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Abstract. We report on an update (2021) of a phenomenological model for inelastic neutrino- and electron-
nucleon scattering cross sections using effective leading order parton distribution functions with a new
scaling variable ξw. Non-perturbative effects are well described using the ξw scaling variable in combina-
tion with multiplicative K factors at low Q2. The model describes all inelastic charged-leptron-nucleon
scattering data (HERA/NMC/BCDMS/SLAC/JLab) ranging from very high Q2 to very low Q2 and down
to the Q2 = 0 photo-production region. The model has been developed to be used in analysis of neutrino
oscillation experiments in the few GeV region. The 2021 update accounts for the difference between axial
and vector structure function which brings it into much better agreement with neutrino-nucleon total cross
section measurements. The model has been developed primarily for hadronic final state masses W above
1.8 GeV. However with additional parameters the model also describe the average neutrino cross sections
in the resonance region down to W=1.4 GeV.

PACS. 13.60.Hb Total and inclusive cross sections (including deep-inelastic processes) – 13.15.+g Neutrino
interactions – 13.60.-r Photon and charged-lepton interactions with hadrons

1 Introduction

The field of neutrino oscillation physics has progressed
from the discovery of neutrino oscillation [1] to an era of
precision measurements of mass splitting and mixing an-
gles. Uncertainties in modeling the cross sections for neu-
trino interactions in the few GeV region result in system-
atic uncertainties in the extraction of mass splitting and
mixing parameters in neutrino oscillations experiments
such as MINOS[2,3], NOνA[4], K2K [5], SuperK[6], T2K[7],
MiniBooNE[8], and DUNE[9]. A reliable model of neutrino
inelastic cross sections at low energies is essential for pre-
cise neutrino oscillations experiments.

The interest in neutrino interactions at low energies
has resulted in the construction of several near detectors
(e.g. MINOS[3], T2K[7]) to measure low energy cross sec-
tions and fluxes, as well as experiments (e.g. SciBooNE
[10], MicfBooNE[11], ArgonNeu [12], MINERvA[13]) and
ICARUS[14] at Fermilab which are designed to measure
neutrino cross sections at low energies.

In this communication, we report on an update of du-
ality based model of neutrino interactions using effective
leading order parton distribution functions (PDFs). Ear-
lier versions of the model[15,16] have been incorporated

into several Monte Carlo generators of neutrino interac-
tions including NEUT[17], GENIE[18], NEUGEN[19] and
NUANCE[20]. The current version of GENIE is using the
NUINT04[16] version of the model. These early versions
assume that the axial structure functions are the same as
the vector structure functions.

In this 2021 update, we both further refine the model
and also account for the difference between axial and vec-
tor structure functions at low values of Q2. We refer to the
version of the model which assumes that vector and ax-
ial structure functions are the same as ”Type I (A=V)”.
The ”Type I” version should be used to model electron
and muon scattering. We refer to the updated version of
the model that accounts for the difference in vector and
axial structure functions as ”Type II (A>V)”. The ”Type
II (A>V)” model should be used to model neutrino scat-
tering,

In the few GeV region there are contributions from
several kinds of lepton-nucleon interaction processes as
defined by the final state invariant mass W and the invari-
ant square of the momentum transfer Q2. These include
quasi-elastic reactions (W < 1.07 GeV ), the ∆(1232) re-
gion (1.1 < W < 1.4 GeV ), higher mass resonances
(1.4 < W < 1.8 GeV ), and the inelastic continuum re-



2 Arie Bodek et al.: 2021 update to Bodek-Yang model

gion (W > 1.8 GeV ). At low momentum transfer the
inelastic continuum is sometimes referred to as ”shallow
inelastic”, and at high momentum transfer it is referred
to as ”deep inelastic”. It is quite challenging to disen-
tangle each of those contributions separately, and in par-
ticular the contribution of resonance production and the
inelastic scattering continuum. At low Q2 there are large
non-perturbative contributions to the inelastic cross sec-
tion. These include kinematic target mass corrections, dy-
namic higher twist effects, higher order Quantum Chro-
modynamic (QCD) terms, and nuclear effects in nuclear
targets.

In this paper we focus on the inelastic part of the cross
sections above the region of the ∆(1232) resonance (i.e.
the higher mass resonances, and the inelastic continuum).
Other models (e.g. vector and axial form factors) should
be used describe the the quasielastic part and ∆(1232)
resonance regions.

In previous studies [21–23], we have investigated non-
perturbative effects within Leading Order (LO), Next-to-
Leading Order (NLO) and Next-to-Next Leading Order
(NNLO) QCD using charged-leptron-nucleon scattering
experimental data [24–26]. We found that in NLO QCD,
most of the empirical higher-twist terms needed to ob-
tain good agreement with the low energy data for Q2 >
1 GeV2 originate primarily from target mass effects and
the missing NNLO terms (i.e. not from interactions with
spectator quarks).

