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Outline

1 Curved field space

2 Gauge fixing

3 Ward Identities
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Standard Model Effective Field Theory

SMEFT is an effective field theory based on SM field content and
symmetries:

LSMEFT = LSM + L(5) + L(6) + L(7) + . . . (1)

L(d) =
∑
i

C
(d)
i

Λd−4
Q

(d)
i , d > 4 (2)

C
(d)
i : Wilson coefficient

Q
(d)
i : Effective operator
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Ward Identities

The Background Field Method generating functional of the
SMEFT is

Z [F̂ , J] =

∫
DF det

[
∆GA

∆αB

]
e i(S[F+F̂ ]+LGF+source terms) (3)

We want the generating functional to be background field gauge
invariant

δZ [F̂ , 0]

δα̂A

?
= 0 (4)

Objective: background field gauge invariant gauge fixing term
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Curved field space
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Geometry of scalar field space

The bilinear field interactions can be thought of in terms of
connections on the field space manifold

Lscalar,kin = (DµH)† (DµH) +
CH�

Λ2

(
H†H

)
�
(
H†H

)
(5)

+
CHD

Λ2

(
H†DµH

)∗ (
H†DµH

)

=
1

2
hIJ(φ) (Dµφ)I (Dµφ)J

where I , J ∈ {1, . . . , 4} and

H =
1√
2

[
φ2 + iφ1

φ4 − iφ3

]
. (6)
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Metric of the scalar field manifold

The metric is non-trivial

hIJ(φ) = δIJ − 2
CH�

Λ2
φIφJ +

1

2

CHD

Λ2
fIJ(φ), (7)

where

fIJ(φ) =


a 0 d c
0 a c −d
d c b 0
c −d 0 b

 ,
a = φ2

1 + φ2
2

b = φ2
3 + φ2

4

c = φ1φ4 + φ2φ3,

d = φ1φ3 − φ2φ4.

(8)

• The Riemann curvature tensor calculated from the scalar field
metric is non-vanishing. The scalar manifold is curved due to
the power counting expansion.
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Geometry of gauge field space
Analogously, we can describe the kinetic part of the gauge fields in
terms of connections on the field space manifold

Lgauge,kin =− 1

4
W a
µνW a,µν − 1

4
BµνBµν +

CHB

Λ2
H†HBµνBµν (9)

+
CHW

Λ2
H†HW a

µνW a,µν +
CHWB

Λ2
H†σaHW a

µνBµν

=− 1

4
gAB(H)W A

µνW B,µν , A,B = 1, . . . , 4,

where

gab =

(
1− 4

CHW

Λ2
H†H

)
δab, g44 = 1− 4

CHB

Λ2
H†H,

ga4 = g4a = −2
CHWB

Λ2
H†σaH, a = 1, 2, 3. (10)

The gauge field manifold is curved.
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Real representation of the scalar field
We use the real representation

γI1,J =


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

 , γI2,J =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 ,

γI3,J =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 , γI4,J =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 . (11)

We have that

[γa, γb] = 2εcabγc , ΓI
A,K = γIA,Jγ

J
4,K

[γa, γ4] = 0, (12)
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Gauge fixing
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Background field method

• The background field method splits fields into background and
quantum fields F → F̂ + F .
F̂ : background field
F : quantum field

• The background field method provides technical
simplifications due to the background field gauge invariance
being preserved and the resulting Ward identities.

• The Standard Model was formulated using the background
field method [Denner, Dittmaier, Weiglein]
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Gauge fixing the Standard Model Effective Field
Theory

A gauge fixing choice which preserves the geometric structure of
the theory is

LGF = − ĝAB

2ξ
GAGB ,

GX ≡ ∂µW X ,µ − ε̃XCDŴ C
µ W D,µ +

ξ

2
ĝXCφI ĥIK γ̃

K
C ,J φ̂

J . (13)

Background field gauge invariance is preserved.
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• We can gauge fix the Standard Model Effective Field Theory
preserving the background field gauge invariance.

• All-orders in the power counting expansion.

