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Questioning consensus

Stan told me how he convinced Feynman that hadrons
have sizeable Fock states with only valence quarks:

In any case he convinced me. This inspired the following.

Only the ud̅ Fock state in  the π+ contributes to its weak decay:



 5Fock expansion of bound states
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”Hadrons are non-perturbative bound states of QCD”
The common statement:

Is this self-evident?

suggests that 

QFT methods for atoms are irrelevant for hadrons.



 6Similarity of atomic and hadronic spectra
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PQED: PQCD?

Adapted from presentation by J. Ritman (2005)

3D
2

2900

3100

3300

3500

3700

3900

4100

η c(3590)

ηc(2980)

hc(3525)

ψ (3097)

ψ (3686)

ψ (3770)

ψ (4040)

χ 0(3415)

χ 1(3510)
χ 2(3556)

3D
1

3D
3

1D
2

3P
2
(~ 3940)

3P
1
(~ 3880)

3P
0
(~ 3800)

(~ 3800)

1 fmC C

~ 600 meV

-1000

-3000

-5000

-7000

11S
0

13S
1

21S
0

23S
1

21P
1 

23P2 

23P1 

23P0 

0
31S

0 31D
2 

33D2 

33D1 

33D2 

Ionization energy
33S

1

e+ e-0.1 nm

Binding energy  

[meV]

Mass [MeV]

DD Threshold

8!10-4 eV

10-4 eV

´
´´

´´´

´

117 MeV

Positronium Charmonium

Quarkonia are like atoms with confinement
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Classical potential

QED QCD

A. Einstein: Raffiniert ist der Herrgott aber boshaft ist er nicht.
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PQED for atoms ≠ PQED for scattering

The Hydrogen wave function is exponential in α

The binding energy can be expanded in powers of α and logα 



Paul Hoyer CPHI 2020

 8

“In spite of the statement in the preceding paragraph that bound-
state theory is nonperturbative, it is possible to make use of small 
parameters such as α … to develop expressions in increasing orders 
of smallness. However, the nonperturbative nature of the expansion 
shows up in non-analytic dependence on these parameters (such as 
logarithms). As indicated in the preceding paragraph, there is an art 
in developing a theoretical expression in this manner.”

Recoil effects in the hyperfine structure of QED bound states
G. T. Bodwin
High Energy Physics DiUision, Argonne National Laboratory, Argonne, Illinois 60439

D. R. Yennie
Laboratory ofNuclear Studies, Cornell Uniuersity, Ithaca, ¹wFark 14853

M. A. Gregorio
Instituto de Fisica, Uniuersidade Federal de Rio de Janeiro, Rio de Janeiro, Brazil
The authors give a general discussion of the derivation from field theory of a formalism for the perturba-
tive solution of the relativistic two-body problem. The lowest-order expression for the four-point function
is given in terms of a two-particle three-dimensional propagator in a static potential. It is obtained by fix-
ing the loop energy in the four-dimensional formalism at a point which is independent of the loop momen-
tum and is symmetric in the two particle variables. This method avoids awkward positive- and negative-
energy projectors, with their attendant energy square roots, and allows one to recover the Dirac equation
straightforwardly in the nonrecoil limit. The perturbations appear as a variety of four-dimensional kernels
which are rearranged and regrouped into. convenient sets. In particular, they are transformed from the
Coulomb to the Feynman gauge, which greatly simplifies the expressions that must be evaluated. Al-
though the approach is particularly convenient for the precision analysis of QED bound states, it is not lim-
ited to such applications. The authors use it to give the first unified treatment of all presently known recoil
corrections to the muonium hyperfine structure and also to verify the corresponding contributions through
order u 1naEF in positronium. The required integrals are evaluated analytically.
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State of the art: Hyperfine splitting in Positronium

G. S. Adkins,
Hyperfine Interact.  233 (2015) 59

7

where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy

�P
T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =

Z
d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]
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= 203.39169(41) GHz (2.24)

Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is

 (GHz)HFS∆

203.386 203.388 203.39 203.392 203.394 203.396

Old method

a

b

This measurement

Previous experimental
                  average

) QED-1
αln3

αO(

Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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for useful discussions. This work was supported by JSPS KAK-
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

ΔνEXP = 203.394± .002 GHz

Can we do an analogous calculation for the proton?

