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Overview
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Collaborated with Aram from 2013: 
• 13 Publications, including 2 PRLs. 
• I will talk about some highlights involving spin-induced 
dihadron observations. 

✦ Dihadron modulations from Collins effect. 
✦ Spin in quark-jet hadronization: DiFFs. 
✦ New measurements of dihadron FFs in e+e-. 



Hadronization of a Polairzed Quark

 3 3 3

• Extended NJL-jet Model: spin non-flip and flip probabilities:

H.M.,Bentz, Thomas, PRD.86:034025, 2012.
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Understanding Collins-IFF Interplay
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http://inspirehep.net/search?p=collaboration:%27COMPASS%27&ln=en
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POLARIZATION IN QUARK-JET FRAMEWORK

✦ Extended quark-jet:

F q!Q(z,p?; s,0) = ↵s

F q!Q(z,p?; s,S) ⇠ Tr[⇢S
0
⇢S] ⇠ 1 + S0 · S
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Bentz, Kotzinian, H.M, Ninomiya, Thomas, Yazaki: PRD 94 034004 (2016).

F q!Q(z,p?; s,S) = ↵s + �s · S
‣ Intermediate quarks in quark-jet are unobserved!

‣ The probability for the process            ,  initial spin    to    q ! Q s S

‣Remnant quark’s     uniquely determined by           and    !S0 z,p? s

‣Process probability is the same as transition to unpolarized state.

We need the induced final state spin    .S0

S0 =
�s

↵s



REMNANT QUARK’S POLARISATION
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✦ We can express the spin of the remnant quark              
     in terms of quark-to-quark  TMD FFs.
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Analysing Power for Quark Spin

✦ Comparing the analysing powers for all polarized 

✦ Signals for all possible hadron pairs.
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Back-to-back two hadron pairs in e+e-
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• Can access both helicity 
and transverse pol. 
dependent DiFFs:

G1
!!z ,Mh

2"#! d$! d%R! dkTkT•RT
!G1

!!z ,$ ,kT
2 ,RT

2 ,kT•RT", !1"

where RT is the transverse part of the relative momentum
between the two hadrons and kT is the quark transverse mo-
mentum !see Sec. II for explicit definitions of the above
quantities". This function is related !but not identical" to lon-
gitudinal jet handedness and its resulting asymmetry will be
discussed in detail below !see Sec. V".
The asymmetry involving the transverse momentum inte-

grated chiral-odd IFF H1
" has already been studied in a dif-

ferent !less common" notation in a paper by Artru and Col-
lins &9'. It is the asymmetry of present-day experimental
interest regarding transversity. The extraction of H1

" from the
process e"e#→(h1h2)( h̄1h̄2)X is the goal of a group &10'
that will analyze the off-resonance data from the BELLE
experiment at KEK. In the present article, we provide for a
procedure of integrating and properly weighting the fully
differential cross section to single out the relevant asymme-
try. The extracted IFF will be of use to several ongoing or
starting experiments aiming to measure transversity in the
processes ep↑→(h1h2)X !HERMES, COMPASS" and pp↑

→(h1h2)X !RHIC &10'".
However, the asymmetry involving G1

! also seems of ex-
perimental interest. It can be viewed as the chiral-even coun-
terpart of the Artru-Collins asymmetry. An analogous asym-
metry involving chiral-even fragmentation functions does
not emerge when only one hadron is detected in each jet; this
asymmetry is thus particular to the multi-hadron fragmenta-
tion case. But it can also be viewed as an asymmetry arising
from a correlation between longitudinal jet handedness func-
tions. As such it is relevant for single spin asymmetries with
longitudinally polarized protons, ep!→(h1h2)X and pp!
→(h1h2)X , which are proportional to the well-known quark
helicity distribution function g1 &cf., e.g., Eq. !31" of Ref.
&3''. Since g1 is known to considerable accuracy, one can
extract G1

! from ep!→(h1h2)X and actually predict our lon-
gitudinal jet handedness correlation in e"e#

→(h1h2)( h̄1h̄2)X , i.e. the expression given below in Eq.
!38". Any experimental deviation may be related to a CP-
violating effect of the QCD vacuum &11'.
The function G1

! is also relevant for the studies of IFFs in
the processes ep↑→(h1h2)X and pp↑→(h1h2)X . There,
next to the asymmetry proportional to the transversity func-
tion, another G1

! dependent asymmetry &7' occurs, which is
proportional to the transverse momentum dependent distribu-
tion function g1T &12'. This function !extrapolated to x$0)
gives information on violations of the Burkhardt-Cottingham
sum rule. Apart from the intrinsic interest in such an asym-
metry, it also shows the need for appropriate weight func-
tions to separate the asymmetry proportional to g1TG1