If such is the case, then these terms should be the
same in charged-leptrons (e, µ) and neutrino (νµ) scat-
tering. Therefore, the vector part of low energy νµ in-
elastic cross sections can be described by effective Parton
Distribution Functions (PDFs) which are fit to high Q2

charged-leptron-nucleon scattering data, but modified to
include target mass and higher-twist corrections that are
extracted from low energy e/µ scattering data. For Q2 <
1 GeV2 additional corrections for non-perturbative effects
from spectator quarks are required. These corrections can
be parametrized as multiplicative K factors. In neutrino
interaction the K factor terms should be the same as in
e/µ scattering for the vector (but not axial) part of the
structure functions.

A model that describes electron and muon scattering
can then be used to model the vector contribution to neu-
trino scattering. For large Q2 (e.g. Q2 > 1 GeV2) the
vector and and axial structure functions are expected to
be equal. However, at low Q2 the vector and axial struc-
ture functions are not equal. The axial structure functions
at low values of Q2 are not constrained by muon and elec-
tron scattering data, because the vector (but not axial)
structure functions must go to zero at Q2=0. The model-
ing of the difference between the low Q2 vector and axial
structure functions requires additional parameters.

In this paper we use CCFR neutrino structure function
measurements at low x and low Q2 to constrain the low
Q2 axial K factors for sea quarks, and neutrino total cross
section measurements to constrain the low Q2 axial K
factors for valence quarks.

2 Electron-nucleon and muon-nucleon
scattering

In this section we define the kinematic variables for the
case of charged-leptron scattering from neutrons and pro-
tons. The differential cross section for scattering of an un-
polarized charged-leptron with an incident energy E0, fi-
nal energy E′ and scattering angle θ can be written in
terms of the structure functions F1 and F2 as:

d2σ
dΩdE′ (E0, E

′, θ) = 4α2E′2

Q4 cos2(θ/2)

×
[
F2(x,Q2)/ν + 2 tan2(θ/2)F1(x,Q2)/M

]
,

where α is the fine structure constant, M is the nucleon
mass, ν = E0 − E′ is energy of the virtual photon which
mediates the interaction, Q2 = 4E0E

′ sin2(θ/2) is the in-
variant four-momentum transfer squared, and the Bjorken
variable x = Q2/2Mν is a measure of the longitudinal
momentum carried by the struck partons in a frame in
which the proton has high momentum. Here F2 = νW2,
F1 = MW1 (and for neutrino scattering F3 = νW3).

Alternatively, one could view this scattering process
as virtual photon absorption. Unlike the real photon, the
virtual photon can have two modes of polarization. In
terms of the cross section for the absorption of transverse
(σT ) and longitudinal (σL) virtual photons, the differen-
tial cross section can be written as,

d2σ

dΩdE′
= Γ

[
σT (x,Q2) + εσL(x,Q2)

]
, (1)

where

Γ =
αKE′

4π2Q2E0

(
2

1− ε

)
(2)

K =
Q2(1− x)

2Mx
=

2Mν −Q2

2M
(3)

ε =

[
1 + 2(1 +

Q2

4M2x2
)tan2 θ

2

]−1

. (4)

The quantities Γ and ε represent the flux and the degree
of longitudinal polarization of the virtual photons respec-
tively. Alternatively we can express ε in terms of the in-
elasticity y = ν/E0 as follows:

ε =
1− y −Q2/(4E2

0)

1− y + y2/2 +Q2/(4E2
0)
, (5)

which in the limit of Q2 << E2
0 is approximately

ε =
2(1− y)

2(1− y) + y2
. (6)

Here, y close to zero corresponds to ε = 1 and y close to
one corresponds to ε = 0.

The quantity R is defined as the ratio σL/σT , and is
related to the structure functions by,

R(x,Q2) =
σL
σT

=
F2

2xF1
(1 +

4M2x2

Q2
)− 1 =

FL
2xF1

, (7)
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where FL is called the longitudinal structure function. The
structure functions are expressed in terms of σL and σT
as follows:

F1 =
MK

4π2α
σT (8)

F2 =
νK(σL + σT )

4π2α(1 + Q2

4M2x2 )
(9)

FL(x,Q2) = F2

(
1 +

4M2x2

Q2

)
− 2xF1, (10)

or

2xF1 = F2

(
1 +

4M2x2

Q2

)
−FL(x,Q2). (11)

In addition, 2xF1 is given by

2xF1(x,Q2) = F2(x,Q2)
1 + 4M2x2/Q2

1 +R(x,Q2)
, (12)

or equivalently

W1(x,Q2) = W2(x,Q2)× 1 + ν2/Q2

1 +R(x,Q2)
. (13)

Standard PDFs are extracted from global fits to var-
ious sets of deep inelastic (DIS) scattering data at high
energies and high Q2, where non-perturbative QCD ef-
fects are small. PDF fits are performed within the frame-
work of QCD in either LO, NLO or NNLO. Here, using a
new scaling variable (ξw) we construct effective LO PDFs
that account for the contributions from target mass cor-
rections, non-perturbative QCD effects, and higher order
QCD terms.

