 10. Sketch of quadrupole magnet.

TABLE VIII. Chemical composition in % of M250-35 A and
M140-35 S from supplier A and B.

M250-35 A M140-35 S, A M140-35 S, B

Si 1.96 3.27 3.31
Mn 0.32 0.30 0.17
Al 1.22 0.003 0.003
Cu 0.009 0.58 0.20

FIG. 11. Hysteresis cycle for M140-35 S from two different
suppliers A and B.

FIG. 12. Picture of quadrupole prototype during magnetic
measurement.

DANIEL SCHOERLING PHYS. REV. ACCEL. BEAMS 19, 082401 (2016)

082401-10

Normalised	strength:		

k1[m
�2] =

g

p/e
[m�2] = 0.2998

g[T/m]

p[GeV/c]
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Hill’s	equa)on	

q  Basic	equa)on	of	mo)on	for	a	par)cle	in	an	accelerator	
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Mo<on	with	periodic	focusing	proper<es	

A$simple$harmonic$oscillator$

Think)of)a)mass)on)a)spring…)
)
Mass)m,)spring)constant)k)
)

F = �kx

x)Here,))the)force)on)the)mass)from)the)spring)
pushes)the)mass)back)to)the)equilibrium)point)

Compare	with	a	simple	harmonic	
oscillator		with	restoring	force		
F=-kx 

•  with	a	restoring	force		
•  K(s)	depends	on	longitudinal	posi<on	s 
•  K(s+L)=K(s)	periodic	func<on,	where	L is	the	“lasce	

period”		

6= const

x

00(s) +K(s)x(s) = 0

Javier	Resta	Lopez	



More	details	on	Hill’s	equa<on	Hill’s Equation
� Equation of transverse motion

� Drift:

� Solenoid:

� Quadrupole:

� Dipole:

� Sextupole:

� Hill’s Equation:

0,0  �cc �cc ykyxkx

� � 02,022  �cc ��cc kxyyyxkx

0,0  cc cc yx

0,01
2  cc �cc yxx

U

0)(,0)(  �cc �cc yskyxskx yx

George Hill

02,02  c�c�cc c�c�cc xkxkyykykx

21	Javier	Resta	Lopez	23/03/2020	



Focusing	quadrupole	

§  For	similarity	with	harmonic	oscillator,	considering	K=const.			

§  Horizontal	focusing	quadrupole	(defocusing	in	ver<cal	plane),	K > 0:		

§  For	convenience	we	can	use	a	matrix	formalism:	
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x(s) =x(0) cos(

p
Ks) +

x

0
(0)p
K

sin(

p
Ks)

x

0
(s) =� x(0)

p
K sin(

p
Ks) + x

0
(0) cos(

p
Ks)

We determine a

1

, a
2

by imposing the following boundary conditions:

s = 0 !
(
x (0) = x

0

, a

1

= x

0

x

0 (0) = x

0
0

, a

2

= x

0
0p
K

Horizontal focusing quadrupole, K > 0:

x (s) = x

0

cos
⇣p

Ks

⌘
+ x

0
0

1p
K

sin
⇣p

Ks

⌘

x

0 (s) = �x

0

p
K sin

⇣p
Ks

⌘
+ x

0
0

cos
⇣p

Ks

⌘

For convenience we can use a matrix formalism:

✓
x

x

0

◆

s

1

= M

foc

✓
x

0

x

0
0

◆

s

0

Where:

M

foc

=

0

@
cos

⇣p
Ks

⌘
1p
K

sin
⇣p

Ks

⌘

�
p
K sin

⇣p
Ks

⌘
cos

⇣p
Ks

⌘

1

A

23/32 A. Latina - Introduction to transverse beam dynamics: Lecture 1 - JUAS 2015

s=0   s 

✓
x(s)

x

0
(s)

◆
=

 
cos(

p
Ks)

1p
K

sin(

p
Ks)

�
p
K sin(

p
Ks) cos(

p
Ks)

!✓
x(0)

x

0
(0)

◆
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Defocusing	quadrupole	

§  For	similarity	with	harmonic	oscillator,	considering	K=const.			
	
§  Horizontal	defocusing	quadrupole	(focusing	in	ver<cal	plane),	K < 0:		

§  Matrix	formalism:	
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Defocusing quadrupole
The equation of motion is

x

00 + Kx = 0

with K < 0

Remember:
f (s) = cosh (s)

f

0 (s) = sinh (s)
Now the solution is in the form:

x (s) = a

1

cosh (!s) + a

2

sinh (!s)

and the transfer matrix:

M

defoc

=

0

@
cosh

⇣p
|K |s

⌘
1p
|K |

sinh
⇣p

|K |s
⌘

p
|K | sinh

⇣p
|K |s

⌘
cosh

⇣p
|K |s

⌘

1

A

Notice that for a drift space, i.e. when K = 0 ! M

drift

=

✓
1 L

0 1

◆
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s=0   s 

x(s) =x(0) cosh(

p
|K|s) + x

0
(0)p
|K|

sinh(

p
|K|s)

x

0
(s) =x(0)

p
|K| sinh(

p
|K|s) + x

0
(0) cosh(

p
|K|s)

✓
x(s)

x

0
(s)

◆
=

 
cosh(

p
|K|s) 1p

|K|
sinh(

p
|K|s)

p
|K| sinh(

p
|K|s) cosh(

p
|K|s)

!✓
x(0)

x

0
(0)

◆
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Dri_	
§  For	K=0,	and	no	further	magne<c	elements,	we	have	a	driT	space:			
	
	

	

§  		
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Mdrift =

✓
1 L
0 1

◆

x(s) =x(0) + (s� s0)x
0(0) = x(0) + Lx

0(0)

x

0(s) =x

0(0)

Posi<on	changes	if	par<cle	has	a	slope	which	remains	unchanged.	

0 L s s0= 

x 

Javier	Resta	Lopez	



	Thin	lens	approxima)on	

23/03/2020	 25	

§  For a focusing quadrupole (K>0)!

!

§  For a defocusing quadrupole (K<0)!

!

§  In the limit               , and KL=const.!

!
§  Note that the sign of K or f is now absorbed inside the symbol!
§  In the other plane, focusing becomes defocusing and vice versa!

MQD =

 
cosh(

p
|K|L) 1p

K
sinh(

p
|K|L)p

|K| sinh(
p
|K|L) cosh(

p
|K|L)

!

MQF =

 
cos(

p
KL) 1p

K
sin(

p
KL)

�
p
K sin(

p
KL) cos(

p
KL)

!

L ! 0

MQF,QD =

✓
1 0

�KL 1

◆
=

✓
1 0
� 1

f 1

◆
f =

1

KL

Focal	length	
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Joining	elements	

23 

Piecewise Constant Transport: n Elements 

from s
0
 to s

1 

from s
0
 to s

2 

from s
0
 to s

3 

from s
0
 to s

n 

… 

S
0 

S
1 

S
2 

S
3 

S
n-1 

S
n 

For an arbitrary number of transport elements, each with a 
constant, but different, Kn, we have: 

Thus by breaking up the parameter K(s) into piecewise constant 
chunks, K(s)={K1, K2, … Kn}, we have found a useful method for 
finding the particle transport equation through a long section of 
beamline with many elements. 
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For	an	arbitrary	number	of	transport	elements,	each	with	a	constant,		
but	different,	Kn,	we	have	 

Thus	by	breaking	up	the	parameter	K(s)	into	piecewise	constant	chunks,	K(s)={K1, 
K2, ... Kn},	we	have	found	a	useful	method	for	finding	the	par<cle	transport	
equa<on	through	a	long	sec<on	of	beamline	with	many	elements.		
	

✓
xn

x

0
n

◆
= M(sn|s0)

✓
x0

x

0
0

◆

M(sn|s0) = M(sn|sn�1) . . .M(s3|s2) ·M(s2|s1) ·M(s1|s0)
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Betatron	mo)on	

q  General	solu)on	of	Hill’s	eq.	for	on-momentum		
					linear	mo)on	of	a	par)cle:	
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x(s) =

p
✏�(s) cos( (s) + �0)

x

0
(s) =

r
✏

�(s)

(sin( (s) + �0) + ↵(s) cos( (s) + �0))

Twiss	parameters:		 �(s), ↵(s) = ��0(s)

2
, �(s) =

1 + ↵(s)2

�(s)

Betatron	phase:		  (s) =

Z
ds

�(s)

Tune	(in	a	ring):		number	of	betatron	oscilla<ons		
per	turn,	or	phase	advance	per	turn	in	units	of	2π	

Q =
1

2⇡

I
ds

�(s)

Javier	Resta	Lopez	



Phase	space	

q  The	twiss	parameters	α, β, γ have	a	geometric	meaning	
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!!

�(s)x

2
+ 2↵(s)xx

0
+ �(s)x

02
= ✏

Area of ellipse = ⇡✏

Phase	space	ellipse	

Courant-Snyder	invariant:	✏

Beam	envelope	

Beam	divergence	

x	

x’	

Javier	Resta	Lopez	



Off-momentum	par)cles	
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Bending	magnet	

ρ 
ρ+Δρ 
 

p0 +�p

p0θ 

Javier	Resta	Lopez	

Recall	that	the	magne)c	rigidity	is																			and	for	off-momentum	par<cles:	B⇢ =
p

q

B(⇢+�⇢) =
p0 +�p

q
) �⇢

⇢
=

�p

p0

Consider	the	effec<ve	length	of	the	dipole	unchanged:		

Off-momentum	par<cles	get	different	deflec<on	(different	orbit):	
	
	

�✓ = �✓
�p

p0

✓⇢ = le↵ = const. ) ⇢�✓ + ✓�⇢ = 0 ) �✓

✓
= ��⇢

⇢
= ��p

p0
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Dispersion	

q  Inhomogeneous	Hill’s	equa)on	
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x

00 +K(s)x =
1

⇢

�p

p0

The	solu<on	is	a	sum	of	the	homogeneous	equa<on	(on-momentum)	and	the	
inhomogeneous	(off-momentum):	
	

x(s) = x�(s) +D(s)
�p

p0

Dispersion	func)on:		D(s)

Dispersion	equa)on:		D00(s) +K(s)D(s) =
1

⇢

Javier	Resta	Lopez	



	
	
	
	

Meaning:	

O
ff-

m
om

en
tu

m
 d

yn
am

ic
s,

 U
S

P
A

S
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e 

20
05

11

Chromatic closed orbit

z Off-momentum particles are not oscillating around design orbit, 
but around chromatic closed orbit

z Distance from the design orbit depends linearly with momentum
spread and dispersion 

Design orbit
Design orbit

On-momentum
particle trajectory

Off-momentum
particle trajectory

Chromatic close orbit

xD(s)	describes	the	devia<on	of	the	closed	orbit	for	an	off-momentum	par<cle	
with	p=p0	+	Δp	
	

xβ	describes	the	betatron	oscilla<on	around	the	new	chroma<c	close	orbit	

xD(s) = D(s)
�p

p0
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Dispersion	and	orbit	



Chroma)city	
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�p/p > 0

�p/p = 0

�p/p < 0

Quad.	

s	

§  Off-momentum	par<cle	gets	different	focusing	

§  Chroma<city	acts	like	a	quadrupole	error	(op<cal	aberra<on),			
						and	leads	to	a	tune	spread:				

�K = �K
�p

p

⇠ =

�Q
�p
p

, first order chromaticity

Javier	Resta	Lopez	



Chroma)city	
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C.P. Welsch, oPAC School, RHUL, 7.-11. July 2014

Magnet Definitions
� 2n-pole:

dipole      quadrupole       sextupole        octupole …

n:          1                   2                         3                                4    …             

� Normal: gap appears at the horizontal plane

� Skew: rotate around beam axis by S/2n angle

� Symmetry: rotating around beam axis by S/n angle, the field is reversed (polarity 

flipped)

N

S

N

S

S

N
N

S S

S
N N N

N

N

N

S

S

S

S

D. Robin, MSU

Sextupole	

�p/p > 0

�p/p = 0

�p/p < 0

Quad.	

s	

•  How	to	correct	chroma<city?	