! from
the asymmetries proportional to h1H1

" and h1H1
! !where h1

denotes the transversity function".
The other results presented below, i.e. the other terms

arising in the fully differential e"e# cross section, may also

be of interest in the future and the notation used here hope-
fully will facilitate communication between different experi-
mental groups planning or performing two-hadron IFF-
related studies for different processes.
The paper is organized as follows. In Sec. II we first dis-

cuss the kinematics of the process e"e#→(h1h2)( h̄1h̄2)X .
In Sec. III we present the cross section in terms of the inter-
ference fragmentation functions. Next, we investigate exten-
sively the Artru-Collins azimuthal asymmetry !Sec. IV" and
the newly found longitudinal jet handedness asymmetry
!Sec. V". During the discussion of these two asymmetries in
e"e#→(h1h2)( h̄1h̄2)X we also remark on corresponding
asymmetries in two-hadron inclusive deep inelastic scatter-
ing !DIS" involving the same IFFs to facilitate comparison.
We end with conclusions !Sec. VI".

II. KINEMATICS

We will consider the process e"e#→(h1h2)( h̄1h̄2)X ,
schematically depicted in Fig. 1. An electron and a positron
with momenta l and l!, respectively, annihilate into a photon
with timelike momentum q$l"l! and q2$Q2. A quark and
an antiquark are then emitted and fragment each one into a
residual jet and a pair of leading unpolarized hadrons
(h1 ,h2) with momenta P1 ,P2, and masses M 1 ,M 2 &for the
antiquark we have the corresponding notation ( h̄1 , h̄2) with
momenta P̄1 , P̄2 and masses M̄ 1 ,M̄ 2]. We introduce the vec-
tors Ph$P1"P2 , R$(P1#P2)/2, and P̄h$ P̄1" P̄2 , R̄
$( P̄1# P̄2)/2. The two jets are emitted in opposite direc-
tions; therefore, Ph• P̄h(Q2. We can parametrize the mo-
menta as &13'
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zhQ
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where #qT
2#QT

2%Q2, and n" ,n# are light-like vectors sat-
isfying n"

2 $n#
2 $0 and n"•n#$1. The approximations in

Eq. !2" of neglecting hadron masses with respect to Q2 does

FIG. 1. Kinematics for the e"e#→(h1h2)( h̄1h̄2)X process.

BOER, JAKOB, AND RADICI PHYSICAL REVIEW D 67, 094003 !2003"

094003-2

D. Boer et al: PRD 67, 094003 (2003).

✦ BELLE results.

PoS(DIS2015)216

Fragmentation Functions at Belle Anselm Vossen

Figure 2: Results for Acos(2(FR1�FR2 )) binned in M and z. The black error bars are statistical and the green
bands show the systematic uncertainty.

measured which are thought to be sensitive to the helicity dependent fragmentation function G?
1 .

This function is supposed to vanish in the absence of helicity dependent correlations of the in-
trinsic transverse momentum in the fragmentation process with momentum difference of hadrons
in the pair. Therefore, the existence of this function might be interpreted as a validation of the
so-called TMD framework which forms the base for the theoretical interpretation of a large class
of transverse spin phenomena [21]. However, within the experimental uncertainties no signal is
observed at Belle. In addition to ongoing analysis on the Belle dataset, an upgraded experiment,
Belle-II is currently under construction with the plan to use an upgraded KEKB storage ring, then
called Super-KEKB, to sample about 40 times the luminosity compared to Belle [22]. For the frag-
mentation function program in particular the upgraded particle identification capabilities and the
improved vertex resolution are of importance to select multi-kaon final states and effectively isolate
contributions from charm production. In addition, the hermiticity of the detector as well as energy
and momentum resolution will be improved. Together with the improved capability to reconstruct
low momentum tracks, this will help increase the precision of future measurements of observables
related to the extraction of fragmentation functions.
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FIG. 2: Relative contributions of various processes for pion pairs as a function of the 8 × 8 m1,m2 bin number. The closed
circles denote light quark-antiquark pair events, inverted triangles – charm events, triangles – charged B meson pairs, open
circles – neutral B meson pairs and squares – τ pairs.

TABLE II: Integrated asymmetries for the two reconstruction methods and their average kinematics.

⟨z1⟩, ⟨z2⟩ 0.4313
⟨m1⟩, ⟨m2⟩ 0.6186 GeV/c2

⟨sin2 θt/(1 + cos2 θt)⟩ 0.7636
⟨sin θ1d⟩, ⟨sin θ2d⟩ 0.9246
⟨cos θ1d⟩, ⟨cos θ2d⟩ 0.0013

a12 −0.0196 ± 0.0002(stat.) ± 0.0022(syst.)
a12R −0.0179 ± 0.0002(stat.) ± 0.0021(syst.)
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Summary: Large azimuthal asymmetries for two π+π− pairs in opposite hemispheres were extracted from a 672
fb−1 data sample. The asymmetries monotonically decrease as a function of z1,2 and m1,2 and no sign change is
observed in contrast to [18]. The interference fragmentation function can be extracted from those asymmetries and
used in a global fit to the SIDIS data [9, 10] to obtain the transversity distribution function.
We thank the KEKB group for excellent operation of the accelerator, the KEK cryogenics group for efficient solenoid

operations, and the KEK computer group and the NII for valuable computing and SINET3 network support. We
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• Can access both helicity 
and transverse pol. 
dependent DiFFs:

G1
!!z ,Mh

2"#! d$! d%R! dkTkT•RT
!G1

!!z ,$ ,kT
2 ,RT

2 ,kT•RT", !1"

where RT is the transverse part of the relative momentum
between the two hadrons and kT is the quark transverse mo-
mentum !see Sec. II for explicit definitions of the above
quantities". This function is related !but not identical" to lon-
gitudinal jet handedness and its resulting asymmetry will be
discussed in detail below !see Sec. V".
The asymmetry involving the transverse momentum inte-

grated chiral-odd IFF H1
" has already been studied in a dif-

ferent !less common" notation in a paper by Artru and Col-
lins &9'. It is the asymmetry of present-day experimental
interest regarding transversity. The extraction of H1

" from the
process e"e#→(h1h2)( h̄1h̄2)X is the goal of a group &10'
that will analyze the off-resonance data from the BELLE
experiment at KEK. In the present article, we provide for a
procedure of integrating and properly weighting the fully
differential cross section to single out the relevant asymme-
try. The extracted IFF will be of use to several ongoing or
starting experiments aiming to measure transversity in the
processes ep↑→(h1h2)X !HERMES, COMPASS" and pp↑

→(h1h2)X !RHIC &10'".
However, the asymmetry involving G1

! also seems of ex-
perimental interest. It can be viewed as the chiral-even coun-
terpart of the Artru-Collins asymmetry. An analogous asym-
metry involving chiral-even fragmentation functions does
not emerge when only one hadron is detected in each jet; this
asymmetry is thus particular to the multi-hadron fragmenta-
tion case. But it can also be viewed as an asymmetry arising
from a correlation between longitudinal jet handedness func-
tions. As such it is relevant for single spin asymmetries with
longitudinally polarized protons, ep!→(h1h2)X and pp!
→(h1h2)X , which are proportional to the well-known quark
helicity distribution function g1 &cf., e.g., Eq. !31" of Ref.
&3''. Since g1 is known to considerable accuracy, one can
extract G1

! from ep!→(h1h2)X and actually predict our lon-
gitudinal jet handedness correlation in e"e#

→(h1h2)( h̄1h̄2)X , i.e. the expression given below in Eq.
!38". Any experimental deviation may be related to a CP-
violating effect of the QCD vacuum &11'.
The function G1

! is also relevant for the studies of IFFs in
the processes ep↑→(h1h2)X and pp↑→(h1h2)X . There,
next to the asymmetry proportional to the transversity func-
tion, another G1

! dependent asymmetry &7' occurs, which is
proportional to the transverse momentum dependent distribu-
tion function g1T &12'. This function !extrapolated to x$0)
gives information on violations of the Burkhardt-Cottingham
sum rule. Apart from the intrinsic interest in such an asym-
metry, it also shows the need for appropriate weight func-
tions to separate the asymmetry proportional to g1TG1

! from
the asymmetries proportional to h1H1

" and h1H1
! !where h1

denotes the transversity function".
The other results presented below, i.e. the other terms

arising in the fully differential e"e# cross section, may also

be of interest in the future and the notation used here hope-
fully will facilitate communication between different experi-
mental groups planning or performing two-hadron IFF-
related studies for different processes.
The paper is organized as follows. In Sec. II we first dis-

cuss the kinematics of the process e"e#→(h1h2)( h̄1h̄2)X .
In Sec. III we present the cross section in terms of the inter-
ference fragmentation functions. Next, we investigate exten-
sively the Artru-Collins azimuthal asymmetry !Sec. IV" and
the newly found longitudinal jet handedness asymmetry
!Sec. V". During the discussion of these two asymmetries in
e"e#→(h1h2)( h̄1h̄2)X we also remark on corresponding
asymmetries in two-hadron inclusive deep inelastic scatter-
ing !DIS" involving the same IFFs to facilitate comparison.
We end with conclusions !Sec. VI".