We use LO PDFs because in the low Q2 region, ef-
fective PDFs at NLO or NNLO cannot be constructed
because the QCD NLO and NNLO corrections blow up
and are not valid very low Q2 (e.g Q2 < 1.5 GeV2).

3 The basic model: First iteration with
GRV98 PDFs.

Our proposed scaling variable, ξw is derived as follows.
Using energy momentum conservation, the factional mo-
mentum, ξ carried by a quark in a nucleon target of mass
M is

ξ =
2xQ

′2

Q2(1 +
√

1 + 4M2x2/Q2)
, (14)

where

2Q
′2 = [Q2 +Mf

2 −Mi
2]

+
√

(Q2 +Mf
2 −Mi

2)2 + 4Q2(Mi
2 + P 2

T ).

Here Mi is the initial quark mass with average initial
transverse momentum PT , and Mf is the mass of the fi-
nal state quark. This expression for ξ was previously de-
rived [27] for the case of quark PT = 0.

Assuming Mi = 0 we construct following scaling vari-
able

ξw =
2x(Q2 +Mf

2 +B)

Q2[1 +
√

1 + 4M2x2/Q2] + 2Ax
, (15)

or alternatively

ξw =
Q2 +Mf

2 +B

Mν[1 +
√

1 +Q2/ν2] +A
, (16)

where in general Mf = 0, except for the case of charm-
production in neutrino scattering for which we use Mf =
1.32 GeV 2.

If A = 0 and B = 0 and Mf = 0 then ξw is equal to
the target mass (or Nachtman[28]) scaling variable ξTM
where,

ξTM =
Q2

Mν[1 +
√

1 +Q2/ν2]
. (17)

The parameters A and B are enhanced target mass
terms (the effects of the proton target mass is already
taken into account in the denominator of ξw). They (on
average) for the higher order QCD terms, dynamic higher
twist, initial state quark transverse momentum (PT ), and
also for the effective mass of the initial state and final
state quarks originating from multi-gluon interactions at
low Q2. These two parameters also allow us to describe
data in the photoproduction limit (all the way down to
Q2=0). At Q2=0, ξTM=0 for all ν, while ξw at Q2=0
varies with ν.

In leading order QCD (e.g. GRV98 PDFs), F2,LO for
the scattering of electrons and muons on proton (or neu-
tron) targets is given by the sum of quark and anti-quark
distributions (where each is weighted by the square of the
quark charges):

Fe/µ2,LO(x,Q2) = Σie
2
i

[
xqi(x,Q

2) + xqi(x,Q
2)
]
. (18)

Our proposed effective LO PDFs GRV98 model includes
the following:

1. The GRV98 [29] LO Parton Distribution Functions

(PDFs) are used to describe Fe/µ2,LO(x,Q2). The min-

imum Q2 value for these PDFs is 0.8 GeV2.
2. In order to better describe neutrino and antineutrino

cross sections, we increase the up and down quark sea
by 5%, and decrease the up and down valence quarks
such that the sum of quark and antiquark distributions
remain the same. i.e.

dsea = 1.05 dgrv98
sea

d̄sea = 1.05 d̄grv98
sea

usea = 1.05 ugrv98
sea

ūsea = 1.05 ūgrv98
sea

dvalence = dgrv98
valence − 0.05 (dgrv98

sea + d̄grv98
sea )

uvalence = ugrv98
valence − 0.05 (ugrv98

sea + ūgrv98
sea ) (19)
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3. The scaling variable x is replaced with the scaling vari-
able ξw as defined in Eq. 15. Here,

Fe/µ2,LO(x,Q2) = Σie
2
i

×
[
ξwqi(ξw, Q

2) + ξwqi(ξw, Q
2)
]
. (20)

4. As done in earlier non-QCD based fits [30–33] to low
energy charged-leptron scattering data, we multiply all
PDFs by vector K factors such that they have the cor-
rect form in the low Q2 photo-production limit. Here
we use different forms for the sea and valence quarks
separately;

Kvector
sea (Q2) =

Q2

Q2 + Cs

Kvector
valence(Q

2) = [1−G2
D(Q2)]

(
Q2 + Cv2

Q2 + Cv1

)
, (21)

where GD = 1/(1+Q2/0.71)2 is the proton elastic form
factor. This form of the K factor for valence quarks
is motivated by the closure arguments [34] and the
Adler [35,36] sum rule. At low Q2, [1 − G2

D(Q2)] is
approximately Q2/(Q2 + 0.178), which is close to our
earlier (NUINT01) fit result [15]. These modifications
are included in order to describe low Q2 data in the

photoproduction limit (Q2=0), where Fe/µ2 (x,Q2) is
related to the photoproduction cross section according
to

σ(γp) =
4π2α

Q2
Fe/µ2 (x,Q2)

