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Memories over 25 out of 70 years

Aram’s no-nonsense TMDs

My first encounter with Aram’s work

Our work 

Ideas and discussions
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First of all: I clearly admire Aram
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TMDs (with gauge links)

quark-quark TMD correlator

Parametrization

Surviving in collinear correlators F(x) and including flavor index

Including twist three part (only collinear)
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u Gauge links associated with dimension zero (not suppressed!) collinear An = A+

gluons, leading for TMD correlators to process-dependence:

Non-universality because of process dependent gauge links

Φij
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Time reversal

TMD

… A+ …
… A+ …
(resummation)

SIDISDY

path dependent gauge link 

Belitsky, Ji, Yuan, 2003; Boer, M, Pijlman, 2003
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TMDs (with gauge links)

quark-quark correlator for free quark ensemble

no-nonsense result (Kotzinian and Mulders-Tangerman)

and relations like
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Abs tract 

The  qua rk-pa rton mode l ca lcula tion including the  e ffects  o f intrins ic transverse  mome ntum a nd 
o f a ll s ix twis t-two dis tribution functions  o f qua rks  in pola rize d nucle ons  is  performed. It is  
de mons tra te d tha t ne w twis t-two qua rk dis tribution functions  a nd pola rize d qua rk fra gme nta tion 
functions  ca n be  inves tiga ted in semi-inclus ive  DIS  a t le a ding orde r in Q2. The  ge ne ra l e xpre s s ion 
for the  cros s -s e ction o f semi-inclus ive  DIS  o f pola rize d leptons  on pola rize d nucle ons  in te rms  o f 
s tructure  functions  is  a ls o discussed. 

1. Intro duc tio n 

De e p-ine la s tic  s ca tte ring  (DIS ) o f le p tons  on  nuc le ons  p rovide s  a n  e xce lle n t too l fo r 
p ro b in g  the  s truc tu re  o f nuc le a r ma tte r. Th e  le a d ing-twis t m o m e n tu m  a nd  he lic ity d is tri- 
bu tion  fu n c tio n s  (DF ) o f qua rks  in  nuc le ons ,  fl (x) a nd  g l (x) ,  ha ve  be e n  in te ns ive ly 
s tudie d . Th e re  e xis ts  a n o th e r in d e p e n d e n t le a d ing-twis t DF, h i (x) [ 1 ,2 ],  de s c rib ing  the  
tra ns ve rs e -s p in  d is tribu tion  o f qua rks  in  a  tra ns ve rs e ly-po la rize d  nuc le on . The s e  DF s  
d e p e n d  o n  long itud ina l m o m e n tu m  fra c tion  (x)  ca rrie d  b y q u a rk a nd  a re  in te gra te d  ove r 
its  in trins ic  tra ns ve rs e  m o m e n tu m  (k r ) .  In  con tra s t to  ch ira lly e ve n  DF s  fl (x) a nd  
g l (x) ,  the  ch ira lly o d d  DF, h i(x ) ,  c a n n o t b e  me a s u re d  in  s imple  DIS  be ca us e  in  th is  
ca s e  tra ns ve rs e  s p in  a s ym m e trie s  a re  s uppre s s e d  a t h ig h  e ne rgie s . It ca n  be  m e a s u re d  
in  the  le p ton  pa ir p ro d u c tio n  p roce s s  in  n u c le o n -n u c le o n  co llis ions  with  b o th  n u c le o n s  
po la rize d  tra ns ve rs e ly. To be  s e ns itive  to  the  tra ns ve rs ity d is tribu tion , it is  ne ce s s a ry tha t 

1 Now a  vis itor a t CERN, PPE-Divis ion, CH-1211, Geneva  23, Switzerland. 
E-mail: aram@cernvm.cern.ch 
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whe re  sL a nd s r are  the  longitudina l a nd tra ns ve rs e  (with  re s pe ct to  qua rk thre e - 
mome ntum k) compone nts  o f twice  the  qua rk pola riza tion ve ctor in its  re s t fra me , 

+ IsTJ 2 1. 
For the  initia l qua rk s ta te  in the  nucle on one  ha s  to us e , ins te a d o f (2 ),  the  fo llowing 

e xpre s s ion: 

pq(in) = 1 q ~ v (x  ' k~) (~,. k ) [ + y5s (in '(X , kT) + y5~T . S T(in)(X, kT ) L , (25 ) 

whe re  P ~v(x, k~), sLin)(x, k r)  a nd s rCin)(x, k r)  are  the  proba bility, longitudina l a nd 
tra ns ve rs e  pola riza tion  dis tributions . The y ca n e a s ily be  found from the  de ns ity ma trix 
by ca lcula ting the  a ppropria te  tra ce  