Javier	Resta	Lopez	

ELENA	ring	sextupole	



ELENA	ring	op)cs	
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The ELENA deceleration cycle is schematically shown in Fig. 1.
There are two cooling plateaus: the first cooling plateau lasts ap-
proximately 8 s at 35 MeV/c momentum, and the second one is
applied for 2 s at 13.7 MeV/c. In both cases the cooling is applied to
a coasting beam. A third cooling at 13.7 MeV/c will be applied to
bunched beams prior to extraction.

The ELENA optics layout, matched using the accelerator design
code MAD-X [10], is depicted in Fig. 2 and is described in detail in
[2,11]. In Table 1 we display some relevant nominal parameters.

3. Beam distribution at injection

Beam profile measurements in the AD in the past [12] have
shown non-Gaussian transverse beam distributions with compact
core and extended tails, generated during the beam cooling process
(stochastic cooling and e-cooling). Fig. 3 shows an example of beam
distribution measurements performed by scraping in the AD at
100 MeV/c momentum. A scraper blade, located in a position with
zero dispersion, has been moved into the beam in small steps to
measure the remaining beam current. This allows us to obtain cu-
mulative distribution functions. The differentiation of these cumu-
lative functions corresponds to the density of the beam distribution.
Actually, the measurement in Fig. 3 represents half of the beam
distribution. For this set of measurements approximate physical rms
emittances of ϵ = 0.2x to 0.5 mm were inferred for the horizontal
phase space, and ϵ = 0.15y to 0.3 mm for the vertical phase space.

In recent years, such a core-tail beam structure in the AD has
been confirmed using Gas Electron Multiplier (GEM) based beam
profile monitors [13,14].

For the beam dynamics simulations in ELENA we use measured
parameters in the AD as a reference to generate an input dis-
tribution of macro-particles to be injected into the ELENA ring. For
it, a Python script is used to create an input core-tail distribution
based in the sum of two Gaussian functions in phase space centred
at zero mean values:

( )π π( ′) = ( − ) ϵ − ( ′)
ϵ + ϵ − ( ′)

ϵ
⎧⎨⎩

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎫⎬⎭ 1
g x x N w I x x w I x x, 1 1

2
exp ,

2
1

2
exp ,

2
,

c c t t

where ϵc stands for the core emittance and ϵt for the emittance of
the Gaussian phase space representing the tails; N is the total
number of macro-particles, and the parameter w represents a re-
lative weight. The term ( ′)I x x, is the so-called Courant-Snyder
invariant,

γ α β( ′) = + ′ + ′ ( )I x x x xx x, 2 , 2x x x
2 2

with βx, αx and γ α β≡ ( + )1 /x x x
2 the Courant-Snyder parameters.

Here, the emittance can be given in terms of the standard de-
viation σc,t for the betatronic beam width for the core and the tail,
respectively, and the optics parameter β σ βϵ =: /x xc,t c,t

2 .
A similar distribution ( ′)g y y, is assumed for the vertical phase

space, with the corresponding optics parameters βy, αy and γy.
A Gaussian longitudinal phase space is considered for injection

from AD to ELENA. Fig. 4 shows a typical longitudinal profile
measurement using tomography techniques in the AD [15]. In this
sample the following parameters were measured: rms bunch
length σ =τ 125 ns; rms kinetic energy spread σ = 4 keVE ; and re-
lative rms momentum spread σ σ= ( ) = × −p E/ 1/2 / 0.38 10p E 0

3 (with
the nominal energy E0¼5.3 MeV at the end of the AD cycle).

Fig. 5 depicts the initial distribution of macroparticles at in-
jection used for the particle tracking simulations in ELENA, based
on the above assumptions. The following conservative values have
been taken into account:

" For the transverse phase space, based on Eq. (1), we use the
following emittance values: (ϵ ) = μ0.5 mc inj , and the tail is
extended to σ× ( ) ≈3 10 mmt inj , for both vertical and horizontal
planes. For simplicity, here the same number of macroparticles
in the core and in the tail is assumed, i.e. w¼0.5.

" For the longitudinal phase space, the ELENA bunch must be
scaled by a factor 0.8 from the AD bunch. For example, scaling
from the bunch in Fig. 4 one finds σ( ) ≈τ 100inj ns rms bunch
length (in units of time) and σ( ) ≈ × −p/ 0.3 10p inj

3 for the relative
rms momentum spread.

4. Beam dynamics simulations

After injection from the AD to ELENA, the beam is decelerated
for 5 s from a momentum of 100 MeV/c down to an intermediate

Fig. 1. Basic ELENA deceleration cycle.

Fig. 2. ELENA ring optics.

Table 1
ELENA nominal machine and beam parameters.

Circumference (m) 30.4
Nominal (dynamic) vacuum pressure (Torr) × −3 10 12

Machine tunes Qx/Qy 2.3/1.3
Repetition rate (s) ≈100

Kinetic energy range (MeV) 5.3–0.1
Momentum range (MeV/c) 100–13.7
Beam intensity (number of p̄) ∼(1–3)×107

Transverse acceptance (μm) 75
Ejected emittance (rms) ϵx y, (π mmmrad) ∼1
Ejected relative momentum spread (rms) σ p/p (%) ∼0.05

Number of ejected bunches 4
Ejected bunch length (m) 1.3

J. Resta-López et al. / Nuclear Instruments and Methods in Physics Research A 834 (2016) 123–131124

Good	tunability	in	the	range	2	<	Qx	<	2.5	and	1	<	Qy	<	1.5			
Hexagonal	lasce	
	
Periodicity	of	two:	

•  e-cooling	sec<on	+	2	
standard	sec<ons	

•  Injec<on	sec<on	+	2	
standard	sec<ons	

	
3	families	of	quadrupoles	(each	
of	4	members)	
	
2	skew	quadrupoles	
	
2	families	of	sextupoles	(each	
of	two	members)	

q 	Betatron	and	dispersion	func)ons	



Beam	
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Periodic	system	

x 

s 

What$if$it$wants$to$make$many$many$turns?$

Question: what will happen, if the particle performs a second turn ? 

x

... or a third one or ... 1010 turns

0

s

S. Redaelli, LPCC lectures, 07/09-04-2010

Closure of first turn for beam 1

32
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Vertical trajectory

Horizontal trajectory

Injected beam 
+ beam after 
one turn on 
screen

Screen So)lots)of)parFcles)over)many)turns)form)a)kind)of)
envelope)of)the)beam.)
)
Note)we)can)see)the)straight)reference)parFcle)in)
this)plot,)which)is)not)a)real)parFcle.)

x 

s 

A$single$par<cle$for$a$single$turn$

And,)now,)we)have)a)parFcle)in)our)accelerator)for)a)few)elements…)

Envelope=√(εβ) 

par)cle	trajectory	

For	many	par)cles	

Javier	Resta	Lopez	



Beam	

q Ensemble	of	par)cles	
							Beam	is	a	set	of	millions/billions	of	par<cles	(N)	
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For	example,	a	Gaussian	transverse	distribu<on	has	a	Gaussian	density	profile	in	
phase	space	

Javier	Resta	Lopez	



Emicance	

q Sta)s)cal	defini)on		
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Let’s	consider	first	a	2D	x – x’ beam	phase	space	for	an	ensemble	of	par<cles.	We	
need	to	characterise	the	spread	of	par<cles	in	phase	space		
	
Emicance	is	a	measure	of	the	phase	space	area	occupied	by	a	beam	

8
><

>:

hx2i = 1
N

PN
i=1(xi � hxi)2

hx02i = 1
N

PN
i=1(x

0
i � hx0i)2

hxx0i = 1
N

PN
i 6=j

PN
j=1(xi � hxi)(x0

j � hx0i)

✏

x,rms

=
p
hx2ihx02i � hxx0i2

Javier	Resta	Lopez	



Emicance	

q Emicance	and	Courant-Snyder	Invariant	
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Par<cle	orbit	in	terms	of	lasce	Twiss	parameters		

For	a	matched	beam,	for	each	εi,	par<cles	are	uniformly	distributed	around	the	ellipse	

(i = 1 to N)

(
xi(s) =

p
✏i�(s) cos( (s) + �i)

x

0
i(s) = �

p
✏i/�(s)[↵(s) cos( (s) + �i) + sin( (s) + �i)]

hx2i = 1

N

NX

i=1

✏i�(s) cos
2
( (s) + �i) = �(s)h✏i

hx02i =�(s)h✏i
hxx0i =↵(s)h✏i ✏rms =

1

N

NX

i=1

✏i = h✏i

Courant-Snyder	Invariant	can	be	seen	as	a	single	par<cle	emicance		

Representation of the Beam 

Even though our solution to Hill’s equation is for a single particle, if 
we take the outermost particle, i.e, highest emittance (εmax) particle, 
then all other particles trace out smaller ellipses of the same shape 
inside the outermost ellipse. Therefore the outermost ellipse can be 
used to represent the whole beam: 

u’

u

εmaxε3ε2ε1

εmax > ε3 > ε2 >ε1
The Twiss functions 
(β(s), α(s), γ(s)), govern 
the shape of the ellipse 
at any location, s. 