=
0.112 mb

Q2
Fe/µ2 (x,Q2). (22)

5. We freeze the evolution of the GRV98 PDFs at a value
of Q2 = 0.80 GeV2. Below this Q2, F2 is given by

Fe/µ2 (x,Q2 < 0.8) =

Kvector
valence(Q

2)Fvalence2,LO (ξw, Q
2 = 0.8)

+Kvector
sea (Q2)Fsea2,LO(ξw, Q

2 = 0.8). (23)

6. Finally, we fit for the parameters of the modified effec-
tive GRV98 LO PDFs (e.g. ξw) to inelastic charged-
leptron scattering data on hydrogen and deuterium
targets (SLAC[24]/BCDMS[25]/NMC[26]/H1[37]. In this
first iteration, only data with an invariant final state
mass W > 2 GeV are included, where W 2 = M2 +
2Mν −Q2.

In iteration 1 we obtain an excellent fit with the following
initial parameters: A=0.419, B=0.223, and Cv1=0.544,
Cv2=0.431, and Csea=0.380, with χ2/DOF = 1235/1200.
Because of these additional K factors, we find that the
GRV98 PDFs need to be scaled up by a normalization fac-
tor N=1.011. Here the parameters are in units of GeV2.
These parameters are summerized in Table 1. In summary
in iteration 1 we modify the GRV98 F2 to describe low en-

ergy data down to photo-production limit as follows:

Fe/µ2 (x,Q2) =
Q2

Q2 + 0.380
(1.011)Fsea2,LO(ξw, Q

2)

+(1−G2
D)
Q2 + 0.431

Q2 + 0.544
(1.011)Fvalence2,LO (ξw, Q

2), (24)

where ξw = 2x(Q2+0.223)

Q2[1+
√

1+4M2x2/Q2]+2∗0.419x
.

In fitting for the effective LO PDFs, the structure func-
tions data are corrected for the relative normalizations be-
tween the SLAC, BCDMS, NMC and H1 data (which are
allowed to float within the quoted normalization errors).
A systematic error shift is applied to the BCDMS data
to account for the uncertainty in their magnetic field, as
described in the BCDMS publication[25]. Only hydrogen
and deuterium data are used in the fit. All deuterium data
are corrected with a small correction for nuclear binding
effects [21–23] as described in section 9. We also include
a separate additional charm production contribution us-
ing the photon-gluon fusion model in order to fit the very
high energy HERA data. This contribution is not neces-
sary for any of the low energy comparisons, but is neces-
sary to describe the very high energy low Q2 HERA F2

and photoproduction data. The charm contribution must
be added separately because the GRV98 PDFs do not in-
clude a charm sea. Alternatively, one may use a charm sea
parametrization from another PDF.

The first iteration fit successfully describes all inelastic
electron and muon scattering data in the continuum region
(W > 2 GeV ) including the very high and very low Q2

regions.

We find that although photo-production data were not
included in the first iteration fit, the predictions of the
model in the continuum region for the photo-production
cross sections on protons and deuterons (Q2 = 0 limit)
are also in good agreement with photoproduction mea-
surements[38].

3.1 Quark-hadron duality in the resonance region

The assumption of quark-hadron duality is that the basic
cross section in the resonance region originate from the
PDFs of the initial state quark, and bumps and valleys of
resonances originate from final state interaction. There-
fore, if quark-hadron duality holds, PDFs can be used to
describe the average cross sections in the resonance re-
gion.

We find that quark-hadron duality holds, and although
no resonance data were included iteration 1, the fit also
provides a reasonable description of the average value
of F2 for SLAC and Jefferson data in the resonance re-
gion [39] (down to Q2= 1.5 GeV2). For quark-hadron du-
ality to work in the resonance region at lower values of
Q2 (down to Q2=0) an additional K factor (KLW (ν)) is
required as discussed in iteration 2
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A B Cv1 Cv2 χ2/ndf
0.419 0.223 0.554 0.431 1235/1200

Csea N Fvalence
0.380 1.011 [1−G2

D(Q2)]

Table 1. First iteration with GRV98 PDFs: vector parameters.
Only inelastic electron and muon scattering on hydrogen and
deuterium (in the continuum region W > 2 GeV ) are used in
the fit (χ2/DOF = 1235/1200). Here the parameters are in
units of GeV2.

4 Second iteration with GRV98: Including
photo-production data, resonances, and
additional parameters

We now describe the second iteration of the fit [16]. The-
oretically, the Ki factors in Eq. 21 are not required to be
the same for the u and d valence quarks or for the u, d, s,
sea quarks and antiquarks. In order to allow flexibility in
the effective LO model, we treat the Ki factors for u and
d valence and for sea quarks and antiquarks separately.