The key point

We gauge fix the fields on the curved field space due to the power
counting expansion.
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Ward Identities
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Ward Identities

The Background Field Method generating functional of the
SMEFT is

Z [F̂ , J] =

∫
DF det

[
∆GA

∆αB

]
e i(S[F+F̂ ]+LGF+source terms) (14)

Due to the gauge-fixing term, the generating functional is
background field gauge invariant

δZ [F̂ , 0]

δα̂A

!
= 0 (15)
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Ward Identities

In position space, the identities are

0 =
(
∂µδAB − ε̃ABCŴC ,µ

) δΓ

δŴµ
A

−
γ̃IB,J

2
φ̂J

δΓ

δφ̂I

+
∑
j

(
f jΛ

J

B,i

δΓ

δf i

− δΓ

δfi
Γi
B,j fj

)
. (16)

Γ[F̂ ]: effective action
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Mass eigenstates

ŴA,ν =
√

g
AB

UBC ÂC ,ν ,

φ̂J =
√

h
JK

VKLΦ̂L,

WA,ν : weak eigenstate
AA,ν : mass eigenstate

UBC =


1√
2

1√
2

0 0
i√
2

−i√
2

0 0

0 0 cθ sθ
0 0 −sθ cθ

 , VJK =


−i√

2
i√
2

0 0
1√
2

1√
2

0 0

0 0 −1 0
0 0 0 1

 .
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Mass eigenstate generators

γ I
C ,J =

1

2
γ̃IA,J
√

g
AB

UBC (17)

γ I
1,J =

g 2

2
√
2


0 0 i −1
0 0 −1 −i
−i 1 0 0
1 i 0 0

 , γ I
2,J =

g 2

2
√
2


0 0 −i −1
0 0 −1 i
i 1 0 0
1 −i 0 0

 ,

γ I
3,J =

gZ

2


0 −(c2

θZ
− s2

θZ
) 0 0

(c2
θZ
− s2

θZ
) 0 0 0

0 0 0 −1
0 0 1 0

 ,γ I
4,J = e


0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 .
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Geometric definition of couplings

The geometric definition of the canonically normalized mass
eigenstate gauge couplings are

ḡ2 = g2
√

g
11

= g2
√

g
22
, (18)

ḡZ =
g2

c2
θZ

(
cθ̄
√

g
33 − sθ̄

√
g

34
)

=
g1

s2
θZ

(
sθ̄
√

g
44 − cθ̄

√
g

34
)
, (19)

ē = g2

(
sθ̄
√

g
33

+ cθ̄
√

g
34
)

= g1

(
cθ̄
√

g
44

+ sθ̄
√

g
34
)
, (20)
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Geometric mixing angles and masses

Similarly, consistency also dictates the field space geometric
definitions of the mixing angles

s2
θZ

=
g1(
√

g 44sθ̄ −
√

g 34cθ̄)

g2(
√

g 33cθ̄ −
√

g 34sθ̄) + g1(
√

g 44sθ̄ −
√

g 34cθ̄)
, (21)

s2
θ̄

=
(g1
√

g 44 − g2
√

g 34)2

g 2
1 [g 34 + g 44] + g 2

2 [g 33 + g 34]− 2g1g2
√

g 34(
√

g 33 +
√

g 44)
.

(22)

and masses

m̄2
W =

ḡ 2
2

4

√
h11

2
v̄ 2
T , m̄2

Z =
ḡ 2
Z

4

√
h33

2
v̄ 2
T m̄2

A = 0. (23)
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Ward Identities – Photon/Z boson

0 = ∂µ
δ2Γ

δÂµδÂY ν
, 0 = ∂µ

δ2Γ

δÂµδΦ̂I
. (24)

0 = ∂µ
δ2Γ

δÂνδẐµ
. (25)

SM-like Ward Identities
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Ward Identities – Z boson

0 = ∂µ
δ2Γ

δẐµδÂY ν
− M̄Z

δ2Γ

δΦ̂3δÂY ν
, (26)

0 = ∂µ
δ2Γ

δẐµδΦ̂I
− M̄Z

δ2Γ

δΦ̂3δΦ̂I
+

ḡZ

2

δΓ

δΦ̂4

(√
h[4,4]

√
h

[3,3]
)
δ3
I

(27)

Note the appearence of MZ and gZ .
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Conclusion

Higher-dimensional operators with Higgs field define curved field
space:

• Geometric definition of couplings, masses, and mixing angle

• Gauge fix with background field method

• Background field Ward Identities

Valid to all orders in both perturbative and v/Λ expansions
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Thank you!
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Backup
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Background field gauge transformations

It is useful to note the following background field gauge
transformations (δF̂ ), with infinitesimal local gauge parameters
δα̂A(x) when verifying the explicitly the background field gauge
invariance of this expression

δ φ̂I = −δα̂A
γ̃IA,J

2
φ̂J ,

δ (Dµφ̂)I = −δα̂A
γ̃IA,J

2
(Dµφ̂)J ,

δŴA,µ = −∂µ(δα̂A)− ε̃ABC δα̂B ŴC ,µ,

δĥIJ = ĥKJ

δα̂A γ̃KA,I
2

+ ĥIK

δα̂A γ̃KA,J
2

,

δŴA
µν = −ε̃ABC δα̂B ŴC

µν ,

δĝAB = ĝCB ε̃
C
DA δα̂

D + ĝAC ε̃
C
DB δα̂

D . (28)
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The background field gauge invariance is established by using these
transformations in conjuction with a linear change of variables on
the quantum fields

WA,µ →WA,µ − ε̃ABC δα̂BWC ,µ,

φI → φI −
δα̂B γ̃IB,K

2
φK . (29)

The transformation of the gauge fixing term is

δGX = −ε̃XAB δα̂AGB . (30)

With these transformations, the background field gauge invariance
of the gauge fixing term is directly established.
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Ghost term

The quantum fields gauge transformations are

∆WA
µ = −∂µ∆αA − ε̃ABC ∆αB (WC

µ + ŴC
µ ),

∆φI = −∆αA
γ̃IA,J

2
(φJ + φ̂J). (31)

As the hatted field metrics depend only on the background fields
and do not transform under quantum field gauge transformations,
the Faddeev-Popov ghost term still follows directly; we find

LFP =− ĝAB ūB
[
−∂2δAC −

←−
∂ µε̃

A
DC (WD,µ + ŴD,µ)

+ ε̃ADCŴD
µ

−→
∂ µ − ε̃ADE ε̃

E
FCŴD

µ (WF ,µ + ŴF ,µ)

− ξ

4
ĝAD(φJ + φ̂J)γ̃IC ,J ĥIK γ̃

K
D,L φ̂

L)

]
uC . (32)
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Ward Identities – Two-point functions

The Ward Identities for two-point functions are

0 = ∂µ
δ2Γ

δŴA,νδŴB,µ
−
γ̃IB,J

2
〈φ̂J〉 δ2Γ

δŴA,νδφ̂I
(33)

0 = ∂µ
δ2Γ

δφ̂KδŴB,µ
−
γ̃IB,J

2

(
〈φ̂J〉 δ2Γ

δφ̂Kδφ̂I
+ δIK

δΓ

δφ̂I

)
(34)

Andreas Helset (Niels Bohr Institute) — Ward Identities for the Standard Model Effective Field Theory — April 14, 2020

Slide 5/6



Ward Identities – Three-point functions

0 =∂µ
δ3Γ

δŴ A,νδŴ B,µδŴ C ,ρ
− ε̃DBC

δ2Γ

δŴD,ρδŴA,ν

−
γ̃IB,J

2
〈φ̂J〉 δ3Γ

δφ̂I δŴA,νδŴC ,ρ
, (35)

0 =∂µ
δ3Γ

δŴA,νδŴB,µδφ̂K
− ε̃DBA

δ2Γ

δŴD,νδφ̂K

−
γ̃IB,J

2

(
〈φ̂J〉 δ3Γ

δŴA,νδφ̂I δφ̂K
+ δJK

δ2Γ

δŴA,νδφ̂I

)
, (36)

0 =∂µ
δ3Γ

δŴB,µδφ̂Kδφ̂L
−
γ̃IB,J

2
〈φ̂J〉 δ3Γ

δφ̂I δφ̂Kδφ̂L

−
γ̃IB,J

2

(
δJK

δ2Γ

δφ̂I δφ̂L
+ δJL

δ2Γ

δφ̂I δφ̂K

)
. (37)
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