The emittance, ε, 
together with β(s),  
determines the beam 
size. 

x’	

x	

Javier	Resta	Lopez	



Emicance	(other	defini)ons)	

	
§  Normalised	emicance:	
	

						The	geometric	emicance,	as	defined	before,	decreases	as	1/p	or	1/(βγ), so	when	a	
						beam	is	accelerated,	it	is	not							that	is	conserved,	but	the	quan<ty		 

		
	

§  Percen)le	emicance:		
	

							e.g.	95%	emicance,		which	defines	the	area	
							of	ellipse	that	contains	95%	of	the	beam.		
							It	is	a	convenient	defini<on	when	we	have	
							to	deal	with	irregular	beam	distribu<ons		
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NoCons	of	Emi3ance	

•  Different	definiCons	of	emi3ance.	
								
			 ε95%  is the area of ellipse that contains 95% of the beam,

with the same (β,α ,γ ) for the ellipse as the rms one.
ε100%  is the area of ellipse that contains 100% of the beam.

•  Beam	and	machine	ellipse	 machine	
rms	ellipse	

beam	
rms	ellipse	

A	beam	injected	into	a	laice	may	not	
have	its	rms	ellipse	matched	to	the	
machine	ellipse.	

ε95%

✏

Javier	Resta	Lopez	

Area enclosed =

ZZ
dxdx

0
=

1

p

ZZ
dxdp

x

= ⇡✏

✏n = �rel�rel✏
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�rel : Lorentz factor
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Liouville’s	theorem	

Phase	Space	Ellipse	and	Courant-Snyder	Invariant	

•  Phase	space	ellipse	for	ring	opCcs	(Poincare	secCon)		

s1
s2

s3 s4 s5

 Area of ellipse=2πJ 

γ (s)x2 + 2α (s)x ′x + β(s) ′x 2 = 2J

•  Poincare	invariant	

Unlike	the	harmonic	oscillator,	here	the	phase	space	ellipses	changes	with	s.	But	
because	of	detM=1,	the	area	is	conserved.	

 M (s5 s1) = M (s5 s4 )!M (s3 s2 )M (s2 s1)

βε
x

′x

γε

Ellipses	in	x-x’	plane	for	different	s	

 
Area enclosed= ′x dx =!∫ 2π J

As	par<cle	moves	along	the	orbit	the	shape	and	posi<on	of	the	phase	space	ellipse	
change	according	to	β(s), but the area remains constant. 

M(s5|s1) = M(s5|s4) · · ·M(s3|s2)M(s2|s1)

In	a	Hamiltonian	system,	i.e.	in	the	absence	of	collisions	or		
dissipa8ve	processes,	the	density	in	phase	space	along	the	
trajectory	is	invariant	

det(M) = 1

Area enclosed =

ZZ
dxdx

0
=

1

p

ZZ
dxdp

x

= ⇡✏

Poincare	invariant:	
(in	2-D.	It	can	be	
extended	to	the	
beam	volume)	

Joseph	Liouville	

40	23/03/2020	 Javier	Resta	Lopez	Javier	Resta	Lopez	



Emicance	dilu)on	
Hamiltonian		
•		Accelerator	system		

–		Beam	mismatch		
–		Nonlinear	op<cs	
–	Errors,misalignments		

•		Collec<ve	effects		
–		Space	charge		
–		Coherent	synchrotron	radia<on	(CSR)		
–		Wakefield	(impedance)		

•		Two-beam	effects		 		
–  Beam-beam		
–		Electron	cloud	for	posi<vely	charged	beam		
–		Ion	effects	for	electron	beams		

	
Non-Hamiltonian	
•	Synchrotron	radia<on		
•	Scacering		
								–		Residual	gas	scacering		
									–		Intrabeam	scacering		
									–		Touschek	scacering		
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Rest	gas	scacering	

	

	
	

q  Emicance	growth	caused	mainly	by	Mul<ple	Coulomb	Scacering	

	

23/03/2020	 42	

REVIEW OF REST GAS INTERACTION AT VERY LOW ENERGIES 
APPLIED TO THE EXTRA LOW ENERGY ANTIPROTON RING ELENA 

C. Carli, T. Rijoff, CERN, Geneva, Switzerland 
O. Karamyshev, C.P. Welsch, Cockcroft Institute and The University of Liverpool, UK 

Abstract 
The Extremely Low ENergy Antiproton ring (ELENA) 

is a small synchrotron equipped with an electron cooler, 
which shall be constructed at CERN to decelerate 
antiprotons to energies as low as 100 keV. Scattering of 
beam particles on rest gas molecules may have a 
detrimental effect at such low energies and leads to 
stringent vacuum requirements. Within this contribution 
scattering of the stored beam on rest gas molecules is 
discussed for very low beam energies. It is important to 
carefully distinguish between antiprotons scattered out of 
the acceptance and lost, and those remaining inside the 
aperture to avoid overestimation of emittance blow-up. 
Furthermore, many antiprotons do not interact at all 
during the time they are stored in ELENA and hence this 
is not a multiple scattering process. 

INTRODUCTION 
ELENA is a small synchrotron constructed at present at 

CERN [1-6] with a particularly low energy range aiming 
at decelerating antiprotons down to 100 keV. H- ions and 
protons will be injected as well at 100 keV from an 
external source for efficient commissioning. Rest gas 
effects are very significant at such low energies and 
motivate the nominal pressure as low as 3 10-12 Torr, 
which can be reached only by a fully bakeable vacuum 
system and NEG coated chambers wherever possible.  
This design pressure at room temperature corresponds to 
a molecule density of n = 9.6⋅1010 m−3 . 

This report reviews rest gas effects such as nuclear 
interactions and scattering on rest gas molecules leading 
to beam loss and emittance blow-up similar to a study [7] 
done for the Antiproton Decelerator, but with particular 
attention to the low energy and pressure found at ELENA.  
Accumulation of ions in the potential of the antiproton 
beam leading as well to scattering and other adverse 
effects will be briefly mentioned. Throughout this paper, 
the pessimistic assumption that the rest gas consists only  

 
Figure. 1: Trajectories of particles interacting with a rest 
gas molecule. Particles may come very close to the 
nucleus and undergo nuclear interactions (red), be 
scattered out of the acceptance of the accelerator (orange) 
or be deflected and stay within the acceptance (blue). 

of N2 molecules is made. In reality, a significant fraction 
of the rest gas molecules will be H2 affecting the 
circulating beam less with some contribution from heavier 
molecules leading to larger loss and blow-up rates. 
Effects will be estimated for the two plateaus, where 
electron cooling is applied: first at a momentum of 
35 MeV/c corresponding to a relativistic β = 0.037 and 
then at the final energy 100 keV or β = 0.0146 

INTERACTION WITH REST GAS 
MOLECULES 

Nuclear Interaction 
Some beam particles, described by red trajectories in 

Fig. 1 will undergo nuclear interactions leading to beam 
loss.  However, the relevant cross sections are sufficiently 
small to neglect the loss rates caused. This can be 
concluded without detailed computations of cross sections 
and loss rates as many experiments decelerate the beam 
from the AD using degrader foils. The number of 
encounters with nuclei during this deceleration process 
over a bit more than the ELENA energy range is orders of 
magnitudes larger than during a typical machine cycle 
and still leads to few nuclear interactions. 

Total Cross Section 
A particle not entering the electron shell of a neutral 

molecule is not scattered and, thus, does not interact at all. 
With the approximate formula Scatter for the atom radius, 
the total cross section for a Nitrogen atom becomes 

, where 
Z = 7  is the atomic number. The interaction rates at the 
two plateaus with cooling become 2nβcσ tot with c the 
velocity of light; the factor two is added to take into 
account the fact that the molecule consists out of two 
atoms. This yields interaction rates of 0.062 s-1 and 
0.024 s-1 for the two plateaus with cooling expected to last 
about 10 s. This means that typically a circulating particle 
experiences about one interaction with a rest gas molecule 
on the intermediate plateau and significantly less than one 
interaction along the low energy plateau. Furthermore, 
scattering on rest gas molecules is not a multiple 
scattering phenomenon, but rather a single scattering one 
for the case considered. 

Scattering of a Beam Particle 
When a beam particle enters the electron shell of a rest 

gas atom, it is deflected by the electric field inside. For 
close encounters between a beam particle and a nucleus of 
a rest gas molecule, the large deflection angle is given by 

σ tot = ra2 π = 0.79 ⋅10−21 Z 2/3m2 = 2.9 ⋅10−20 m2
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5 Heating processes

In this section the effects on the long term beam dynamics from important sources of beam heating
are analysed: the interaction of the beam particles with the molecules of the residual gas and the
IBS. Additional sources originated by nonlinearities of the machine optics, such as tune resonances,
are not considered here.

5.1 Rest gas scattering

The emittance growth due to rest gas scattering is usually considered to be caused mainly by Multi-
ple Coulomb Scattering (MCS). Following ref. [23], the rms transverse emittance (1s ) growth rate
due to MCS on residual gas is given by:

d✏rms

dt
= 2phb?inmsln
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with me the electron rest mass, re the classical electron radius, c the speed of light, a the fine
structure constant, b = v/c the relativistic velocity factor of the beam and p the beam momentum.
Here hb?i= 1/2(hbxi+ hbyi) represents the average betatron function over the ring, and nms is the
multiple scattering density given by the following expression:
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with ni the density of each (i) gas component in the vacuum pipe.
In eq. (5.1), notice that the rate of emittance blow-up due to scattering on the residual gas is

independent of the beam intensity and the initial emittance. However, it is strongly momentum
dependent (µ 1/p2), and increases rapidly at lower momenta.

In BETACOOL, growth rates due to the scattering of antiprotons or ions on the residual gas
are calculated by the same methods as for a thin internal target such as a gas jet, applying MCS.
The residual gas model is composed of gas cell targets which are distributed along the whole
circumference of the ring. Then, BETACOOL applies a Monte-Carlo method to simulate the MCS
process on those cell targets and the beam distribution evolution. The rest gas heating rates are
integrated over the whole lattice structure and lattice functions are used from each optical element.

To evaluate the rest gas scattering effects in ELENA, first we have performed BETACOOL
simulations assuming only the heating effect of the rest gas and no cooling process. These simu-
lations have been performed considering 1000 model particles and 10 random seeds. The vacuum
pressure has been set to the nominal value 3⇥ 10�12 Torr for a pessimistic case where the rest
gas consists of 100% N2 molecules. Figures. 4 and 5 compare the emittance growth results from
BETACOOL simulations and analytical calculations using the expression (5.1) for the case of the
two cooling plateaus. The results are summarised in table 4. The BETACOOL values are in good
agreement with the analytical formula.

Nevertheless, it is necessary to mention that the ELENA cycle will last approximately 20 s,
and during this time the interaction rate with residual gas molecules has been computed to be
approximately one interaction with a rest gas molecule on the intermediate plateau (first cooling),
and significantly less than one interaction along the low energy plateau (second cooling) [24].