7>~'(x' kT) = 2 -~  tr pqO,)yO , 

~Dq(X b2. (in, e ." 1 ( ) ~ rjs  r kx, k r)  = 2--~--6tr pq(in)yS yO , 

1 tr (pq(in)ys "yr3/°) (2 6 ) 

At firs t s ight, it s e e ms  tha t pre s e nce  o f the  intrins ic tra ns ve rs e  mome ntum o f the  
qua rk ca n not give  a  s iza ble  e ffe c t on  the  s pin dis tribution. Cons ide r, fo r e xa mple , 
a  tra ns ve rs e ly-pola rize d qua rk in the  qua rk-pa rton mode l. In this  ca s e  the  proje c tion  
o f qua rk pola riza tion ve ctor on to  the  nucle on mome ntum dire ction is  proportiona l to  
kT/kll = 2 k r/Q ,  a nd one  might conclude  tha t the  contribution o f the  qua rk tra ns ve rs e  
pola riza tion  to the  nucle on longitudina l pola riza tion is  s uppre s s e d a t high Q2. Howe ve r, 
the  nucle on pola riza tion ha s  to be  ca lcula te d in its  re s t fra me , a nd the  fa c tor 1 /Q  will 
dis a ppe a r a fte r a  Lore n tz  tra ns forma tion to nucle on re s t fra me . 

Cons ide r a  s imple  e xa mple  for s pin tra ns fe r from a  pola rize d nucle on to a  qua rk. Le t 
A m a nd a  m be  the  pola riza tion four-ve ctors  o f the  nucle on a nd the  qua rk in the  fra me  
whe re  the  nucle on ha s  la rge  mome ntum (fo r e xa mple  in the  BF ),  a nd s uppos e  tha t 
the y a re  re la te d by a o = aAo, a3 = aA3, al = flA1 and a2 = flA2, with Ao = PNS L/M, 
A3 = E N S L/M, A r = S T, whe re  S  is  the  nucle on pola riza tion in its  re s t fra me  a nd PN 
(EN) is  the  mome ntum (e ne rgy) o f the  nucle on in the  BE  Now one  ca n ca lcula te  the  
qua rk pola riza tion  in its  re s t fra me  (s ) a s s uming tha t m q = x M.  Afte r rota tion o f the  
coordina te  s ys te m o f the  BF  a nd a  Lore n tz  boos t a long the  qua rk mome ntum one  ge ts : 
s c  = aS L + flkT" S T / m q  a nd S T = f lS T --O tk T S L/m q .  Thus , in this  "toy" pa rton mode l, the  
longitudina l s pin o f the  qua rk re ce ive s  two contributions : from both the  longitudina l a nd 
tra ns ve rs e  s pin o f the  nucle on. It is  importa nt to  no te  tha t ne ithe r o f the s e  contributions  
is  s uppre s s e d a t high Q2. The  s a me  be ha vior is  true  for the  tra ns ve rs e  s pin o f the  qua rk. 

Ge ne ra l cons ide ra tion o f the  qua rk DF  in a  pola rize d nucle on in the  ca s e  o f nonva - 
nis hing kT ha s  be e n done  by Ra ls ton a nd S ope r [ 1 ] a nd re ce ntly by Ta nge rma n a nd 
Mulde rs  [ 18 ]. The y ha ve  found tha t a t the  le a ding twis t one  ne e ds  s ix inde pe nde nt DFs  
de pe nding on x a nd k~: fl,g lL,  g lr,  hiT, h~t~, and h ~  . The  d is t r ib u t io n s  s £ in )(x,  k r)  
a nd srCin)(X, kT ) are  give n by [18] 