In this second iteration, in order to get additional con-
straints on the different Ki factors for up and down quarks
separately, we include photo-production data above the
∆(1232) (ν > 1 GeV ) for both hydrogen and deuterium.
We do not include electron scattering data in the reso-
nance region (on hydrogen and deuterium) in the fit. In
order to extract neutron cross section from photproduc-
tion cross sections on deuterium, we apply a small shadow-
ing correction[23] as shown in figure 1. The small nuclear
binding corrections for the inelastic lepton scattering data
on deuterium is described in section 9.

Fig. 1. The ratio of photoproduction cross sections on deu-
terium to the sum of the photoproduction cross sections on
unbound protons and neutrons. This shadowing correction[23]
is used to extract the photorproduction cross section on free
neutrons and protons.

KLW
vector(ν) =

ν2 + Clow−νvector

ν2

Kvector
sea−strange(Q

2) =
Q2

Q2 + Csea−strange

Kvector
sea−up(Q

2) =
Q2

Q2 + Cupsea

Kvector
sea−down(Q2) =

Q2

Q2 + Cdownsea

Kvector
valence−up(Q

2) = KLW [1−G2
D(Q2)]

×
(
Q2 + Cv2u

Q2 + Cv1u

)
Kvector
valence−down(Q2) = KLW ([1−G2

D(Q2)]

×
(
Q2 + Cv2d

Q2 + Cv1d

)
. (25)

The best fit iteration 2 parameters are A = 0.621± 0.009,
B = 0.380± 0.004, Cv1d = 0.341± 0.007, Cv1u = 0.417±
0.024, Cv2d = 0.323 ± 0.051, Cv2u = 0.264 ± 0.015, and
Clow−ν = 0.218±0.015 for both down and up quarks. The
sea vector parameters for iteration 2 are Cdownsea =0.561,
Cupsea=0.369, and Cstrangesea is set to be the same as Cdownsea .
Here, the parameters are in units of GeV2. The factor
KLW
vector(ν) with Clow−νvector =0.218 is needed describe the res-

onance region for Q2 < 1.5 GeV2 as described below

The fit yields a χ2/DOF of 2357/1717, andN = 1.026±
0.003. The photo-production resonance data (above the
∆(1232)) add to the χ2/ndf because the fit only provides
a smooth average over the higher resonances. No neutrino
data are included in the fit. These parameters are summa-
rized in Table 2.

The normalization of the various experiments are al-
lowed to float within their errors with the normalization of
the SLAC proton data set to 1.0. The fit yields normaliza-
tion factors of 0.986± 0.002, 0.979± 0.003, 0.998± 0.003,
1.008±0.003, 1.001±0.004, and 0.987±0.005 for the SLAC
deuterium data, BCDMS proton data, BCDMS deuterium
data, NMC proton data, NMC deuterium data, and H1
proton data, respectively. With these normalization, the
GRV98 PDFs with our modifications should be multiplied
by N=1.026 ± 0.003.

A B Cv2d Cv2u

0.621 0.380 0.323 0.264

Cdownsea Cupsea Cv1d Cv1u

0.561 0.369 0.341 0.417

Cstrangesea Clow−ν
vector Fvalence N

0.561 0.218 [1−G2
D(Q2)] 1.026

Table 2. Second iteration with GRV98 PDFs: Vector Param-
eters. Here, we also include photoproduction data on hydrogen
and deuterium. No neutrino data are included in the fit. When
applicable, all parameters are in units of GeV2.
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Fig. 2. The effective LO PDF model (iteration 2) compared to
charged-leptron F2 experimental data (SLAC, BCDMS, NMC)
at high x (these data are included in the fit) :[top] F2 proton,
[bot] F2 deuteron (per nucleon). The solid lines are the fit, and
the dashed lines are GRV98 .

As described in section 10 we apply a small d/u cor-
rection to the GRV98 PDFs. This correction increases the
valence d quark distribution at large x and is extracted
from NMC data for FD2 /FP2 .

Comparisons of the (iteration 2) fit to various sets
of inelastic electron and muon F2 data on proton and
deuteron targets are shown in Figure 2 (for SLAC, BCDMS

Q2
1 10

2
10

3
10

4
10

5
10

F2
0

1

2

3

4

5

6

7

8

9
H1 [Proton target]

x=0.00013 [F2+7.2]
x=0.0002 [F2+6.9]

x=0.00032 [F2+6.3]
x=0.0005 [F2+6]

x=0.0008 [F2+5.4]

x=0.0013 [F2+5.1]

x=0.002 [F2+4.5]

x=0.0032 [F2+3.9]

x=0.005 [F2+3]

x=0.008 [F2+2.4]

x=0.013 [F2+2.1]

x=0.02 [F2+1.8]

x=0.032 [F2+1.5]

x=0.05 [F2+1.2]

x=0.08 [F2+0.9]

x=0.13 [F2+0.6]

x=0.2 [F2+0.3]

x=0.32 [F2+0]

H1 [Proton target]

Fig. 3. The effective LO PDF model (iteration 2) compared to
charged-leptron F2 experimental data at low x from H1 (these
data are included in the fit).

and NMC). Comparisons to H1(electron-proton) data at
low values of x are shown in Figure 3. The effective LO
model describes the inelastic charged-leptron F2 data both
in the low x as well as in the high x regions. The model also
provides a very good description of both low energy and
high energy photoproduction cross sections[38] on proton
and deuteron targets for incident photon energies above
ν = 0.56 GeV (which corresponds W > 1.4 GeV) as shown
in Figure 4.