– 7 –

2015 JINST 10 P05012

5 Heating processes

In this section the effects on the long term beam dynamics from important sources of beam heating
are analysed: the interaction of the beam particles with the molecules of the residual gas and the
IBS. Additional sources originated by nonlinearities of the machine optics, such as tune resonances,
are not considered here.

5.1 Rest gas scattering

The emittance growth due to rest gas scattering is usually considered to be caused mainly by Multi-
ple Coulomb Scattering (MCS). Following ref. [23], the rms transverse emittance (1s ) growth rate
due to MCS on residual gas is given by:

d✏rms

dt
= 2phb?inmsln

✓
280
a

◆
r2

e
(mec2)2

bcp2 , (5.1)

with me the electron rest mass, re the classical electron radius, c the speed of light, a the fine
structure constant, b = v/c the relativistic velocity factor of the beam and p the beam momentum.
Here hb?i= 1/2(hbxi+ hbyi) represents the average betatron function over the ring, and nms is the
multiple scattering density given by the following expression:

nms = Â
i

ni
Z2ln

�
280/

�
a(AZ)1/3��

ln(280/a)
, (5.2)

with ni the density of each (i) gas component in the vacuum pipe.
In eq. (5.1), notice that the rate of emittance blow-up due to scattering on the residual gas is

independent of the beam intensity and the initial emittance. However, it is strongly momentum
dependent (µ 1/p2), and increases rapidly at lower momenta.

In BETACOOL, growth rates due to the scattering of antiprotons or ions on the residual gas
are calculated by the same methods as for a thin internal target such as a gas jet, applying MCS.
The residual gas model is composed of gas cell targets which are distributed along the whole
circumference of the ring. Then, BETACOOL applies a Monte-Carlo method to simulate the MCS
process on those cell targets and the beam distribution evolution. The rest gas heating rates are
integrated over the whole lattice structure and lattice functions are used from each optical element.

To evaluate the rest gas scattering effects in ELENA, first we have performed BETACOOL
simulations assuming only the heating effect of the rest gas and no cooling process. These simu-
lations have been performed considering 1000 model particles and 10 random seeds. The vacuum
pressure has been set to the nominal value 3⇥ 10�12 Torr for a pessimistic case where the rest
gas consists of 100% N2 molecules. Figures. 4 and 5 compare the emittance growth results from
BETACOOL simulations and analytical calculations using the expression (5.1) for the case of the
two cooling plateaus. The results are summarised in table 4. The BETACOOL values are in good
agreement with the analytical formula.

Nevertheless, it is necessary to mention that the ELENA cycle will last approximately 20 s,
and during this time the interaction rate with residual gas molecules has been computed to be
approximately one interaction with a rest gas molecule on the intermediate plateau (first cooling),
and significantly less than one interaction along the low energy plateau (second cooling) [24].

– 7 –

2015 JINST 10 P05012

5 Heating processes

In this section the effects on the long term beam dynamics from important sources of beam heating
are analysed: the interaction of the beam particles with the molecules of the residual gas and the
IBS. Additional sources originated by nonlinearities of the machine optics, such as tune resonances,
are not considered here.

5.1 Rest gas scattering

The emittance growth due to rest gas scattering is usually considered to be caused mainly by Multi-
ple Coulomb Scattering (MCS). Following ref. [23], the rms transverse emittance (1s ) growth rate
due to MCS on residual gas is given by:

d✏rms

dt
= 2phb?inmsln

✓
280
a

◆
r2

e
(mec2)2

bcp2 , (5.1)

with me the electron rest mass, re the classical electron radius, c the speed of light, a the fine
structure constant, b = v/c the relativistic velocity factor of the beam and p the beam momentum.
Here hb?i= 1/2(hbxi+ hbyi) represents the average betatron function over the ring, and nms is the
multiple scattering density given by the following expression:

nms = Â
i

ni
Z2ln

�
280/

�
a(AZ)1/3��

ln(280/a)
, (5.2)

with ni the density of each (i) gas component in the vacuum pipe.
In eq. (5.1), notice that the rate of emittance blow-up due to scattering on the residual gas is

independent of the beam intensity and the initial emittance. However, it is strongly momentum
dependent (µ 1/p2), and increases rapidly at lower momenta.

In BETACOOL, growth rates due to the scattering of antiprotons or ions on the residual gas
are calculated by the same methods as for a thin internal target such as a gas jet, applying MCS.
The residual gas model is composed of gas cell targets which are distributed along the whole
circumference of the ring. Then, BETACOOL applies a Monte-Carlo method to simulate the MCS
process on those cell targets and the beam distribution evolution. The rest gas heating rates are
integrated over the whole lattice structure and lattice functions are used from each optical element.

To evaluate the rest gas scattering effects in ELENA, first we have performed BETACOOL
simulations assuming only the heating effect of the rest gas and no cooling process. These simu-
lations have been performed considering 1000 model particles and 10 random seeds. The vacuum
pressure has been set to the nominal value 3⇥ 10�12 Torr for a pessimistic case where the rest
gas consists of 100% N2 molecules. Figures. 4 and 5 compare the emittance growth results from
BETACOOL simulations and analytical calculations using the expression (5.1) for the case of the
two cooling plateaus. The results are summarised in table 4. The BETACOOL values are in good
agreement with the analytical formula.

Nevertheless, it is necessary to mention that the ELENA cycle will last approximately 20 s,
and during this time the interaction rate with residual gas molecules has been computed to be
approximately one interaction with a rest gas molecule on the intermediate plateau (first cooling),
and significantly less than one interaction along the low energy plateau (second cooling) [24].

– 7 –

2015 JINST 10 P05012
5 Heating processes

In this section the effects on the long term beam dynamics from important sources of beam heating
are analysed: the interaction of the beam particles with the molecules of the residual gas and the
IBS. Additional sources originated by nonlinearities of the machine optics, such as tune resonances,
are not considered here.

5.1 Rest gas scattering

The emittance growth due to rest gas scattering is usually considered to be caused mainly by Multi-
ple Coulomb Scattering (MCS). Following ref. [23], the rms transverse emittance (1s ) growth rate
due to MCS on residual gas is given by:

d✏rms

dt
= 2phb?inmsln

✓
280
a

◆
r2

e
(mec2)2

bcp2 , (5.1)

with me the electron rest mass, re the classical electron radius, c the speed of light, a the fine
structure constant, b = v/c the relativistic velocity factor of the beam and p the beam momentum.
Here hb?i= 1/2(hbxi+ hbyi) represents the average betatron function over the ring, and nms is the
multiple scattering density given by the following expression:

nms = Â
i

ni
Z2ln

�
280/

�
a(AZ)1/3��

ln(280/a)
, (5.2)

with ni the density of each (i) gas component in the vacuum pipe.
In eq. (5.1), notice that the rate of emittance blow-up due to scattering on the residual gas is

independent of the beam intensity and the initial emittance. However, it is strongly momentum
dependent (µ 1/p2), and increases rapidly at lower momenta.

In BETACOOL, growth rates due to the scattering of antiprotons or ions on the residual gas
are calculated by the same methods as for a thin internal target such as a gas jet, applying MCS.
The residual gas model is composed of gas cell targets which are distributed along the whole
circumference of the ring. Then, BETACOOL applies a Monte-Carlo method to simulate the MCS
process on those cell targets and the beam distribution evolution. The rest gas heating rates are
integrated over the whole lattice structure and lattice functions are used from each optical element.

To evaluate the rest gas scattering effects in ELENA, first we have performed BETACOOL
simulations assuming only the heating effect of the rest gas and no cooling process. These simu-
lations have been performed considering 1000 model particles and 10 random seeds. The vacuum
pressure has been set to the nominal value 3⇥ 10�12 Torr for a pessimistic case where the rest
gas consists of 100% N2 molecules. Figures. 4 and 5 compare the emittance growth results from
BETACOOL simulations and analytical calculations using the expression (5.1) for the case of the
two cooling plateaus. The results are summarised in table 4. The BETACOOL values are in good
agreement with the analytical formula.

Nevertheless, it is necessary to mention that the ELENA cycle will last approximately 20 s,
and during this time the interaction rate with residual gas molecules has been computed to be
approximately one interaction with a rest gas molecule on the intermediate plateau (first cooling),
and significantly less than one interaction along the low energy plateau (second cooling) [24].

– 7 –

Rela<vis<c	velocity	factor:	

Average	betatron	func<on:	

Mul<ple	scacering	density:	
N.	Madsen,	CERN/PS/DI	Note	99-06,	(1999)		
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q  Mul<ple	small-angle	Coulomb	scacerings	of	charged	par<cles	within	the	beam	itself	

q  Exchange	of	energy	between	the	transverse	and	longitudinal	degrees	of	freedom,	leading	to	
the	growth	of	the	beam	phase	dimensions	

	

q  Emicance	growth	rates:	

where N  is the number of particles in the beam, 
and Nb  is the number of particles per bunch;
C  is the circumference of the ring, σ s  the bunch length, and
σ p  the momentum spread
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ScaEering	effects	on	emiEance	diluHon		
	

Sca3ering	Effects	on	Emi3ance	DiluCon	

•  Intrabeam	Sca3ering	(IBS)	

–  ParCcles	within	the	beam	can	have	Coulomb		
					collision	with	small	angle	that	could	transfer		
					the	transverse	momentum	to	longitudinal	
						ones.	
–  With	dispersion	(x-dE/E)		and	x-y	coupling	in	

the	laice,	this	could	lead	to	6D	emi3ance	
growth.	