A. Kotzinian/Nuclear Physics B 441 (1995) 234-256 245 
q 2 79Iv(X, k r) = f l (x ,  k2r), 

~Oq(x, k 2) S(Lin)(X, kT) =g lL(X ,  k 2) S L -k g lT(X, k2T) kT" S T  
mD 

7~N(X,q kT )2 S T(in)(X, kT) =h lT (X ,k ~) S r 

+ [hl4_L(x, k2)S L + h fr(x ,k~.) kT'mo S-'-----!T1J mokT' (2 7 ) 

whe re  m o is  a n unknown ma s s  pa ra me te r, SL a nd S r a re  the  nucle on longitudina l 
a nd tra ns ve rs e  pola riza tion  with  re s pe ct to  its  mome ntum. The  "ne w" DFs  ha ve  cle a r 
phys ica l inte rpre ta tion: fo r e xa mple , g lr de s cribe s  the  qua rk longitudina l pola riza tion in 
a  tra ns ve rs e ly-pola rize d nucle on. It is  importa nt to notice  tha t due  to this  DF  e ve n the  
initia l qua rk longitudina l s pin dis tribution in a  pola rize d nucle on e xhibits  a n a zimutha l 
a s ymme try. 

3.2. Noncoplanar polariz e d l + q ~ l t + q~ s catte ring 

Us ing s ta nda rd me thods  o f QED [2 4 ],  it is  e a s y to ca lcula te  the  cros s  s e ction o f a  
pola rize d  le pton s ca tte ring on a  pola rize d qua rk in the  one -photon  a pproxima tion: 

2_l+q"-~l%q t 2 2 d u i Ol e iY  ~ :x  
dydd~lh = 202  j~ t , k  2) 

[ .(in)., "~ S~) X (52+U2) (l -'ka  L aL) + ( $ 2 - U2) "h" (S(L in' + 

+ 2 5 u ( s ~  i"~ • s '~) - 4 . ( s ~  i"~ • l)  ( s ~ .  l')  - 4 s ( s ~  ~"~ • l')  ( s ~ .  i)]. 
(2a) 

He re , e i is  the  e le ctric  cha rge  o f the  qua rk in pos itron cha rge  units , s~ is  the  pa ra me te r 
de s cribing the  longitudina l s pin compone nt o f the  fina l qua rk a nd s~ is  four-ve c tor 
de s crib ing its  tra ns ve rs e  s pin; s , t a nd u a re  the  us ua l Ma nde ls ta m va ria ble s  give n by 

k'r- ir ] s =2 ME x  1 - 2X/1 - y - - ~ ],  

t = _ Q 2  = -2 ME x y ,  

u =- -2 ME x (1 - -  y ) 1 -- .~,l-_ y - -  ' " 

Note  tha t fo r noncopla na r l + q --~ l ~ + q~ s ca tte ring s  a nd u de pe nd on  the  re la tive  
a zimutha l a ngle  be twe e n the  qua rk a nd le pton s ca tte ring pla ne s , ~ ,  a nd kine ma tica l 
corre c tions  o f orde r 1 /Q  will a ris e  due  to  this  de pe nde nce . 

The  tra ns ve rs e  pola riza tion  four-ve ctors  o f the  qua rks  in the  BF in this  a pproxima tion 
a re  

hep-ph/9403227
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Abstract 

The azimuthal dependence of hadrons  produced in lepton scattering off a  polarized hadron probes  the  quark transverse- 
spin distributions. In the  calculation of the  asymmetries , transverse  momenta of quarks  in the  distribution and fragmentation 
functions must be incorpora ted. In addition to the  sin( 4 + 4s ) asymmetry for transversely polarized hadrons , known as  the  
Collins e ffect, we  find a  sin( 3d, - 4~) asymmetry. Furthermore , we  find a  sin 24 angular dependence for longitudinally 
polarized hadrons . 

In hard scattering processes  one has  the  possibility 
of measuring specific matrix elements  of quark and 
gluon fie lds . In leading order they can be readily in- 
te rpre ted as  quark and gluon densities  including a lso 
the  spin (helicity and transverse  spin) densities . In- 
clusive measurements  in deep-inelastic lepton-hadron 
scattering (DIS) enable the  extraction of the  unpo- 
larized distribution fi (x) and one of two spin dis tri- 
butions, namely the  helicity distribution gl (x). The 
other (transverse) spin distribution hl (x), cannot be 
measured in inclusive DIS because  of its  chira l s truc- 
ture . It has  been sugges ted to measure  this  in Drell- 
Yan scattering [ 1 ] or in semi-inclusive measurements  
in lepton-hadron scattering [ 21. One of the  ways  in 
which semi-inclusive measurements  could be used in- 
volves transverse  momentum dependence. In Ref. [ 31, 
Collins shows how the  semi-inclusive deep-inelastic 
process  e  + pT + e  + h + X, where  pt denotes  a  

’ Also a t Physics  Department, Free  University, NL-1081 HV 
Amsterdam, The Netherlands . 