II. KINEMATICS

We will consider the process e"e#→(h1h2)( h̄1h̄2)X ,
schematically depicted in Fig. 1. An electron and a positron
with momenta l and l!, respectively, annihilate into a photon
with timelike momentum q$l"l! and q2$Q2. A quark and
an antiquark are then emitted and fragment each one into a
residual jet and a pair of leading unpolarized hadrons
(h1 ,h2) with momenta P1 ,P2, and masses M 1 ,M 2 &for the
antiquark we have the corresponding notation ( h̄1 , h̄2) with
momenta P̄1 , P̄2 and masses M̄ 1 ,M̄ 2]. We introduce the vec-
tors Ph$P1"P2 , R$(P1#P2)/2, and P̄h$ P̄1" P̄2 , R̄
$( P̄1# P̄2)/2. The two jets are emitted in opposite direc-
tions; therefore, Ph• P̄h(Q2. We can parametrize the mo-
menta as &13'
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where #qT
2#QT

2%Q2, and n" ,n# are light-like vectors sat-
isfying n"

2 $n#
2 $0 and n"•n#$1. The approximations in

Eq. !2" of neglecting hadron masses with respect to Q2 does

FIG. 1. Kinematics for the e"e#→(h1h2)( h̄1h̄2)X process.

BOER, JAKOB, AND RADICI PHYSICAL REVIEW D 67, 094003 !2003"

094003-2

D. Boer et al: PRD 67, 094003 (2003).

✦ BELLE results.
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Figure 2: Results for Acos(2(FR1�FR2 )) binned in M and z. The black error bars are statistical and the green
bands show the systematic uncertainty.

measured which are thought to be sensitive to the helicity dependent fragmentation function G?
1 .

This function is supposed to vanish in the absence of helicity dependent correlations of the in-
trinsic transverse momentum in the fragmentation process with momentum difference of hadrons
in the pair. Therefore, the existence of this function might be interpreted as a validation of the
so-called TMD framework which forms the base for the theoretical interpretation of a large class
of transverse spin phenomena [21]. However, within the experimental uncertainties no signal is
observed at Belle. In addition to ongoing analysis on the Belle dataset, an upgraded experiment,
Belle-II is currently under construction with the plan to use an upgraded KEKB storage ring, then
called Super-KEKB, to sample about 40 times the luminosity compared to Belle [22]. For the frag-
mentation function program in particular the upgraded particle identification capabilities and the
improved vertex resolution are of importance to select multi-kaon final states and effectively isolate
contributions from charm production. In addition, the hermiticity of the detector as well as energy
and momentum resolution will be improved. Together with the improved capability to reconstruct
low momentum tracks, this will help increase the precision of future measurements of observables
related to the extraction of fragmentation functions.
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FIG. 2: Relative contributions of various processes for pion pairs as a function of the 8 × 8 m1,m2 bin number. The closed
circles denote light quark-antiquark pair events, inverted triangles – charm events, triangles – charged B meson pairs, open
circles – neutral B meson pairs and squares – τ pairs.

TABLE II: Integrated asymmetries for the two reconstruction methods and their average kinematics.

⟨z1⟩, ⟨z2⟩ 0.4313
⟨m1⟩, ⟨m2⟩ 0.6186 GeV/c2

⟨sin2 θt/(1 + cos2 θt)⟩ 0.7636
⟨sin θ1d⟩, ⟨sin θ2d⟩ 0.9246
⟨cos θ1d⟩, ⟨cos θ2d⟩ 0.0013

a12 −0.0196 ± 0.0002(stat.) ± 0.0022(syst.)
a12R −0.0179 ± 0.0002(stat.) ± 0.0021(syst.)

preprint version.
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FIG. 3: a12 modulations for the 9 × 9 z1, z2 binning as a function of z1 for the z2 bins. The shaded (green) areas correspond
to the systematic uncertainties.

Summary: Large azimuthal asymmetries for two π+π− pairs in opposite hemispheres were extracted from a 672
fb−1 data sample. The asymmetries monotonically decrease as a function of z1,2 and m1,2 and no sign change is
observed in contrast to [18]. The interference fragmentation function can be extracted from those asymmetries and
used in a global fit to the SIDIS data [9, 10] to obtain the transversity distribution function.
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• An error in kinematics was found:

OLD NEW

H.M. , Bacchetta, Boer, Courtoy, Kotzinian, Radici, Thomas: Phys. Rev. D 97, 074019 (2018).



Re-derived e+e- Cross Section

 10

• An error in kinematics was found:

OLD NEW

H.M. , Bacchetta, Boer, Courtoy, Kotzinian, Radici, Thomas: Phys. Rev. D 97, 074019 (2018).



Re-derived e+e- Cross Section
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• An error in kinematics was found:

• The new fully differential cross-section expression:

OLD NEW

H.M. , Bacchetta, Boer, Courtoy, Kotzinian, Radici, Thomas: Phys. Rev. D 97, 074019 (2018).
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Figure 2: Results for Acos(2(FR1�FR2 )) binned in M and z. The black error bars are statistical and the green
bands show the systematic uncertainty.

measured which are thought to be sensitive to the helicity dependent fragmentation function G?
1 .