				

s

x

ParCcle	sca3ering	in	the		
beam	comoving	frame	

Measured	and	simulated	
emi3ance	growth	
due	to	IBS	at	KEK-ATF	

With	dispersion	(x	–	dp/p	correlaHon)	and	
x-y	coupling		in	the	la_ce,	this	could	lead	
to	6D	emiEance	growth	



Beam	cooling	

q  Beam	cooling	means	reduc<on	of	beam	
temperature	

	
q  In	this	context,	temperature	is	equivalent	to	
terms	as	phase	space	volume,	emicance	and	
momentum	spread	

	
q  Beam	cooling	techniques	are	non-Liouvillean,	i.e.	
violate	the	assump<on	of	conserva<ve	forces	
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Benefits	of	beam	cooling	

q  Improved	beam	quality	
q  Precision	experiments	
q  Luminosity	increase	(in	colliders)	
q  Increase	life<me	

q  Compensa<on	of	hea<ng	
q  Experiments	with	internal	target	
q  Colliding	beams		
q  Other	scacering	effects,	e.g.	IBS	

q  Intensity	increase	by	accumula<on	
q  Weak	beams	from	the	source	can	be	enhanced	
q  Secondary	beams	(an<protons,	rare	isotopes)	
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Electron	cooling	
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q  Cold	electrons	interac<ng	with	hot	ions		
	
q  Momentum	transfer	by	Coulomb	

collisions	
	
q  Cooling	force	results	from	energy	loss	in	

the	co-moving	gas	of	free	electrons	
Equilibrium:		

kBTi = kBTe     or      mivi
2 = meve

2

vi = ve
me

mi

q  Consolidated 
technique, 
first proposed 
by G. Budker in 1966 
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Novel transverse emittance measurements for electron
cooling characterization
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The extra low energy antiproton ring (ELENA) finished commissioning before the start of CERN’s
second long shutdown in December 2018, successfully providing beams to a new experimental zone. In
2021, ELENA will begin distributing cooled 100 keV antiproton beams to all antimatter experiments. To
counteract beam blowup due to deceleration, ELENA will employ the use of an electron cooler.
Measurements under similar circumstances, such as at the antiproton decelerator at CERN, have shown
electron cooling causing non-Gaussian beam profiles. This effect, combined with nonzero dispersion at the
location of the scraper in ELENA, presents new challenges in the use of ELENA’s scraper to determine the
emittance during the deceleration cycle. Two new scraper algorithms have been developed and used to
show the first evidence of significant electron cooling in ELENA, at 650 and 100 keVenergy plateaus. The
algorithms are capable of estimating the longitudinal momentum spread of the beams and accurately
determining emittances for non-Gaussian beams in dispersive regions. Additionally, utilizing combinations
of measurements from opposing scraper blades, additional information on the beam’s evolution is
presented, suggesting a correlation between the emittance and longitudinal momentum offset of individual
particles. Finally, considerations for further studies in ELENA and similar machines are presented.

DOI: 10.1103/PhysRevAccelBeams.23.032802

I. INTRODUCTION

It is essential during the commissioning and operation of
any modern accelerator facility to measure and track the
emittance of the propagating beams. In particular, for a
synchrotron, the transverse emittance provides information
on beam quality at various stages of the acceleration cycle.
In the antiproton decelerator (AD) [1,2] and the newly
commissioned extra low energy antiproton ring (ELENA)
[3–5], antiproton beams experience an adiabatic blowup of
emittance during deceleration, which must be monitored
and counteracted before extraction to experiments.
Additionally, at low energies, collective effects such as
intrabeam scattering (IBS) [6–9] become significant and
contribute to emittance growth. Both machines employ the
use of an electron cooler to reduce emittances during
intermediate and extraction energy plateaus [10]. The

nominal parameters for ELENA’s electron cooler may be
found in Table I.
In order to measure the emittance at a specific time

during the machine’s cycle, a scraping device has been
successfully employed in the AD [11], from injection
energy 2.8 GeV down to an extraction energy of
5.3 MeV. The scraper has been shown to effectively probe
these low-energy, low-intensity (Np ≈ 5 × 107) beam

TABLE I. Nominal electron cooler parameters for ELENA.

650 keV 100 keV

Electron beam energy (eV) 355 55
Electron current (mA) 5 2
Electron beam density (m−3) 1.38 × 1012 1.41 × 1012

Bgun (G) 1000
Bdrift (G) 100
Expansion factor 10
Cathode radius (mm) 8
Electron beam radius (mm) 25
βx, βy, Dx (m) 2.103, 2.186, 1.498
Flange-to-flange length (mm) 2330
Drift solenoid length (mm) 1000
Effective length (mm) 700

*james.hunt@cern.ch
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pbar	kine<c	energy	

distributions and so was also chosen as the primary
emittance diagnostic for ELENA, which has an extraction
energy of 100 keV. The basic principle of a moving scraper
blade measurement is as follows: The beam is destructively
intercepted by a metallic scraper blade, which moves
slowly with respect to the revolution frequency. As the
beam is intercepted, a shower of secondary particles is
generated. If the scraper blade moves slowly enough, the
corresponding shower intensity is proportional to the
maximum oscillation amplitude density of the particles
at the position of the scraper blade. By detecting this
shower and observing how its intensity evolves as a
function of the scraper blade position, it is possible to
gain an insight into the transverse beam profile distribution.
The emittance of the beam can be estimated by assuming
the necessary lattice functions at the scraper’s location.
In the case of the AD and ELENA, secondary signals on

scintillators outside the beam pipe are dominated by the
pions generated from antiproton annihilations within the
scraper blade. The secondary signal given as a function of
the scraper blade position may be summed to produce a
cumulative density function (CDF), F!. In the AD system,
the CDF is used to obtain an estimate for the distance
between the region containing 95% of the beam and beam
core (0% intensity in CDF), σ95. This quantity is simply
converted to the 95% emittance with ϵ95 ¼ σ295=β, where β
is the transverse beta function at the scraper corresponding
to the scraping direction, x or y.
In ELENA, there is no region with zero dispersion, and,

as such, dispersive effects at the scraper unavoidably
convolute the CDF. Additionally, non-Gaussian transverse
beam distributions resulting from deceleration and electron
cooling present further challenges in extracting accurate
emittance estimates from obtained signals.
Two novel scraper algorithms have been developed to

surmount the unique challenges presented by ELENA, and,
through detailed simulations, they have been shown to
accurately reconstruct the statistical rms emittance, ϵrms, in
a range of conditions [12]. The statistical rms emittance is
defined as

ϵrms ¼ hJi≡ 1

2
hAi2; ð1Þ

where h% % %i denotes the expectation value of the quantity in
the parentheses, J is the angle action variable, and A is the
amplitude of the particles in phase space.
One algorithm utilizes a line fit to the data, assuming the

beam may be approximated as Gaussian, and is also
capable of reconstructing the momentum spread of the
beam by taking it as a second free parameter during fitting.
The second algorithm requires two separate scraper mea-
surements from opposite directions and is capable of
reconstructing the emittance for an arbitrarily shaped beam
in a region of nonzero dispersion. ELENA is equipped with

two arms, each housing a windowlike configuration
through which the beam passes. With the two edges
perpendicular to arm motion per arm, it is possible to
scrape from four transverse directions.
In this paper, scraper measurements taken during

ELENA commissioning at the end of 2018 are presented
and analyzed using these new algorithms. The measure-
ments aim to showcase the utility of the algorithms and also
to provide the first evidence of effective electron cooling
within ELENA. Additionally, the two-scan algorithm
provides an insight into a correlation between the emittance
and momentum offset of beam particles.

II. MEASUREMENTS

The measurements have been carried out in all four
transverse directions, at three times along ELENA’s cycle,
as schematically represented on a typical ELENA cycle plot
in Fig. 1. Two sets of measurements were made at the
650 keV intermediate energy plateau at separate cycle times
during electron cooling (t ¼ 7.8 s and t ¼ 14.5 s, respec-
tively), and two sets during the 100 keV extraction energy
plateau, both at the same cycle time (3.9 s along the
plateau), with and without electron cooling. Some scraper
measurements were repeated in order to check reproduc-
ibility and obtain uncertainties. All measurements were
made with rf systems off, as the algorithms require a
coasting beam. Additionally, Schottky measurements [13]
to determine the rms momentum spread at the correspond-
ing times were performed. The rms momentum spread is
needed as an input for the two-scan algorithm.
The underlying equation for the two-scan algorithm may

be expressed as

ϵrms ¼
1

4β

!
σ2þ þ σ2− þ ðx̄þ − x̄−Þ2

2

"
−
D2σ2δ
2β

; ð2Þ

where D is the dispersion in the plane of scraping, β is the
beta function of the same plane, and σδ is the rms
momentum spread at the time of the measurement. By
taking the derivative of the CDF, introduced earlier, a
probability density function (PDF) f! is obtained. The

0 5 10 15 20 25 30

5.3 MeV

650 keV

100 keV

FIG. 1. Cycle times at which sets of scraper measurements were
performed, marked with vertical red lines.
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distributions and so was also chosen as the primary
emittance diagnostic for ELENA, which has an extraction
energy of 100 keV. The basic principle of a moving scraper
blade measurement is as follows: The beam is destructively
intercepted by a metallic scraper blade, which moves
slowly with respect to the revolution frequency. As the
beam is intercepted, a shower of secondary particles is
generated. If the scraper blade moves slowly enough, the
corresponding shower intensity is proportional to the
maximum oscillation amplitude density of the particles
at the position of the scraper blade. By detecting this
shower and observing how its intensity evolves as a
function of the scraper blade position, it is possible to
gain an insight into the transverse beam profile distribution.
The emittance of the beam can be estimated by assuming
the necessary lattice functions at the scraper’s location.
In the case of the AD and ELENA, secondary signals on

scintillators outside the beam pipe are dominated by the
pions generated from antiproton annihilations within the
scraper blade. The secondary signal given as a function of
the scraper blade position may be summed to produce a
cumulative density function (CDF), F!. In the AD system,
the CDF is used to obtain an estimate for the distance
between the region containing 95% of the beam and beam
core (0% intensity in CDF), σ95. This quantity is simply
converted to the 95% emittance with ϵ95 ¼ σ295=β, where β
is the transverse beta function at the scraper corresponding
to the scraping direction, x or y.
In ELENA, there is no region with zero dispersion, and,

as such, dispersive effects at the scraper unavoidably
convolute the CDF. Additionally, non-Gaussian transverse
beam distributions resulting from deceleration and electron
cooling present further challenges in extracting accurate
emittance estimates from obtained signals.
Two novel scraper algorithms have been developed to

surmount the unique challenges presented by ELENA, and,
through detailed simulations, they have been shown to
accurately reconstruct the statistical rms emittance, ϵrms, in
a range of conditions [12]. The statistical rms emittance is
defined as

ϵrms ¼ hJi≡ 1

2
hAi2; ð1Þ

where h% % %i denotes the expectation value of the quantity in
the parentheses, J is the angle action variable, and A is the
amplitude of the particles in phase space.
One algorithm utilizes a line fit to the data, assuming the

beam may be approximated as Gaussian, and is also
capable of reconstructing the momentum spread of the
beam by taking it as a second free parameter during fitting.
The second algorithm requires two separate scraper mea-
surements from opposite directions and is capable of
reconstructing the emittance for an arbitrarily shaped beam
in a region of nonzero dispersion. ELENA is equipped with

two arms, each housing a windowlike configuration
through which the beam passes. With the two edges
perpendicular to arm motion per arm, it is possible to
scrape from four transverse directions.
In this paper, scraper measurements taken during

ELENA commissioning at the end of 2018 are presented
and analyzed using these new algorithms. The measure-
ments aim to showcase the utility of the algorithms and also
to provide the first evidence of effective electron cooling
within ELENA. Additionally, the two-scan algorithm
provides an insight into a correlation between the emittance
and momentum offset of beam particles.