transversely polarized hadron (spin vector Sk), en- 
ables  one to probe  the  quark transverse  spin through 
a  leading asymmetry depending on the  azimuthal an- 
gle  of the  outgoing hadron’s  momentum and tha t of 
the  ta rge t hadron’s  spin vector, the  so-called Collins 
e ffect. In Ref. [ 41, however, we  found tha t te rms pro- 
portional to k:(k~ . ST/M2), where  k~ is  the  quark 
transverse  momentum with respect to the  hadron, in 
the  relevant matrix element a re  neither forbidden by 
the  symmetries  of QCD, nor suppressed by powers  
of l/Q. In this  le tte r we  present all leading contri- 
butions tha t enter when transverse  momentum depen- 
dence is  considered, treating a lso the  case  where  the  
initial hadron is  longitudinally polarized. 

We consider the  process  e  + H -+ e’ + h + X, 
where  e  and C’ a re  the  incoming and sca tte red leptons 
(considered mass less) with momenta 1 and I’, H is  the  
incoming hadron with momentum P (with P* = M2) 
andspinvectorS(withP.S=OandS’=-l),his  
the  produced hadron with momentum Ph (with Pl = 
ME). The cross  section for this  process  can be written 
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Abs tra c t 

We present the  results  of the  tree -leve l ca lcula tion of deep-ine las tic leptoproduction, including 
pola riza tion of ta rge t hadron and produced hadron. We a lso discuss  the  dependence  on transverse  
momenta  of the  quarks , which le a ds  to azimutha l asymmetries  for the  produced hadrons . 

1. Intro duc tio n  

In  re ce nt ye a rs  s e ve ra l pos s ible  wa ys  to probe  the  s tructure  o f ha drons  in ha rd s ca tte r- 
ing  proce s s e s  ha ve  be e n pointe d  out. Mos t we ll-known a re  the  inclus ive  le p ton-ha dron  
(g H) s ca tte ring e xpe rime nts  tha t provide  de ta ile d informa tion on  the  unpola rize d a nd 
pola rize d qua rk dis tributions . This  informa tion is  va lua ble  a s  it, within the  fra me work o f 
Qua ntum Chromodyna mics  (Q C D),  ca n be  e xpre s s e d a s  we ll-de fine d ma trix e le me nts  
o f qua rk a nd gluon ope ra tors  within the  nucle on. For ins ta nce , the  ope ra tor product e x- 
pa ns ion re la te s  mome nts  o f qua rk dis tributions  to e xpe cta tion va lue s  o f loca l ope ra tors  
tha t re pre s e nt s ta tic prope rtie s  o f the  nucle on s uch a s  its  e le ctric or a xia l cha rge , ba ryon 
numbe r, e tc. S ome  o f the s e  ma trix e le me nts  ca n a ls o be  de te rmine d in a n inde pe nde nt 
wa y, s uch a s  the  a xia l cha rge  o f the  nucle on from ne utron de ca y. We  will cons ide r in this  
pa pe r ma trix e le me nts  o f non-loca l combina tions  o f qua rk fie lds  [ 1,2]. The y re pre s e nt 
forwa rd  qua rk-ta rge t s ca tte ring a mplitude s  tha t ca n be  inte rpre te d a s  qua rk mome ntum 
dis tributions  or multi-pa rton dis tributions  [ 3 ]. 

In  inclus ive  g H s ca tte ring one  ca n de te rmine  combina tions  o f the  qua rk dis tributions  
f ~ ( x )  a nd ~ ( x )  whe re  x is  the  fra ctiona l lightcone  mome ntum x = p +/ P + o f a  qua rk 

0550-3213/96/$15.00 Q 1996 Elsevier Science B.V. All rights reserved 
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Discusses ‘staple’ links
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Longitudinal quark polarization in transversely polarized nucleons

A. M. Kotzinian*
Yerevan Physics Institute, Alikhanian Brothers St. 2, AM-375036, Yerevan, Armenia

P. J. Mulders†
Department of Physics and Astronomy, Free University of Amsterdam and National Institute for Nuclear Physics

and High-Energy Physics, P.O. Box 41882, NL-1009 DB Amsterdam, The Netherlands
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Accounting for transverse momenta of the quarks, a longitudinal quark spin asymmetry exists in a trans-
versely polarized nucleon target. The relevant leading quark distribution g1T(x ,kT