5 Comparison to resonance production data

Comparisons of the model predictionss to hydrogen and
deuterium photoproduction cross sections (Q2−0) includ-
ing the resonance region are shown in 4. The correspond-
ing electron scattering data in the resonance region [39]
are shown in Figure 5. As expected from quark-hadron
duality [40], the model provides a reasonable description
of both the inelastic region as well as the average value of
the F2 data in the resonance region (down to Q2 = 0), in-
cluding the region of the first resonance (W = 1.23 GeV ).
We also find good agreement with recent FL and F2 data
in the resonance region from the E94-110, and JUPITER
experiments [39,41] at Jlab, as shown in Fig. 6. The pre-
dictions for FL are obtained using the F2 model and the
R1998 [42] parametrization (as discussed in section 7).

We find good agreement with quark hadron duality
down to very low Q2 including the region of the ∆(1238)
resonance. Other studies[36] with unmodified GRV PDFs
find large deviations from quark-hadron duality in the res-
onance region for electron and muon scattering. This is be-
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Fig. 4. The effective LO PDF model (iteration 2) compared to
photoproduction cross sections (Q2 = 0 limit) at low and high
energies (these data are included in the fit); [top] proton, [bot]
deuteron (neutron plus proton). The cross sections are in units
of mb. At very high photon energy, we include charm contribu-
tion from gluon fusion process which is needed to describe the
very high energy HERA data. If we want to also describe the
photoproduction data in the resonance region, we need to mul-
tiply the u and d valence PDFs by KLW = (ν2 + Clow−ν

vector )/ν2

(where Clow−ν
vector=0.218). The red line includes include the KLW

factor, and the dashed black line does not includes the KLW

factor.

cause those studies do not include any low Q2 K factors
and use the scaling variable ξ (while we use the modified
scaling variable ξw). We find that quark hadron duality
works at low Q2 if we use the modified scaling variable
ξw, and low Q2 Ki(Q

2) and KLW (ν) factors.
In the Q2 = 0 photoproduction limit, the model pro-

vides a good descriptions of the data for both the inelastic
region as well as the average cross section in the resonance
region as shown in Figure 4.

We recommend that the model should only be used
for W > 1.4 GeV. This is because the ∆(1238) resonance
has isospin 3/2 and quarks have isospin of 1/2. There-
fore, for neutrino scattering effective leading PDFs and
quark hadron duality should NOT be valid in the re-
gion of ∆(1238) resonance. Both quasielastic scattering
and ∆(1238) resonance production should be modeled in
terms of vector and axial form factors.

6 Application to neutrino scattering

For very high energy neutrino scattering on quarks and
antiquarks at high Q2 , the vector and axial contributions
are the same. Therefore, at high Q2, where the naive quark
parton model is valid, both the vector and axial K factors
are expected to be 1.0. The neutrinos and antineutrino
structure functions at high Q2 are given by :

Fν2 (x,Q2) = 2Σi
[
ξwqi(ξw, Q

2) + ξwqi(ξw, Q
2)
]
.

and

xFν3 (x,Q2) = 2Σi
[
ξwqi(ξw, Q

2)− ξwqi(ξw, Q2)
]
,

where

qνp = d+ s; q̄νp = ū+ c̄

qνn = u+ s; q̄νn = d̄+ c̄

qν̄p = u+ c; q̄ν̄p = d̄+ s̄

qν̄n = d+ c; q̄ν̄n = ū+ c̄. (26)

Here, F2 = νW2, F1 = MW1 and F3 = νW3. Note
that for the strangeness conserving (sc) part of the u and
d quark distributions, the PDFs are multiplied by a fac-
tor of cos2θc=0.97417(21) where θc is the Cabbibo angle.
For the strangeness non-conserving part the PDFs are are
multiplied by a factor of sin2θc=0.2248(10).

For GRV98 the charm quark distribution c=0. Noting
that dn = up, un = dp, d̄n = ūp, and ūn = d̄p) we sep-
arate the distributions into non-charm production (ncp)
and charm production (cp) terms.