II. MEASUREMENTS

The measurements have been carried out in all four
transverse directions, at three times along ELENA’s cycle,
as schematically represented on a typical ELENA cycle plot
in Fig. 1. Two sets of measurements were made at the
650 keV intermediate energy plateau at separate cycle times
during electron cooling (t ¼ 7.8 s and t ¼ 14.5 s, respec-
tively), and two sets during the 100 keV extraction energy
plateau, both at the same cycle time (3.9 s along the
plateau), with and without electron cooling. Some scraper
measurements were repeated in order to check reproduc-
ibility and obtain uncertainties. All measurements were
made with rf systems off, as the algorithms require a
coasting beam. Additionally, Schottky measurements [13]
to determine the rms momentum spread at the correspond-
ing times were performed. The rms momentum spread is
needed as an input for the two-scan algorithm.
The underlying equation for the two-scan algorithm may

be expressed as

ϵrms ¼
1

4β

!
σ2þ þ σ2− þ ðx̄þ − x̄−Þ2

2

"
−
D2σ2δ
2β

; ð2Þ

where D is the dispersion in the plane of scraping, β is the
beta function of the same plane, and σδ is the rms
momentum spread at the time of the measurement. By
taking the derivative of the CDF, introduced earlier, a
probability density function (PDF) f! is obtained. The
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FIG. 1. Cycle times at which sets of scraper measurements were
performed, marked with vertical red lines.
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Fig. 1. Schematic of a scraper blade moving horizontally into a beam. The
ellipses represent the acceptances for a beam with zero momentum offset
(black), with positive momentum offset (red) and with negative momentum
offset (blue). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

After describing the principle of emittance measurements by scrap-
ing in Section 2, in Section 3 we briefly describe an algorithm for the
particular case of Gaussian beams and propose an algorithm to calculate
the emittance for arbitrary beam distributions. Simulations of emittance
measurement by scraping in ELENA are shown in Section 4, followed by
an analysis of various sources of errors. Finally, in Section 5 we draw
some conclusions and plan for further studies.

2. Emittance measurements by scraping

In the algorithms developed below, we seek to determine the RMS
value of the geometric transverse emittance, which may be defined
statistically as:

✏

rms

= ÍJÎ í 1

2

ÍA2Î (1)

whereA is the amplitude of the particles in phase space, and J the action
variable.

The principle of emittance measurements by scraping is based on a
limiting aperture moving slowly into the beam to progressively remove
the beam particles. Here, we consider the example of a metallic scraper
blade moving slowly (compared to the revolution frequency) into the
beam. Let us assume that the scraper aperture movement is slow enough
such that the remaining beam intensity can be safely approximated by
the fraction of the beam particles within the acceptance defined by the
scraper position. Fig. 1 is a phase space plot to illustrate a horizontal
scraper blade approaching the beam from the positive x-axis with a
positive dispersion D.

Let us consider the normalised betatron phase space:
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where x

�

and x

®

�

are the non-normalised particle betatron position
and divergence angle in the beam, respectively, and � and ↵ are the
Twiss parameters in the corresponding transverse plane. The normalised
amplitude in phase space is then given by A =

t
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with � í (1+↵

2

)_� and J the action variable. The subindex ‘‘�’’ refers to
the betatron component of phase space. If at the scraper position the first
order dispersion is D ë 0 and we assume a relative particle momentum
offset � í �p_p, then the total position and angle can be written in
terms of the betatron and dispersive contributions as x = x

0

+ x

�

+ D�

and x

®

= x

®

0

+ x

®

�

+ D

®

�, respectively, with D

®

= dD_ds. A displacement
(x

0

, x

®

0

) with respect to the reference closed orbit is also assumed.
A relative momentum offset � > �

max

:= (x

s

* x

0

)_D corresponds to
a closed orbit inside the scraper blade at position x

s

; thus the transverse
acceptance for parts of the initial beam with � > �

max

vanishes. For
relative momentum offsets � < �

max

, the transverse acceptance is
determined by the distance x

s

* (x

0

+ D�) between the momentum
dependent closed orbit (x

0

+ D�) and the scraper position x

s

. The
acceptance for lower (higher) momentum offset � corresponding to the
blue (red) ellipse in Fig. 1 is larger (smaller) than for on-momentum
particles (black ellipse).

The maximum oscillation amplitude defining the transverse accep-
tance is a function of the momentum offset given by:

A

max

=

hnlnj
x

s

* x

0

*D�˘
�

for � < �

max

,

0 otherwise.
(4)

For the sake of clarity, the resulting acceptance in longitudinal and
transverse phase space is depicted in Appendix A (Fig. A.18).

In general, before scraping a beam can be characterised by a
distribution density:

⇢(�,A) = ⇢

p

(�)⇢

T

(�,A), (5)

where the total density ⇢(�,A) can be represented as the product of
two densities: the synchrotron amplitude distribution ⇢

p

(�), expressed
as a function of the relative momentum offset �, and the transverse
amplitude distribution ⇢

T

(�,A), which depends on A and intrinsically
on � through the dispersive component of the position.

The phase space density is normalised as follows:

 
+ÿ

*ÿ

d�⇢

p

(�) = 1, (6)

 
+ÿ

0

dA2⇡A⇢

T

(�,A) = 1. (7)

Here, we will further assume the case of a coasting beam (the
measurement of the emittance by scraping of a bunched beam may be
more complicated) and no transverse plane (x–y) cross-coupling.

Taking into account the acceptance limits above, the remaining
fraction of the beam in the machine with dispersionD > 0 is determined
by the following integral:
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where N
0

is the number of particles in the machine before scraping and
N

+

(x

s

) is the number of particles left in the machine when the scraper
is at x

s

.
Similarly, if the scraper is coming from the negative x-axis, we

obtain:
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The integrals above give the cumulative distribution functions (CDF)
of the beam loss. With this information one can obtain the corresponding
probability density functions (PDF) projected on x

s

from the derivatives
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An example of a CDF and its corresponding PDF for a Gaussian
distribution is shown in Fig. 2. Details of the derivation of the function
f

+

from F

+

are shown in Appendix A.
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Fig. 3. Example of horizontal antiproton beam distribution after 8 s e-cooling,
including also IBS effects, at 35 MeV/c momentum. The horizontal axis is
normalised to the initial rms width. The red triangles show the result of the
BETACOOL simulation. Gaussian fittings to both the dense core (black solid
line) and the tails (dashed green line) are also shown. In addition, a Lorentzian
function fitting has also been performed (dotted blue line).

Runge’s phenomenon, which is a problem of oscillation between equis-
paced points that occurs when using polynomial interpolation with high
degree polynomials [13].

Given that the detectors will have a high data acquisition rate, we
may alternatively forgo the spline and use more basic approximations
to determine f

±

. An investigation to compare the accuracy of spline
interpolation with simple numerical methods was carried out. It was
found that there was a negligible difference between the two, assuming
a data acquisition rate of 400 Hz. The results can be seen in Appendix
C, along with an explanation of the methods used.

4. Simulations

4.1. Expected beam profiles in ELENA

To simulate the cooling process and the beam parameter evolution
during cooling we have used the code BETACOOL [14], which allows
us to perform long-term multiparticle tracking simulations, including
several cooling and heating processes affecting the beam. The code
BETACOOL has been benchmarked with measurements in the past, for
example in the context of the low energy ion ring ELISA [15], giving a
reasonable agreement.

In ELENA, e-cooling is applied at three stages of the machine
cycle: after deceleration ramps, at p = 35 MeV/c and 13.7 MeV/c,
respectively, for a coasting beam; and during bunching prior to ejection
at 13.7 MeV/c.

A typical core-tail beam distribution obtained after the simulation
of the cooling process in presence of heating diffusion effects is shown
in Fig. 3. It presents a dense core and long tails, which can be well
represented by a bi-Gaussian function in a broad dynamic range. The
central region (*3�

x

< x < 3�

x

) can also be well described by heavy-
tailed functions, such as a Lorentz function or a Lévy stable symmetrical
distribution. A more extensive discussion can be found in [16].

4.2. Scraping process in ELENA

In ELENA, two aluminium scraper windows (Fig. 4) (one horizontal,
one vertical) will be used to scrape the beam from four directions [7].
A combination of scintillators and four in-vacuum multichannel plate
(MCP) detectors will be used to measure the intensity of the secondary
particle showers produced when particles collide with the scraper blade.
From this data the beam intensity as a function of the scraper position
can be inferred.

Fig. 4. Amodel of the horizontal scraper blade window in the extended position
for use in ELENA [17].

Fig. 5. Schematic diagram of ELENA highlighting the six section names and the
position of the scraper system.

Table 1
ELENA scraper system parameters.

Parameters Specifications

Material Aluminium
Max. scraper movement ±40 mm
Scraper Window Diameter 66 mm
Movement precision (step) 0.1 mm
Frequency of acquisition 400 steps/s

Some relevant ELENA scraper system parameters are summarised in
Table 1.

This scraper system is placed in Section 5 of the ELENA lattice
(Fig. 5), which in the context of the simulations presented here, gives
the following optics parameters for the position of the horizontal scraper
blade: �

x

˘ 0.69 m, �
y

˘ 3.00 m, ↵
x

˘ *0.74, ↵
y

˘ *0.30, D
x

˘ 1.30 m.
In order to simulate the scraping process, we have implemented a

rectangular limiting aperture into the MAD-X [18] ELENA lattice model.
Here, this element acts as a perfect collimator, i.e. particles with position
amplitude larger than the aperture are considered lost. At this stage of
the simulation, no interaction of the beam with the scraper material is
being introduced. The element can be moved transversally along the x

and y axes, allowing it to emulate the scraper blade windows.
Then, multi-turn and multiparticle tracking along the ring is sim-

ulated using the Polymorphic Tracking Code (PTC) module in MAD-
X [18]. Considering the beam parameters corresponding to the stage of
the machine cycle that we want to simulate, an initial distribution of
10

4 macro-particles, representing an intensity of 2.5 ù 10

7 antiprotons,
is tracked for several tens of thousands of turns.
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Table III shows the results when calculating ϕϵδ for all
horizontal measurements. Large uncertainties arise from
larger uncertainties in ϵx and βx combined with uncertain-
ties on the quantities σ!.
While it is difficult to take any immediate meaning from

the absolute magnitude of a single value of ϕϵδ, observa-
tions of the sign, !, and changes between successive
measurements can give insight into how this effect evolves
over time. Along the two ELENA plateaus, there is a clear
positive change in ϕϵδ, indicating that indeed, during
cooling, particles at the core are gaining a less significant
momentum offset than those at the tails.
An initial negative value of ϕϵδ would suggest that there

already exists a negative emittance-momentum offset
correlation at the start of both plateaus, perhaps brought
about by the deceleration process, and that it may be
unintentionally corrected for during cooling. Further mea-
surements should be taken to investigate this possibility and
to fully understand the relevant factors. It would be of
particular interest to compare these results with measure-
ments at different times for a coasting beam with no cooling
present.
To ensure that this quantity is representative of some

emittance-momentum offset correlation, values of ϕϵδ were
calculated in the vertical plane. As there is negligible
dispersion in this plane, it was expected that there would
be no observable change in the coefficient. By inserting the
same value of Dx into Dy in the equation (solely to negate
division by zero), benchmarking values could be extracted
from the vertical data. It should be explicitly stated that
these values are calculated only for comparative reasons
and in no way represent any physical quantities of the
beam. The results are displayed in Table IV and confirm

that no significant change is observed, as expected. This
suggests that these measurements give some insight into
more complex beam behavior than has previously been
possible through scraper measurements alone, and further
investigations would be well founded.