2) can be measured in semi-
inclusive deep-inelastic scattering. The average kT

2 weighted distribution function g1T
(1) can be obtained directly

from the inclusive measurement of g2 . @S0556-2821~96!03813-1#

PACS number~s!: 13.88.1e, 12.39.Ki, 13.60.Hb, 14.20.Dh

Intrinsic transverse momentum (kT) plays an important
role in the quark distribution functions ~DF’s! used to de-
scribe a polarized nucleon @1,2#. For the leading ~twist-two!
part of the deep inelastic scattering cross section one already
needs six DF’s to describe the quark state in a polarized
nucleon. They depend on x and kT

2 , which parametrize the
quark momentum in a nucleon with momentum P ,
k5xP1kT . We will adopt the notation of Ref. @2# for these
‘‘new’’ six independent DF’s: f 1

q , g1L
q , g1T

q , h1T
q , h1L

q' , and
h1T
q' (q denotes the quark flavor!. For a polarized nucleon the
spin vector is written as SN 5 lP/M1ST , satisfying
l22ST

251. The probability PN
q (x ,kT

2), the longitudinal spin
distribution lq(x ,kT), and the transverse spin distributions
sT
q(x ,kT) of the quark in a polarized nucleon are given by

PN
q ~x ,kT

2 !5 f 1
q~x ,kT

2 !, ~1!

PN
q ~x ,kT

2 !lq~x ,kT!5g1L
q ~x ,kT

2 !l2g1T
q ~x ,kT

2 !
kT•ST
M , ~2!

PN
q ~x ,kT

2 !sT
q~x ,kT!5h1T

q ~x ,kT
2 !ST

1Fh1Lq'~x ,kT
2 !l2h1T

q'~x ,kT
2 !
kT•ST
M GkTM .

~3!

These DF’s have a clear physical interpretation: For ex-
ample, g1T

q describes the quark longitudinal polarization in a
transversely polarized nucleon. Such a polarization can be
non-vanishing only if the quark transverse momentum is
nonzero. This DF cannot be measured in deep-inelastic scat-
tering ~DIS! at leading order in 1/Q . It can be measured in
polarized semi-inclusive deep-inelastic scattering ~SIDIS! as
first shown in @3#, where it appears as an azimuthal asymme-
try. Measurements of the other ‘‘new’’ DF’s were proposed
in the doubly-polarized Drell-Yan process @1,2#, and in the
polarized SIDIS @3,4# using the so-called Collins effect @5#.

The quark fragmentation is described by two fragmentation
functions ~FF’s!: spin-independent and transverse-spin-
dependent ones.
The ‘‘ordinary’’ f 1

q(x), g1
q(x), and h1

q(x), and the ‘‘new’’
leading-twist DF’s are related by kT integration:

f 1
q~x !5E d 2kT f 1

q~x ,kT
2 !, ~4!

g1
q~x !5E d 2kTg1L

q ~x ,kT
2 !, ~5!

h1
q~x !5E d 2kTFh1Tq ~x ,kT

2 !2
kT
2

2M 2 h1T
q'~x ,kT

2 !G . ~6!

The DF g1T
q (x ,kT

2) does not contribute to g1
q(x), but it does

contribute to the DF gT
q(x) 5 g1

q(x)1g2
q(x), which contrib-

utes at O(1/Q) in the inclusive polarized leptoproduction
cross section @6#. A detailed discussion of the DF g2

q is given
in the recent review by Anselmino, Efremov, and Leader @7#.
The complete tree-level description of polarized SIDIS up to
order O(1/Q) is presented in Ref. @8#, where the problem of
gauge invariance was also discussed.
In this paper we will be mainly concerned with the longi-

tudinal quark spin distribution lq(x ,kT) and the two DF’s
g1L
q (x ,kT

2) and g1T
q (x ,kT

2) describing it. Following Ref. @3#,
we first consider the polarized SIDIS in the simple quark-
parton model. We will use the standard notation for DIS
variables: l and l8 are the momenta of the initial and the final
state lepton; q5l2l8 is the exchanged virtual photon mo-
mentum; P (M ) is the target nucleon momentum ~mass!, S
its spin; Ph is the final hadron momentum; Q252q2;
s5Q2/xy ; x5Q2/2P•q; y5P•q/P•l; z5P•Ph /P•q . The
reference frame is defined with the z axis along the virtual
photon momentum direction ~antiparallel! and x axis in the
lepton scattering plane, with positive direction chosen along
lepton transverse momentum. Azimuthal angles of the pro-
duced hadron, fh , and of the nucleon spin, fS , are counted
around z axis ~for more details see Refs. @3# or @8#!. In this
paper as independent azimuthal angles we will choose

*Electronic address: aram@cernvm.cern.ch
†Electronic address: pietm@nikhef.nl
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consider the production of p1 meson on the proton. The
dominant contribution will come from scattering on the u
quark. In order to estimate ^AL& we use the parametrization
of Brodsky, Burkardt, and Schmidt ~BBS! @14# for g1

u and
f 1
u . The result

1
D~y !

^ALL&~x ,y ,z !'
g1
u~x !

f 1
u~x !