For neutrino scattering on protons (here the items in
parenthesis are explanations of the process)

qνp(W+ncp) = dvcos
2θc(d

p
v → u) + s sin2θc[s

p → u)

+ dsea cos
2θc(d

p
sea → u)

qνp(W+cp) = dvsin
2θc(d

p
v → c) + s cos2θc[s

p → c)

+ dsea sin
2θc(d

p
sea → c)

q̄νp(W+ncp) = ūsea(ūpsea → [d̄+ s̄]). (27)



8 Arie Bodek et al.: 2021 update to Bodek-Yang model

Fig. 5. Comparisons of charged-leptron experimental data in
the resonance region to the predictions of the iteration 2 effec-
tive LO model. The top six plots are proton F2 data and the
bottom four plots are deuteron F2 data (per nucleon). The red
line includes the KLW factor and the dashed black line does
not include the KLW factor. Here, KLW

vector = (ν2 +Clow−ν
vector )/ν2

(where Clow−ν
vector=0.218).
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Fig. 6. Comparisons of the predictions of the iteration 2 model
to proton data for FL (note that data for FL are not included
in the fit).

For neutrino scattering on neutrons (here the items in
parenthesis are explanations of the process)

qνn(W+ncp) = uvcos
2θc(d

n
v → u) + s sin2θc[s

n → u)

+ useacos
2θc(d

n
sea → u)

qνn(W+cp) = uvsin
2θc(d

n
sea → c) + s cos2θc(s

n → c)

+ usea sin
2θc(d

n
sea → c)

q̄νp(W+ncp) = d̄sea(ūnsea → [d̄+ s̄]). (28)

For antineutrino scattering on protons

q̄ν̄p(W−ncp) = d̄seacos
2θc(d̄

p
sea → ū) + s̄ sin2θc(s̄

p → ū)

q̄ν̄p(W−cp) = d̄seasin
2θc(d̄

p
ses → c̄) + s̄ cos2θc(s̄

p → c̄)

qν̄p(W−ncp) = uv(u
p
v → [d+ s])

+ usea(upsea → [d+ s]) (29)

For antineutrino scattering on neutrons

q̄ν̄n(W−ncp) = ūseacos
2θc(d̄

n
sea → ū) + s̄ sin2θc(s̄

n → ū)

q̄ν̄n(W−cp) = ūseasin
2θc(d̄

n
sea → c̄) + s̄ cos2θc(s̄

n → c̄)

qν̄n(W−ncp) = dv(u
n
v → [d+ s])

+ dsea(unsea → [d+ s]) (30)

There are several major difference between the case of
charged-leptron inelastic scattering and the case of neu-
trino scattering. In the neutrino case we have one addi-
tional structure functions Fν3 (x,Q2). In addition, at low
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Q2 there could be a difference between the vector and axial
Ki factors due a difference in the non-perturbative axial
vector contributions. Unlike the vector F2 which must go
to zero in the Q2 = 0 limit, we expect [30,44] that the
axial part of F2 can be non-zero in the Q2 = 0 limit. At
Q2 = 0, this non-zero axial contribution is purely longi-
tudinal. This can be illustrated as follows. The neutrino
structure functions must satisfy the following inequalities:

0 ≤
√
Q2 + ν2

|W3|
2M

≤ W1 ≤ (1 + ν2/Q2)W2, (31)

or

0 ≤
√

1 +
Q2

ν2
x|F3| ≤ 2xF1 ≤ (1 +

Q2

ν2
)F2,

which indicates that only F2 can be non zero at Q2 = 0.
We already account for kinematic, dynamic higher twist

and higher order QCD effects in F2 by fitting the param-
eters of the scaling variable ξw (and the K factors) to low
Q2 data for Feµ2 (x,Q2). These should also be valid for the
vector part of F2 in neutrino scattering.

Fν,vector2 (x,Q2) = ΣiK
vector
i (Q2)ξwqi(ξw, Q

2)

+ΣjK
vector
j (Q2)ξwqj(ξw, Q

2). (32)

However, the higher order QCD effects in F2 and xF3

are different. We account for the different scaling viola-
tions in F2 and xF3 (from higher order QCD terms) by
adding a correction factor H(x,Q2) as follows.

xFν3 (x,Q2) = 2H(x,Q2)

{
ΣiK

vector
i ξwqi(ξw, Q

2)

−ΣjKvector
j ξwqj(ξw, Q

2)

}
. (33)

We obtain an approximate expression for H(x,Q2) as the
ratio of two ratios as follows:

H(x,Q2) = DxF3(x,Q2)/DF2(x,Q2), (34)

where

DxF3(x,Q2) =
xFnlo3 (x,Q2)

xF lo3 (x,Q2)

DF2(x,Q2) =
Fnlo2 (x,Q2)

F lo2 (x,Q2)
. (35)

The double ratio H(x,Q2) is calculated by the TR-VFS
scheme[43] with MRST991 NLO PDFs. This ratio turns
out to be almost independent of Q2. The results of this
calculation at Q2 = 8GeV 2, shown in Fig 8 are fitted with
the following functional form:

H(x,Q2) = 0.914 + 0.296x− 0.374x2 + 0.165x3. (36)

We use the above approximation for H(x,Q2) for all val-
ues of Q2.