This function is supposed to vanish in the absence of helicity dependent correlations of the in-
trinsic transverse momentum in the fragmentation process with momentum difference of hadrons
in the pair. Therefore, the existence of this function might be interpreted as a validation of the
so-called TMD framework which forms the base for the theoretical interpretation of a large class
of transverse spin phenomena [21]. However, within the experimental uncertainties no signal is
observed at Belle. In addition to ongoing analysis on the Belle dataset, an upgraded experiment,
Belle-II is currently under construction with the plan to use an upgraded KEKB storage ring, then
called Super-KEKB, to sample about 40 times the luminosity compared to Belle [22]. For the frag-
mentation function program in particular the upgraded particle identification capabilities and the
improved vertex resolution are of importance to select multi-kaon final states and effectively isolate
contributions from charm production. In addition, the hermiticity of the detector as well as energy
and momentum resolution will be improved. Together with the improved capability to reconstruct
low momentum tracks, this will help increase the precision of future measurements of observables
related to the extraction of fragmentation functions.
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Helicity-dependent DiFF in e+e-

 11

• The old asymmetry by Boer et. al. exactly vanishes! 

• Explains the BELLE results.

• The relevant terms involving      :

• Note: any azimuthal moment involving only                is zero. 

H.M. , Kotzinian, Thomas:  PRL. 120 no.25, 252001 (2018).
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• A new asymmetry to access 

• The relevant terms involving      :

• Need a qT -weighted asymmetry to get non-zero result 

H.M. , Kotzinian, Thomas:  PRL. 120 no.25, 252001 (2018).
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New way to access      DiFF in SIDIS

will identify a SSA where the transversity distribution ap-
pears in connection with a s-p IFF, and a SSA where the
transversity is connected to a pure p-wave IFF. These two
asymmetries are completely distinct; they could have differ-
ent physical origins and different magnitudes.
In Sec. IV we complete our analysis by including the

intrinsic partonic transverse momentum and k!T-unintegrated
fragmentation functions. Also in this case, in Sec. V we will
present positivity bounds and will carry out the partial wave
expansion. The results for the complete cross section for all
combinations of beam and target polarizations are listed in
Appendixes A and C. Finally, some conclusions are drawn in
Sec. VI.

II. TWO-PARTICLE INCLUSIVE DEEP INELASTIC
SCATTERING

In the following we will describe the kinematics and the
details of the semi-inclusive production of two unpolarized
hadrons in the context of the SIDIS process. However, we
point out that the involved fragmentation functions can be
used also in the case of reactions with a hadronic probe or in
e!e" annihilation !14,15".

A. Kinematics and hadronic tensor

The process is schematically depicted in Fig. 1. An elec-
tron with momentum l scatters off a target nucleon with mass

M, polarization S, and momentum P via the exchange of a
virtual hard photon with momentum q#l"l! (q2#"Q2).
Inside the target, the photon hits a quark with momentum p,
changing its momentum to k#p!q . The quark then frag-
ments into a residual jet and two leading unpolarized hadrons
with masses M 1 ,M 2 , and momenta P1 and P2. We intro-
duce the vectors Ph#P1!P2 and R#(P1"P2)/2. We de-
scribe a 4-vector a as !a",a!,a! T" , i.e., in terms of its light-
cone components a$#(a0$a3)/!2 and the bidimensional
vector a! T . It is convenient to choose the ẑ axis according to
the condition P! T#P! hT#0. In this case, the virtual photon
has a nonvanishing transverse momentum q! T . However, it is
also customary to align the ẑ axis opposite to the direction of
the virtual photon, in which case the outgoing hadron has a
nonvanishing transverse momentum P! h!#"zq! T . These two
directions overlap up to corrections of order 1/Q , which we
will systematically neglect in the following. The y axis is
chosen to point in the direction of the vector product ("q!
% l!!) !22" #see Fig. 2$.
We define the variables x#p!/P!, which represents the

light-cone fraction of target momentum carried by the initial
quark, and z#Ph

"/k", the light-cone fraction of fragmenting
quark momentum carried by the final hadron pair. Analo-
gously, we define the light-cone fraction %#2R"/Ph

" , which
describes how the total momentum of the hadron pair is split
into the two single hadrons.2 The relevant momenta can be
parametrized as

P& #! M 2

2P!
,P!,0! " ,

p& #! p2!p! T
2

2xP!
,xP!,p! T" ,

k& #!Ph
"

z ,
z#k2!k!T

2 $

2Ph
"

,k!T" , #1$

2Note that "1'%'1, and %#2("1, with ( defined in Ref. !3".

FIG. 1. The usual quark handbag diagram
contributing at leading twist to the semi-inclusive
DIS into two leading hadrons: #a$ hadron and par-
ton momenta are shown, in particular the total
momentum Ph#P1!P2 and relative momentum
R#(P1"P2)/2 of the two-hadron system; #b$
target helicity, parton chirality, and two-hadron
partial wave indices are shown.

FIG. 2. Kinematics for the SIDIS of the lepton l on a trans-
versely polarized target leading to two hadrons inside the same
current jet.