~20!

is shown in Fig. 1.
For an estimate of the transverse asymmetry we need the

DF’s g1T
q (x ,kT

2). In contrast with the kT-integrated DF’s
f 1
q(x) and g1

q(x) there are no measurements of the function
g1T
q (x ,kT

2). As shown in Refs. @6,8# the (kT
2 /2M 2)-weighted

kT-integrated function g1T
q(1)(x), which appears in Eq. ~18!, is

directly related to the DF g2
q(x):

g2
q~x !5

d
dx g1T

q~1 ! . ~21!

This relation just follows from constraints imposed by Lor-
entz invariance on the antiquark-target forward scattering
amplitude and the use of QCD equations of motion for quark
fields. We will use this relation for our quantitative esti-
mates. We note that the effects of higher-order QCD correc-
tions for the transverse-momentum-dependent functions,
however, require further investigation @15#. For the function
g2 the QCD corrections have been extensively studied @16#.
In our first estimate for the transverse asymmetry @Eq.

~18!# we use recent data on g2 and the relation in Eq. ~21!.
Such data are available from the SMC Collaboration @19#
and the E143 Collaboration at SLAC @20#. Particularly the
latter data allow a rough estimate of the function

g1T
~1 !~x !5

1
2(q eq

2g1T
q~1 !~x !5E d 2kT

kT
2

2M 2 g1T~x ,kT
2 !

52E
x

1
dyg2~y !. ~22!

The result obtained by averaging the two sets of data at dif-
ferent angles and adding statistical and systematic errors qua-
dratically is shown in Fig. 2.
Our second estimate for this distribution function comes

from the representation for g2
q(x) in terms of other

kT-integrated functions. For gT
q 5 g1

q1g2
q one has

FIG. 1. The longitudinal-spin asymmetry @Eq. ~20!# as function
of x with BBS parametrization.

FIG. 2. The function g1T
(1)(x) as obtained from E143 data using

Eq. ~22! or from the BBS parametrizations for g1 using Eq. ~25!.

FIG. 3. The transverse-spin asymmetry @Eq. ~26!# as function of
x estimated from the BBS parametrization for g1 using Eq. ~25!.

54 1231BRIEF REPORTS

Based on EOM relations

March 2007 224

For the eight H-functions this leads to 4 relations,

HL(z)

z
=

H1(z)

z
+ z2

d

dz

"
H?(1)

1L (z)

z

#
, (3.226)

HT (z)

z
= z2

d

dz

"
H?(1)

1T (z)

z

#
and 2

H(1)

T (z)

z
= z2

d

dz

"
H?(2)

1T (z)

z

#
, (3.227)

H?(n)
T (z) = H(n)

T (z)�H?(n)
1L (z), (3.228)

H(z)

z
= z2

d

dz

"
H?(1)

1
(z)

z

#
. (3.229)

The last equation relates time reversal odd functions. Other relations between time reversal odd functions
are,

EL(z)

z
= z2

d

dz

"
E(1)

T (z)

z

#
, (3.230)

and

DT (z)

z
= z2

d

dz

"
D?(1)

1T (z)

z

#
, (3.231)

D?(n)
L (z) = �D?(n)

1T (z). (3.232)

Using the splitting of the twist three profile functions in a piece that is expressed in terms of partonic
(twist two) functions and a remainder (’true’ twist three piece) that as we will see in the next chapter can
be expressed in terms of ’good’ quark and gluon fields. This is achieved by using the ’free’ quark results or
equivalently the results for quark-quark-gluon correlation functions using the QCD equations of motion,

e(x,kT ) =
m

Mx
f1(x,kT ) + ẽ(x,kT ), (3.233)

f?(x,kT ) =
1

x
f1(x,kT ) + f̃?(x,kT ), (3.234)

g0T (x,kT ) =
m

Mx
h1T (x,kT ) + g̃0T (x,kT ), (3.235)

g?L (x,kT ) =
1

x
g1L(x,kT ) +

m

Mx
h?
1L(x,kT ) + g̃?L (x,kT ), (3.236)

g?T (x,kT ) =
1

x
g1T (x,kT ) +

m

Mx
h?
1T (x,kT ) + g̃?T (x,kT ), (3.237)

gT (x,kT ) =
1

x
g(1)
1T (x,kT ) +

m

Mx
h1(x,kT ) + g̃T (x,kT ), (3.238)

h?
T (x,kT ) =

1

x
h1T (x,kT ) + h̃?