The stakes for QCD are high:
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Atomic PQED uses Feynman Diagrams

A. Czarnecki, hep-ph/9911455

QCD Feynman diagrams expand around

free quarks and gluons at t = ± ∞

The absence of confinement in QCD Feynman diagrams
does not justify discarding perturbative methods

for hadrons.

This excludes confinement.

2

(2me ≃ 1.02 MeV) by the small binding energy,

EB = −
meα2

4
≃ −6.8 eV, (1)

which is about half that of hydrogen, because the reduced mass in positron-
ium is me/2. The ground state and its radial excitations form the so-called
gross spectrum, En = EB/n2 (n = 1 . . .).

This picture, based on the non-relativistic Schrödinger equation, has
to be corrected for relativistic effects. In this talk we will be concerned
entirely with the lowest radial state with zero angular momentum (S wave).
It comes in two varieties, depending on the sum of spins of the electron and
positron: para-positronium (p-Ps) with total spin 0, and ortho-positronium
(o-Ps), which is a triplet with total spin 1. p-Ps is slightly lighter, due to
the spin-spin interaction. This difference of masses, called the hyperfine
splitting (HFS), offers one of the most accurate tests of bound-state theory
based on QED. (For a review of other precisely measured energy intervals
in Ps see e.g. [1, 2].)

o-Ps,
p-Ps

e-

e+

γ →q o-Ps

e-

e+

γ

(a) (b)

Fig. 1. Lowest order contributions to HFS in positronium.

The origin of HFS can be best explained with the lowest-order diagrams
contributing to this effect, shown in Fig. 1. They represent two types of
interactions: direct and annihilation. These two effects together give the
following difference of energy levels of o-Ps and p-Ps (That difference is
conventionally expressed in terms of the corresponding frequency ∆ν =
∆E/2πh̄. In this paper we will often use ∆ν to denote the energy intervals):

∆ν(0) = (∆ν)D + (∆ν)A. (2)

The direct interaction diagram 1(a) represents a magnetic photon exchange
which induces a spin-dependent potential

VM = −
πα

4m2
e q⃗

2
[σi, σ⃗ · q⃗][σ′i, σ⃗′ · q⃗], (3)



 11Bound states are eigenstates of the Hamiltonian

H | i = E | i
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at an instant of time t (or x+)

The QED Fock expansion

|Posi = �ee

��e+e�
↵
+ �ee�

��e+e��
↵
+ �� |�i+ �4e

��e+e� e+e�
↵
+ . . .
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defines a perturbative expansion around
��e+e�

↵
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There is no need to consider constituents propagating  in time.

H
n
int

��e+e�
↵
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with higher Fock states given by

In temporal (A0 = 0) gauge, each Fock state is bound by the 
instantaneous potential given by Gauss’ law.

Hyperfine splitting is verified to O(α4), as well as boost covariance.
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 12QCD: Add a homogeneous solution of Gauss’ law

https://www.mv.helsinki.fi/home/hoyer/Pavia/200120_Hoyer_Pavia-figs.pdf

1807.05598v2, 1911.07286

See the slides of my Pavia lectures (2020):

and on the arXiv:

A single, universal parameter Λ  determines

Confinement is compatible with a perturbative expansion.

The quarkonium phenomenology follows from LQCD.

The method can be applied also to relativistic hadrons.

•  The isotropic gluon energy density ∝

•  The linear O(αs0) potential for qq̅ Fock states 

•  The corresponding potentials for qqq, qq̅g, gg,… states 

⇤4
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