IV. DISCUSSION

Tables V and VI summarize all quantities extracted from
the scraper measurements along both plateaus. Despite
measurements being taken shortly after initial commission-
ing of the electron cooler, the emittance has been reduced in
both planes at both energy plateaus. With these measure-
ments, it is possible only to obtain a lower limit on the
cooling rates, since is it likely that the beams had reached
equilibrium earlier than the second scraper measurements.
A previous study, in which BETACOOL [16] was used to

predict cooling rates in ELENA, showed results compatible
with these measurements [17]. For comparison, in the
simulations with initial emittances ϵx;y ¼ 2.8 mmmrad,
final emittances of ϵx ¼ 0.52 and ϵy ¼ 0.33 mmmrad were
achieved after 2 s of electron cooling at 100 keV.
Since IBS is proportional to 1=γ4, it could be expected

that the final (or equilibrium) emittances along the ejection
plateau would be higher than those on the intermediate
plateau. It is possible that this is not the case here, since the
decelerating cycle was not yet optimized and larger losses
were observed during the final deceleration ramp, leading
to a lower-intensity beam and, hence, reduced collective
effects. It is proposed that incremental measurements
during a cooling plateau, while monitoring beam intensity,

TABLE III. Extracted correlation coefficients for both horizon-
tal measurements along both energy plateaus. The bottom row
shows the absolute change between successive measurements.

650 keV 100 keV

t ¼ 7.8 t ¼ 14.5 No cooling Cooling

ϕϵδ (×10−5) −5.4 1.0 −16 0.3
Error ϕϵδ (×10−5) 2.5 1.1 3.1 0.9
Δϕϵδ (×10−5) 6.4! 3.6 16.3! 4

TABLE IV. Correlation coefficients calculated for the vertical
scraper measurements. Results displayed in this table are in-
tended for benchmarking against the horizontal case only.

650 keV 100 keV

t ¼ 7.8 t ¼ 14.5 No cooling Cooling

ϕϵδ (×10−5) 0.3 −0.5 0.5 0.7
Error ϕϵδ (×10−5) 0.3 0.3 0.2 0.2
Δϕϵδ (×10−5) −0.7! 0.6 0.2! 0.4

TABLE V. Intermediate plateau summary table. Note: Changes
in emittance are expressed as percentages of initial emittance.

t ¼ 7.8 s t ¼ 14.5 s Change

ϵy (mmmrad) 1.59! 0.02 1.15! 0.02 28%! 2%
y0 (mm) −2.88! 0.03 −2.89! 0.03 −0.01! 0.06
ϵx (mmmrad) 3.6! 0.27 0.70! 0.05 81%! 10%
x0 (mm) −4.05! 0.04 −4.22! 0.04 −0.17! 0.08
σδ (×10−3) 1.10! 0.16 0.22! 0.03 −0.88! 0.19
ϕϵδð×10−5) −5.4! 2.50 1.00! 1.10 6.40! 3.6

TABLE VI. Ejection plateau summary table. “Off” and “on”
refer to the status of the electron cooler. Note: Changes in
emittance are expressed as percentages of initial emittance.

Off On Change

ϵy (mmmrad) 2.55! 0.03 0.53! 0.01 79%! 2%
y0 (mm) −2.08! 0.03 −2.03! 0.03 0.05! 0.06
ϵx (mmmrad) 2.5! 0.20 0.55! 0.04 78%! 10%
x0 (mm) −3.67! 0.04 −3.91! 0.04 −0.24! 0.08
σδ (×10−4) 0.94! 0.19 0.0! 0.2 −0.94! 0.39
ϕϵδð×10−5Þ −16! 3.1 0.3! 0.9 16.3! 4
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Table III shows the results when calculating ϕϵδ for all
horizontal measurements. Large uncertainties arise from
larger uncertainties in ϵx and βx combined with uncertain-
ties on the quantities σ!.
While it is difficult to take any immediate meaning from

the absolute magnitude of a single value of ϕϵδ, observa-
tions of the sign, !, and changes between successive
measurements can give insight into how this effect evolves
over time. Along the two ELENA plateaus, there is a clear
positive change in ϕϵδ, indicating that indeed, during
cooling, particles at the core are gaining a less significant
momentum offset than those at the tails.
An initial negative value of ϕϵδ would suggest that there

already exists a negative emittance-momentum offset
correlation at the start of both plateaus, perhaps brought
about by the deceleration process, and that it may be
unintentionally corrected for during cooling. Further mea-
surements should be taken to investigate this possibility and
to fully understand the relevant factors. It would be of
particular interest to compare these results with measure-
ments at different times for a coasting beam with no cooling
present.
To ensure that this quantity is representative of some

emittance-momentum offset correlation, values of ϕϵδ were
calculated in the vertical plane. As there is negligible
dispersion in this plane, it was expected that there would
be no observable change in the coefficient. By inserting the
same value of Dx into Dy in the equation (solely to negate
division by zero), benchmarking values could be extracted
from the vertical data. It should be explicitly stated that
these values are calculated only for comparative reasons
and in no way represent any physical quantities of the
beam. The results are displayed in Table IV and confirm

that no significant change is observed, as expected. This
suggests that these measurements give some insight into
more complex beam behavior than has previously been
possible through scraper measurements alone, and further
investigations would be well founded.

IV. DISCUSSION

Tables V and VI summarize all quantities extracted from
the scraper measurements along both plateaus. Despite
measurements being taken shortly after initial commission-
ing of the electron cooler, the emittance has been reduced in
both planes at both energy plateaus. With these measure-
ments, it is possible only to obtain a lower limit on the
cooling rates, since is it likely that the beams had reached
equilibrium earlier than the second scraper measurements.
A previous study, in which BETACOOL [16] was used to

predict cooling rates in ELENA, showed results compatible
with these measurements [17]. For comparison, in the
simulations with initial emittances ϵx;y ¼ 2.8 mmmrad,
final emittances of ϵx ¼ 0.52 and ϵy ¼ 0.33 mmmrad were
achieved after 2 s of electron cooling at 100 keV.
Since IBS is proportional to 1=γ4, it could be expected

that the final (or equilibrium) emittances along the ejection
plateau would be higher than those on the intermediate
plateau. It is possible that this is not the case here, since the
decelerating cycle was not yet optimized and larger losses
were observed during the final deceleration ramp, leading
to a lower-intensity beam and, hence, reduced collective
effects. It is proposed that incremental measurements
during a cooling plateau, while monitoring beam intensity,

TABLE III. Extracted correlation coefficients for both horizon-
tal measurements along both energy plateaus. The bottom row
shows the absolute change between successive measurements.

650 keV 100 keV

t ¼ 7.8 t ¼ 14.5 No cooling Cooling

ϕϵδ (×10−5) −5.4 1.0 −16 0.3
Error ϕϵδ (×10−5) 2.5 1.1 3.1 0.9
Δϕϵδ (×10−5) 6.4! 3.6 16.3! 4

TABLE IV. Correlation coefficients calculated for the vertical
scraper measurements. Results displayed in this table are in-
tended for benchmarking against the horizontal case only.

650 keV 100 keV

t ¼ 7.8 t ¼ 14.5 No cooling Cooling

ϕϵδ (×10−5) 0.3 −0.5 0.5 0.7
Error ϕϵδ (×10−5) 0.3 0.3 0.2 0.2
Δϕϵδ (×10−5) −0.7! 0.6 0.2! 0.4

TABLE V. Intermediate plateau summary table. Note: Changes
in emittance are expressed as percentages of initial emittance.

t ¼ 7.8 s t ¼ 14.5 s Change

ϵy (mmmrad) 1.59! 0.02 1.15! 0.02 28%! 2%
y0 (mm) −2.88! 0.03 −2.89! 0.03 −0.01! 0.06
ϵx (mmmrad) 3.6! 0.27 0.70! 0.05 81%! 10%
x0 (mm) −4.05! 0.04 −4.22! 0.04 −0.17! 0.08
σδ (×10−3) 1.10! 0.16 0.22! 0.03 −0.88! 0.19
ϕϵδð×10−5) −5.4! 2.50 1.00! 1.10 6.40! 3.6

TABLE VI. Ejection plateau summary table. “Off” and “on”
refer to the status of the electron cooler. Note: Changes in
emittance are expressed as percentages of initial emittance.

Off On Change

ϵy (mmmrad) 2.55! 0.03 0.53! 0.01 79%! 2%
y0 (mm) −2.08! 0.03 −2.03! 0.03 0.05! 0.06
ϵx (mmmrad) 2.5! 0.20 0.55! 0.04 78%! 10%
x0 (mm) −3.67! 0.04 −3.91! 0.04 −0.24! 0.08
σδ (×10−4) 0.94! 0.19 0.0! 0.2 −0.94! 0.39
ϕϵδð×10−5Þ −16! 3.1 0.3! 0.9 16.3! 4
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q  Electrosta<c	or	magne<c	beamline?	
	
q  At	low	veloci<es	electric	fields	may	be	more	efficient	
	
q  100	keV	is	s<ll	in	the	reachable	range	for	electrosta<c	elements	
	
q  Advantages	of	electrosta<c:	
	

q  No	hysteresis	
q  Becer	stability.	Easy	field	shaping	
q  Low	power	consump<on	
q  Cheap	power	supplies	
q  Good	magne<c	shielding	possibili<es	
	

q  Disadvantages:	
	

q  Safety	with	high-voltage	
q  Interlocking	against	sparks	

Javier	Resta	Lopez	



Electrosta)c	deflectors		
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G4beamline	model	of	TL	from	ELENA	to	ALPHA		

Fast	deflector		 Bend	+	fringe	field	effects	

Realistic 3D implementation of electrostatic elements for low energy machines 3

magnetic and electrostatic field gradients, GM and GE respectively, were calcu-
lated from k, in G4Beamline input units (Tm�1, MVm�1) using:

GM =
kp

c⇥ 10�9
, GE =

GMv

106
, (1)

where p is the momentum of the particles in the beam, c is the speed of light in
vacuum and v is the velocity of the beam particles.