T (x,kT ), (3.239)

hL(x,kT ) =
m

Mx
g1L(x,kT )�

k2

T

M2x
h?
1L + h̃L(x,kT ), (3.240)

hT (x,kT ) =
m

Mx
g1T (x,kT )�

h1T (x,kT )

x
�

k2

T

M2x
h?
1T + h̃T (x,kT ). (3.241)

The functions ẽ, etc. can be immediately seen as the functions appearing in the twist three projections of
the quark-quark-gluon correlation functions.

Comparing the above expression with the second relations found for the g-functions one has

gT =
g(1)
1T

x
+

m

M

h1

x
+ g̃T = g1 +

d

dx
g(1)
1T , (3.242)

from which one obtains the relation

x2
d

dx

 
g(1)
1T

x

!
= �x g1 +

m

M
h1 + x g̃T , (3.243)
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that can be used to eliminate g(1)
1T ,

d

dx
(gT � g1) =

d

dx
g2 = �

1

x

d

dx
(xg1) +

m

M

1

x

d

dx
h1 +

1

x

d

dx
(xg̃T ), (3.244)

or (provided su�cient convergent behavior at the endpoints)

g2(x) = �


g1(x)�

Z
1

x
dy

g1(y)

y

�
+

m

M


h1(x)

x
�

Z
1

x
dy

h1(y)

y2

�
+


g̃T (x)�

Z
1

x
dy

g̃T (y)

y

�
. (3.245)

Similarly we obtain from the expression for hL above and the second of the h-relations

hL =
m

M

g1
x

� 2
h?(1)

1L

x
+ h̃L = h1 �

d

dx
h?(1)

1L , (3.246)

from which one obtains the relation

x3
d

dx

 
h?(1)

1L

x2

!
= xh1 �

m

M
g1 � x h̃L, (3.247)

which can be used to eliminate h?(1)

1L ,

d

dx

✓
hL � h1

x

◆
=

d

dx

✓
h2

2x

◆
= �

1

x2

d

dx
(xh1) +

m

M

1

x2

d

dx
g1 +

1

x2

d

dx
(xh̃L), (3.248)

or (provided su�cient convergent behavior at the endpoints)

1

2
h2(x) = �


h1(x)� 2x

Z
1

x
dy

h1(y)

y2

�
+

m

M


g1(x)

x
� 2x

Z
1

x
dy

g1(y)

y3

�

+

"
h̃L(x)� 2x

Z
1

x
dy

h̃L(y)

y2

#
. (3.249)

Continuing with the twist-three functions we have

hT = �
h1

x
�

h?(1)

1T

x
+

m

M

g1T
x

+ h̃T = �
d

dx
h?(1)

1T , (3.250)

from which one obtains the relation

x2
d

dx

 
h?(1)

1T

x

!
= h1 �

m

M
g1T + x h̃T , (3.251)

which can be used to eliminate h?(1)

1T ,

d

dx
hT = �

1

x

d

dx
h1 +

m

M

1

x

d

dx
g1T +

1

x

d

dx
(xh̃T ), (3.252)

or (provided su�cient convergent behavior at the endpoints)

hT (x) = �


h1(x)

x
�

Z
1

x
dy

h1(y)

y2

�
+

m

M


g1T (x)

x
�

Z
1

x
dy

g1T (y)

y2

�
+

"
h̃T (x)�

Z
1

x
dy

h̃T (y)

y

#
. (3.253)

For the second k2

T
-moment one obtains

h(1)

T = �
h(1)

1

x
�

h?(2)

1T

x
+

m

M

g(1)
1T

x
+ h̃(1)

T = �
1

2

d

dx
h?(2)

1T , (3.254)

from which one obtains the relation

x2
d

dx

 
h?(2)

1T

x2

!
= 2

h(1)

1

x
� 2

m

M

g(1)
1T

x
� 2 h̃(1)