A. BACCHETTA AND M. RADICI PHYSICAL REVIEW D 67, 094002 #2003$

094002-2
• Weighted moment accesses same      as in e+e- .

•The relevant terms involving    

H.M. , Kotzinian, Thomas:  PRL. 120 no.25, 252001 (2018).
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New way to access      DiFF in SIDIS: II

will identify a SSA where the transversity distribution ap-
pears in connection with a s-p IFF, and a SSA where the
transversity is connected to a pure p-wave IFF. These two
asymmetries are completely distinct; they could have differ-
ent physical origins and different magnitudes.
In Sec. IV we complete our analysis by including the

intrinsic partonic transverse momentum and k!T-unintegrated
fragmentation functions. Also in this case, in Sec. V we will
present positivity bounds and will carry out the partial wave
expansion. The results for the complete cross section for all
combinations of beam and target polarizations are listed in
Appendixes A and C. Finally, some conclusions are drawn in
Sec. VI.

II. TWO-PARTICLE INCLUSIVE DEEP INELASTIC
SCATTERING

In the following we will describe the kinematics and the
details of the semi-inclusive production of two unpolarized
hadrons in the context of the SIDIS process. However, we
point out that the involved fragmentation functions can be
used also in the case of reactions with a hadronic probe or in
e!e" annihilation !14,15".

A. Kinematics and hadronic tensor

The process is schematically depicted in Fig. 1. An elec-
tron with momentum l scatters off a target nucleon with mass

M, polarization S, and momentum P via the exchange of a
virtual hard photon with momentum q#l"l! (q2#"Q2).
Inside the target, the photon hits a quark with momentum p,
changing its momentum to k#p!q . The quark then frag-
ments into a residual jet and two leading unpolarized hadrons
with masses M 1 ,M 2 , and momenta P1 and P2. We intro-
duce the vectors Ph#P1!P2 and R#(P1"P2)/2. We de-
scribe a 4-vector a as !a",a!,a! T" , i.e., in terms of its light-
cone components a$#(a0$a3)/!2 and the bidimensional
vector a! T . It is convenient to choose the ẑ axis according to
the condition P! T#P! hT#0. In this case, the virtual photon
has a nonvanishing transverse momentum q! T . However, it is
also customary to align the ẑ axis opposite to the direction of
the virtual photon, in which case the outgoing hadron has a
nonvanishing transverse momentum P! h!#"zq! T . These two
directions overlap up to corrections of order 1/Q , which we
will systematically neglect in the following. The y axis is
chosen to point in the direction of the vector product ("q!
% l!!) !22" #see Fig. 2$.
We define the variables x#p!/P!, which represents the

light-cone fraction of target momentum carried by the initial
quark, and z#Ph

"/k", the light-cone fraction of fragmenting
quark momentum carried by the final hadron pair. Analo-
gously, we define the light-cone fraction %#2R"/Ph

" , which
describes how the total momentum of the hadron pair is split
into the two single hadrons.2 The relevant momenta can be
parametrized as

P& #! M 2

2P!
,P!,0! " ,

p& #! p2!p! T
2

2xP!
,xP!,p! T" ,

k& #!Ph
"

z ,
z#k2!k!T

2 $

2Ph
"

,k!T" , #1$

2Note that "1'%'1, and %#2("1, with ( defined in Ref. !3".

FIG. 1. The usual quark handbag diagram
contributing at leading twist to the semi-inclusive
DIS into two leading hadrons: #a$ hadron and par-
ton momenta are shown, in particular the total
momentum Ph#P1!P2 and relative momentum
R#(P1"P2)/2 of the two-hadron system; #b$
target helicity, parton chirality, and two-hadron
partial wave indices are shown.

FIG. 2. Kinematics for the SIDIS of the lepton l on a trans-
versely polarized target leading to two hadrons inside the same
current jet.

A. BACCHETTA AND M. RADICI PHYSICAL REVIEW D 67, 094002 #2003$

094002-2

Consider a polarized beam.

• Weighted moment accesses same      as in e+e- .

H.M. , Kotzinian, Thomas:  PRL. 120 no.25, 252001 (2018).

•The relevant terms involving    
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,

where ϕS is the azimuthal angle of ST and we have integrated over the trivial dependence
on the azimuthal angle of the lepton plane ϕL. The transverse momentum convolution, F ,
is defined as

F [wDaD̄ā] (2.42)

=

∫
d2kTd

2k̄T δ
2(kT + k̄T − qT )w(kT , k̄T ,RT , R̄T )D

a(z, ξ,k2
T ,R

2
T ,kT ·RT )D

ā(z̄, k̄2
T ) .