The longitudinal field shape di↵erence between electrostatic and magnetic
quadrupoles was also taken into account. The current G4Beamline magnetic model
is based on the standard description by a Enge function [9] with six parameters
a1. . . a6. The same method is applicable to electrostatic version of elements, fitting
the six parameters to match fields obtained through realistic FEM simulations.

Enge(z) =
1

1 + exp(a1 + a2(z/D) + ...+ a6(z/D)5)
(2)

where z is the distance perpendicular to the e↵ective field boundary and D is the
full aperture of the particle optical element.

4 Electrostatic Bending Elements

The realistic fields including fringe e↵ects fields and inhomogeneities due to geo-
metrical factors were generated using finite element software. Fortunately, G4Beamline
allows the import of external field maps utilizing the fieldmap command. However,
only very restricted grid formats for maps with a constant step in {x, y, z} or {z, r}
are accepted.

Firstly, CAD models of all bending elements from the electrostatic transfer line
were created. They were based on drawings from the CERN CDD database [10],
and consisted primarily of the electrodes used to generate the bending fields.

The models were imported to CST Studio [11] and field maps were generated
according to nominal operating voltages, Fig. 1. The field maps were found to have
nominal values of field gradient at the centre of the elements. Additionally, output
field maps could be generated in a G4Beamline compatible 3D grid format. In

Fig. 1 The full transfer line from ELENA (left) to ALPHA (right) with antiproton beam
tracks (red line). Bending elements are highlighted and CST models with field lines shown.

  

Electrostatic Bending
E E

R

F=q E=ma=m
v

2

R
→ R=

2

E

Ekin

q

Bending radius depends only on the E
kin
/q of the particle.

Independent of mass.

Learn from other devices with similar E
kin

/q

Visited the ELISA storage ring @ University of Aarhus.

Courtesy	of	V.	Rodin	
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BEAM DYNAMICS STUDIES OF THE ELENA ELECTROSTATIC

TRANSFER LINES

M.A. Fraser∗, W. Bartmann, R. Ostojic, CERN, Geneva, Switzerland
D. Barna, University of Tokyo, Tokyo, Japan

Abstract

The low-energy ELENA ring at the Antiproton Decelera-
tor (AD) facility at CERN will lower the kinetic energy of
antiproton beams from 5.3 MeV to 100 keV, significantly
increasing the antiproton trapping efficiency at the experi-
ments. The antiprotons from ELENA will be distributed to
two experimental areas housing several different experiments
through a system of electrostatic transfer lines totalling 90 m
in length. A significant optimisation of the electrostatic op-
tical elements (deflectors, quadrupoles, and correctors) has
been carried out to improve the beam quality delivered to
the experiments and facilitate installation of the beam lines
into the AD hall. A general overview of the beam optics is
presented, including end-to-end particle tracking and error
studies from the extraction point in the ELENA ring to the
experiments.

INTRODUCTION

The installation of the ELENA synchrotron [1] at CERN’s
AD facility will lower the kinetic energy of antiproton beams
to 100 keV. A network of transfer lines has been designed
to distribute the low energy antiproton beam to eight differ-
ent experiments. The system is presently undergoing the
first stage of installation in the AD hall. The layout of the
transfer lines is shown in Fig. 1 and the relevant ELENA
beam parameters for discussion in this paper are collected
in Table 1. The transfer lines exploit electrostatic optical
elements and are built up in a modular way from a series of
standardised blocks: electrostatic quadrupole doublets with
integrated correctors, beam position monitors, fast electric
deflectors and electrostatic deflectors. After an initial opti-
misation of the orientation of the ELENA ring the transfer
lines have been integrated and the geometry of the lines
fixed in the AD hall. The fast deflectors located at each
branch permit different bunches within the same bunch train
extracted from ELENA to be distributed simultaneously to
up to four experiments.

DESIGN OVERVIEW

The initial beam line design [2] was carried out using elec-
trostatic beam line elements represented as transfer matrices
and implemented in MADX [3]. The transfer matrices were
computed by tracking test particles in the field maps gen-
erated using the finite element electromagnetic field solver
COMSOL [4,5]. The higher-order (non-linear) field compo-
nents were carefully optimised in each device as described
elsewhere in these proceedings [6]. The design evolved in

∗ mfraser@cern.ch

several iterations, evaluating each time the effects of changes
in the layout, or in the design of the optical elements, on
the beam quality. The final validation of the transfer line
design was achieved with end-to-end particle tracking in
the field maps of all elements from the ELENA ring to the
experiment, in the presence of errors and imperfections.

ELENA 

LNR 

LNE50 

LNE51 
GBAR 

BASE 

AD 

LNI 

LNS 
LNE00 

LNE07 

ASACUSA 1 

LNE06 

ASACUSA 2 

LNE01 

ALPHA 

LNE03 

LNE04 

ATRAP 1 

ATRAP 2 

AEGIS 

LNE02 

LNE05 

Ion source 

Ion switch 
Fast kicker: injecIon 
Fast kicker: extracIon 

Fast kicker + staIc deflector 
StaIc deflector 
MagneIc dipole 

Figure 1: Layout of the ELENA transfer line network.

Table 1: ELENA Beam Parameters

Parameter Injection Extraction

Kinetic energy, W [MeV] 5.3 0.1
Reduced velocity, β 0.1064 0.0146
Magnetic rigidity [Gm] 3329 457
Electric rigidity [kV] 10570 200
No. of bunches 1 1 - 4
Emit. (95%) H / V [mm mrad] < 15 / 15 6 / 4

Momentum spread (95%) 1×10−3 2.5×10−3

Intensity [p̄] 3.0×107 1.8×107

Bunch length [m] ∼12.7 1.3

The basic layout of the lines is determined by a FODO
focusing structure with a cell length of 3.1 m and a phase
advance of 90 deg per cell. The quadrupoles are housed in
the same doublet assembly in order to standardise produc-
tion; in the FODO sections only one of the quadrupoles in
the assembly is powered, whereas in the matching sections
both are powered.

Each doublet assembly contains separated horizontal and
vertical correctors between the quadrupoles, giving two cor-
rectors per plane in each cell and good control over the beam
trajectory. This is particularly important in areas where stray
field from experimental equipment will play a role in beam
tuning.

Javier	Resta	Lopez	

Experiments,	next	talks	…	



Summary	
•  Basic	defini<ons	(briefly)	reviewed	for	both	linear	longitudinal	and	

transverse	beam	dynamics	
	

–  Star<ng	from	Lorentz	equa<on	
–  Techniques	to	accelerate	par<cles	(linacs,	circular	accelerators)	
–  Magnets	to	guide	the	par<cle	trajectory	(dipoles,	quadrupoles)	
–  Single-par<cle	beam	dynamics	
–  Hill’s	equa<on	and	betatron	mo<on	
–  Matrix	descrip<on	(maps)		
–  Off	momentum	par<cles:	Dispersion	func<on,	Chroma<city	
–  Mul<par<cle-beam	
–  Transverse	phase	space:	C-S	invariant,	emicance,	Liouville’s	Theorem	
–  Emicance	dilu<on	mechanism	
–  Beam	cooling;	electron	cooling		
–  Electrosta<c	elements		
	

•  New	accelerator	facili<es,	such	as	ELENA,	play	a	key	role	in	an<macer	
research		
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Thank	you!	



Normalised	emicance	
•  Apply	some	accelera<on	along	z	to	all	par<cles	in	the	

bunch	
–  Px	is	constant	
–  Pz	increases	
–  x’=Px/Pz	decreases!	

•  So	the	bunch	emicance	decreases	
–  This	is	an	example	of	something	called	Liouville’s	
Theorem	

–  ~“Emicance	is	conserved	in	(x,Px)	space”	
•  Define	normalised	emicance	 εε

m
pz

n
><=
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Basic	blocks:	FODO	Cell	
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Symmetric transfer matrix from center to center of focusing quads!
	

L L 

QF	 QD	 QF	

Javier	Resta	Lopez	



Evolu)on	of	phase	space	
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§  A	large	β-func<on	corresponds	to	a	large	beam	size	and	a	small	
					beam	divergence		
x’	

x	

x’	

x	

x’	

x	

x’	

x	

x’	

x	

In	the	middle	of	
quad.	QF	,		
βx	is	maximum	
(βy  minimum),				
and	αx,y=0		
	
	

QF	 QD	 QF	

In	the	middle	of	
quad.	QD,		
βy	is	maximum		
(βx	minimum),		
and	αx,y=0   
	

αx> 0		
	

αx< 0		
	

Javier	Resta	Lopez	



Nonlineari)es	

In	reality,	some	lasces	have	significant	higher	order	terms	
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x00 +K(s)x = O(x2) + . . .

and	magne<c	imperfec<ons,	e.g.	dipole	errors	

x

00 +K(s)x = �(s� s

0

)✓
error

which	can	drive	resonances	

General Resonance Condition
Hill’s equation is quasiharmonic, and whenever we have a harmonic system, 
the danger of exciting a resonance exists. Multiple sources of resonant 
“driving terms” exist in accelerators:

Tacoma Narrow bridge 1940

• Linear magnet imperfections
• Time varying fields
• Non-linear magnets
• Collective Effects
• etc, etc..

A resonance occurs when the 
frequency of the external force 
approaches the natural frequency 
of the system.

Resonance excitation between wind gusts and natural frequency of the bridge.(Excita<on	by	strong	wind	on	the	eigenfrequencies)	

Javier	Resta	Lopez	



Resonances	

Hill’s	equa<on	is	quasiharmonic,	and	whenever	we	have	a	harmonic		
system,	the	danger	of	exci<ng	a	resonance	exists.	Mul<ple	sources	of	
resonant	driving	terms	exist	in	accelerators:	
	
•  Linear	magnet	imperfec<ons		
•  Time	varying	fields	
•  Nonlinear	magnets	
•  Collec<ve	effects	
•  etc.,	etc.		
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lQ
x

+mQ
y

= r

where	(l, m, r)	are	integers	

Tune	diagram	

Qy 

Qx 

Javier	Resta	Lopez	



Nonlineari)es	

§  Example:	
	

23/03/2020	 59	

Sextupoles	are	the	most	common	magnet	nonlineari<es	in	accelerators	

Phase	space	plot	of	par<cle	mo<on	close	to	a	fiTh-order	resonance		

Linear	machine	 With	a	sextupole	element	

Chao<c	regimen	
between	the		
resonant	islands!	

(Courtesy	of	W.	Herr	and	E.	Forest)	

Javier	Resta	Lopez	