T , (3.255)
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that can be used to eliminate g(1)
1T ,

d

dx
(gT � g1) =

d

dx
g2 = �

1

x

d

dx
(xg1) +

m

M

1

x

d

dx
h1 +

1

x

d

dx
(xg̃T ), (3.244)

or (provided su�cient convergent behavior at the endpoints)

g2(x) = �


g1(x)�

Z
1

x
dy

g1(y)

y

�
+

m

M


h1(x)

x
�

Z
1

x
dy

h1(y)

y2

�
+


g̃T (x)�

Z
1

x
dy

g̃T (y)

y

�
. (3.245)

Similarly we obtain from the expression for hL above and the second of the h-relations

hL =
m

M

g1
x

� 2
h?(1)

1L

x
+ h̃L = h1 �

d

dx
h?(1)

1L , (3.246)

from which one obtains the relation

x3
d

dx

 
h?(1)

1L

x2

!
= xh1 �

m

M
g1 � x h̃L, (3.247)

which can be used to eliminate h?(1)

1L ,

d

dx

✓
hL � h1

x

◆
=

d

dx

✓
h2

2x

◆
= �

1

x2

d

dx
(xh1) +

m

M

1

x2

d

dx
g1 +

1

x2

d

dx
(xh̃L), (3.248)

or (provided su�cient convergent behavior at the endpoints)

1

2
h2(x) = �


h1(x)� 2x

Z
1

x
dy

h1(y)

y2

�
+

m

M


g1(x)

x
� 2x

Z
1

x
dy

g1(y)

y3

�

+

"
h̃L(x)� 2x

Z
1

x
dy

h̃L(y)

y2

#
. (3.249)

Continuing with the twist-three functions we have

hT = �
h1

x
�

h?(1)

1T

x
+

m

M

g1T
x

+ h̃T = �
d

dx
h?(1)

1T , (3.250)

from which one obtains the relation

x2
d

dx

 
h?(1)

1T

x

!
= h1 �

m

M
g1T + x h̃T , (3.251)

which can be used to eliminate h?(1)

1T ,

d

dx
hT = �

1

x

d

dx
h1 +

m

M

1

x

d

dx
g1T +

1

x

d

dx
(xh̃T ), (3.252)

or (provided su�cient convergent behavior at the endpoints)

hT (x) = �


h1(x)

x
�

Z
1

x
dy

h1(y)

y2

�
+

m

M


g1T (x)

x
�

Z
1

x
dy

g1T (y)

y2

�
+

"
h̃T (x)�

Z
1

x
dy

h̃T (y)

y

#
. (3.253)

For the second k2

T
-moment one obtains

h(1)

T = �
h(1)

1

x
�

h?(2)

1T

x
+

m

M

g(1)
1T

x
+ h̃(1)

T = �
1

2

d

dx
h?(2)

1T , (3.254)

from which one obtains the relation

x2
d

dx

 
h?(2)

1T

x2

!
= 2

h(1)

1

x
� 2

m

M

g(1)
1T

x
� 2 h̃(1)

T , (3.255)
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Many follow-up developments

T-odd functions (Dennis Sivers, John Collins, Daniel Boer, …)
Phenomenology (Aram Kotzinian, Elena Boglione, Rainer Jakob, …)
Extensions including higher spin (Alessandro Bacchetta), gluons (Joao Rodrigues, Andreas Metz, …)

Links to off-forward GPD’s, …
Operator structure including gauge links and gluonic poles, factorization breaking 

Ted Rogers, John Collins, …
Fetze Pijlman, Cedran Bomhof, Maarten Buffing, …

Analytic structure, bounds and spectator models, low x, …
Leonard Gamberg, Asmita Mukherjee, Sabrina Cotogno, Tom van Daal, Elena Petreska, …
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Structure of quark TMD PDFs in spin 1 target
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Hoodbhoy, Jaffe & Manohar, NP B312 (1988) 571: introduction of f1LL = b1
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Structure of gluon TMD PDFs in spin 1 target
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Meissner, Metz and Goeke, PR D76 (2007) 034002
PJM & Rodrigues, PR D63 (2001) 094021 

D Boer, S Cotogno, T van Daal, PJM, Y Zhou, JHEP 1610 (2016) 013, ArXiv 1607.01654



Since then we met at many meetings, Aram always modest
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… but he certainly deserves to be in the center like here!
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and today

Congratulations!



Happy birthday

16