Integrating the cross section over over qT , ϕR and ξ yields the unpolarized "collinear"
cross section

– 9 –

• Use the standard kinematics to derive LO x-sec.
H.M. , Kotzinian, Thomas: JHEP 1810 (2018) 008.
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Further integrating the result in Eq. (2.43) over M2
h we recover the same expression

as for two back-to-back hadron production in Eq.(77) of Ref. [24]. This is natural, as the
integrated DIFF

Da→h1h2
1 (z) ≡

∫
dM2

h Da→h1h2
1 (z,M2

h), (2.46)

can be thought of describing the collinear fragmentation into a "parent" particle that carries
the total light-cone momentum fraction z of the pair h1h2.

The cross sections of the measurements of a hadron pair in the same hemisphere, such
as those recently performed by the BELLE collaboration [5, 30], involve a sum over all the
fragmenting quark flavors. Thus, leveraging the relatively well-determined single hadron
FFs in a combined analysis of the single hadron pair cross section with that in Eq. (2.43)
would enable the flavor separation of the unpolarized DiFFs.

For example, for DiFF into π+π− pairs, the isospin and charge symmetries entail

Du→π+π−
1 = Dū→π+π−

1 ≈ Dd→π+π−
1 = Dd̄→π+π−

1 , (2.47)
Ds→π+π−

1 = Ds̄→π+π−
1 . (2.48)

For the one pair inclusive production, omitting the contributions of all the heavier flavors,
we can approximate

dσ(e+e− → (h1h2) +X) ∼
∑

q

e2q Dq→π+π−

1 ≈ 5

9
Du→π+π−

1 (z) +
1

9
Ds→π+π−

1 (z) . (2.49)

Hence the separation of the light and strange quark DiFF contributions is not possible
without additional input. For the associated hadron production in the opposite hemisphere,
the cross section can be approximated as

– 10 –
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the total light-cone momentum fraction z of the pair h1h2.

The cross sections of the measurements of a hadron pair in the same hemisphere, such
as those recently performed by the BELLE collaboration [5, 30], involve a sum over all the
fragmenting quark flavors. Thus, leveraging the relatively well-determined single hadron
FFs in a combined analysis of the single hadron pair cross section with that in Eq. (2.43)
would enable the flavor separation of the unpolarized DiFFs.
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For the one pair inclusive production, omitting the contributions of all the heavier flavors,
we can approximate
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∑
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9
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1

9
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1 (z) . (2.49)

Hence the separation of the light and strange quark DiFF contributions is not possible
without additional input. For the associated hadron production in the opposite hemisphere,
the cross section can be approximated as
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dσ(e+e− → (h1h2) + π+ +X) ∼ 5

9
Du→π+π−

1 (z)Du+→π+

1 (z̄) +
1

9
Ds→π+π−

1 (z)Ds+→π+

1 (z̄),

(2.50)

where

Dq+→h
1 (z̄) ≡ Dq→h

1 (z̄) +Dq̄→h
1 (z̄). (2.51)

The unpolarized FFs to charged pions have been phenomenologically extracted from
experimental measurement by a number of different groups [31–35]. Thus the measurement
of the cross section in Eq. (2.50) would allow us to extract the flavor dependence of the
DiFF Dq→π+π−

1 . Similar arguments can be used to explore other hadron channels and
combinations. For example, choosing a π+K+ pair on one side and a K− hadron on the
other side would significantly enhance the "double favored" channel (s̄ → π+K+, s → K−)

for moderate to large values of z1, z2, and z̄, as can also be seen in hadronization models [36–
39]. The contributions of all the other quark flavors would include at least one "unfavored"
fragmentation, which will be suppressed for our chosen region of light-cone momentum
fractions. Thus, such a measurement would allow us to extract a DiFF for a specific quark
flavor, s̄ → π+K+. In principle, a global fit, using all possible measurements of the single
and dihadron fragmentations would yield the best estimates of these functions, with the
most realistic uncertainties.

3 The azimuthal asymmetries

In this section we will discuss several asymmetries that give access to various combinations
of polarization-dependent FFs and DiFFs, that can be measured at BELLE and the upcoming
BELLE II experiments, similar to the measurements of the asymmetries for back-to-back
hadrons [28, 40] and back-to-back hadron pairs [22, 23].

We define the integral of the cross section in Eq. (2.41), weighted with an arbitrary
function I, as

⟨I⟩ ≡
∫

dξ

∫
dϕR

∫
d2qT I

dσ
(
e+e− → (h1h2) + Λ+X

)

d2qT dz dϕR dM2
h dξ dz̄ dy

, (3.1)

where the unpolarized integrated cross section in Eq. (2.50) is simply

dσ
(
e+e− → (h1h2) + Λ+X

)

dz dM2
h dz̄ dy

= ⟨1⟩. (3.2)
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❖ Integrated cross section

❖ Isospin symmetry

❖One pair inclusive: cannot disentangle the flavor dependence

❖New process: use the knowledge of single hadron FFs!
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3.1 The asymmetry induced by the Collins effect for unpolarized Λ

For an unpolarized Λ, only the first and the last terms in Eq. (2.41) contribute. In addition
to the unpolarized term, the correlation of the transverse polarizations of the fragmenting
quark and antiquark pair is described by the convolution of the Collins function H⊥,ā→Λ

1

for a Λ with the two dihadron analogues H⊥,a→h1h2
1 , H!,a→h1h2

1 for the hadron pair h1h2.
Thus, we can access this term by considering the following weighted average

〈
qT
MΛ

cos(ϕq + ϕR)

〉
=

3α2
em

(2π)2Q2

B(y)

M2
ΛMh

(3.3)

×
∑

a

e2a

∫
dξ

∫
dϕR

∫
d2qT

∫
d2kT

∫
d2k̄T δ

2(kT + k̄T − qT )qT cos(ϕq + ϕR)

×
[(

kT k̄T cos(ϕk + ϕk̄)H
⊥,a→h1h2
1 +RT k̄T cos(ϕR + ϕk̄)H

!,a→h1h2
1

)
H⊥,ā→Λ

1

]
,

where we can use the δ function to write

∫
d2qT δ2(kT + k̄T − qT ) qT cos(ϕq + ϕR) = (kT cos(ϕk + ϕR) + k̄T cos(ϕk̄ + ϕR)).

(3.4)

We further use the Fourier cosine decomposition for the DiFFs in Eq. (2.38) to conclude

〈
qT
MΛ

cos(ϕq + ϕR)

〉
=

3α2
em

(2π)2Q2
B(y)

∑

a

e2a H!,a→h1h2
1 (z,M2

h) H
⊥ā,[1]
1 (z̄), (3.5)

noting that

H!,a→h1h2
1 (z,M2

h) (3.6)

≡ z2
∫

d2kT

∫
dξ

[ |RT |
Mh

H!,[0]
1 (z, ξ, |kT |, |RT |) +

|kT |
Mh

H⊥,[1]
1 (z, ξ, |kT |, |RT |)

]
,

is the same integrated IFF that enters in SIDIS [17] and in e+e− two hadron pair [23]
asymmetries, while

H⊥ā,[1]
1 (z̄) ≡ z̄2

∫
d2k̄T

k̄2
T

2M2
Λ

H⊥,ā→Λ
1 (z, k̄2

T ), (3.7)

is the first moment of the Collins function.
The corresponding weighted azimuthal asymmetry then takes a simple form

AColl =
B(y)

A(y)

∑
a e

2
a H!,a→h1h2

1 (z,M2
h) H

⊥ā,[1]
1 (z̄)

∑
a e

2
a Da→h1h2

1 (z,M2
h) D̄

ā→Λ
1 (z̄)

. (3.8)
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❖  Unpolarized hadrons: Accessing Collins x IFF.
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H⊥,ā→Λ

1

]
,

where we can use the δ function to write

∫
d2qT δ2(kT + k̄T − qT ) qT cos(ϕq + ϕR) = (kT cos(ϕk + ϕR) + k̄T cos(ϕk̄ + ϕR)).

(3.4)

We further use the Fourier cosine decomposition for the DiFFs in Eq. (2.38) to conclude

〈
qT
MΛ

cos(ϕq + ϕR)

〉
=

3α2
em

(2π)2Q2
B(y)

∑

a

e2a H!,a→h1h2
1 (z,M2

h) H
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❖  Momentum weighting helps to disentangle TM convolutions.

❖  Resulting moment and the asymmetry.
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❖  Unpolarized hadrons: Accessing Collins x IFF.
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1

for a Λ with the two dihadron analogues H⊥,a→h1h2
1 , H!,a→h1h2

1 for the hadron pair h1h2.
Thus, we can access this term by considering the following weighted average

〈
qT
MΛ

cos(ϕq + ϕR)

〉
=

3α2
em

(2π)2Q2

B(y)

M2
ΛMh

(3.3)

×
∑

a

e2a

∫
dξ

∫
dϕR

∫
d2qT

∫
d2kT

∫
d2k̄T δ

2(kT + k̄T − qT )qT cos(ϕq + ϕR)

×
[(

kT k̄T cos(ϕk + ϕk̄)H
⊥,a→h1h2
1 +RT k̄T cos(ϕR + ϕk̄)H

!,a→h1h2
1

)
H⊥,ā→Λ
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. (3.8)

– 12 –

A. M. Kotzinian and P. J. Mulders
Phys. Rev. D 54, 1229 (1996)
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❖  Accessing Helicity DiFF

❖  Combination of IFF with Kotzinian-Mulders type FF:

h�LiG?
1 G1L

=

⌧
qT
Mh

sin('q � 'R)

�
=

3↵2
em

(2⇡)2Q2
A(y)

X

a

e2a G?,a!h1h2
1 (z,M2

h) G
ā!⇤
1L (z̄).
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Nonzero measurements of longitudinal 𝚲 polarization at ALEPH! 
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