In our previous [15] analysis we assumed H(x,Q2)=1,
and Kaxial

i (Q2)= Kvector
i (Q2). This assumption is only

valid for at high Q2 (Q2 > 1 GeV 2). Here, we improve
on the previous analysis by introducing Kaxial

i (Q2) fac-
tors which are different from Kvector

i (Q2), and include the
H(x,Q2) correction for xF3.

Fig. 7. The x and Q2 dependence of the factor H(x,Q2) that
accounts for the difference in the QCD higher order corrections
in F2 and xF3

7 2xF1 and the longitudinal structure function

In the extraction of the original GRV98 LO PDFs, no sep-
arate longitudinal contribution was included. The quark
distributions were directly fit to F2 data. A full modeling
of electron and muon cross section requires also a descrip-

tion of 2xF1. In general, 2xFe/µ1 and We/µ
1 are given in

terms of F2 and R by equations 12 and 13. For the vec-
tor contribution we use a non-zero longitudinal R in re-
constructing 2xF1 by using a fit of R to measured data.
The R1998 function[42] provides a good description of the
world’s data for R in the Q2 > 0.30 GeV2 and x > 0.05
region (where most of the R data are available).

Re/µ(x,Q2 > 0.3) = R1998(x,Q2 > 0.3)

However, theR1998 function breaks down at lowQ2. There-
fore, we freeze the function at Q2 = 0.3 (GeV ) and intro-
duce a K factor for R in the Q2 < 0.3 (GeV ) region to
make a smooth transition for Re/µ from Q2 = 0.3 (GeV )

down to Q2 = 0 by forcing Rvector to approach zero at
Q2 = 0, as expected in the photoproduction limit. This
procedure keeps a 1/Q2 behavior at large Q2 and matches
to R1998 at Q2 = 0.3 GeV2,

Re/µ(x,Q2 < 0.3) = 3.633
Q2

Q4 + 1
×R1998(x,Q2 = 0.3).
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Fig. 8. A fit to the x dependence of the factor H(x,Q2) that
accounts for the difference in the QCD higher order corrections
in F2 and xF3 (at Q2 = 8 GeV 2).

Using the above fits toR as measured in electron/muon
scattering we use the following expressions for the vector
part of 2xF1 neutrino scattering:

2xFvector1 (x,Q2) = Fvector2 (x,Q2)
1 + 4M2x2/Q2

1 +R(x,Q2)

Rvector(x,Q2 > 0.3) = R1998(x,Q2 > 0.3)

Rvector(x,Q2 < 0.3) = Re/µ(x,Q2 < 0.3).

The above expressions have the correct limit for the
vector contribution at Q2 = 0.

A recent fit to R that includes updated R measure-
ments from Jefferson Lab (including resonance data) has
been published by M.E. Christy and P.E. Bosted[45]. In
the kinematic region of the fits the difference between the
Christy-Bosted fit and the R1998 fit is small.

7.1 Nuclear Corrections to R

In the analysis we use the R1998 parametrization. Prelim-
inary results from the JUPITER Jefferson Lab collabo-
ration indicates that R for heavy nucleus may be higher
by about 0.1 than R for deuterium. Therefore, we use an
error of ±0.1 in R to estimate the systematic error in the
cross sections from this source.

8 Charm production in neutrino scattering

Neutrino scattering is not as simple as the case of charged-
leptron scattering because of the contribution from charm
production (cp). For non-charm production (ncp) compo-
nents we use the sum of the vector and axial contributions

to Fncp2 (x,Q2), and 2xFncp1 (x,Q2) with xFncp3 (x,Q2) as
described above.

For the charm production components of Fcp2 (x,Q2),
xFcp3 (x,Q2) and 2xFcp1 (x,Q2) the variable ξw is replaced
with ξ′w includes a non-zero final state quark mass Mc =
1.32 GeV .

ξ′w =
Q2 + 1.322 +B

Mν[1 +
√

1 +Q2/ν2] +A
, (37)

The target mass calculations as discussed by Barbieri
et. al[27] imply that Fν−cp2 is described by Fν−cp2 (ξ′w, Q

2),
and the other two structure functions are multiplied by

the factor Kcharm = Q2

Q2+M2
C

. Consequently, we use the

following expression for charm production processes:

Fν,vector−cp2 (x,Q2) = ΣiK
vector
i (Q2)

×
[
ξ′wqi(ξ

′
w, Q

2) + ξ′wqi(ξ
′
w, Q

2)
]
,

2xFν,vector−cp1 (x.Q2) = Kcharm

× 1 + 4M2x2/Q2

1 +R(ξ′w, Q
2)
Fν,vector−cp2 (x,Q2),

Kcharm =
Q2

Q2 +M2
C

,

and

xFν,cp3 (x,Q2) = 2H(x,Q2)Kcharm ×{
ΣiK

vector
i ξ′wqi(ξ

′
w, Q

2)−ΣjKvector
j ξ′wqj(ξ

′
w, Q

2)

}
.

We use the R1998 parametrization [42] for the vector part
of Rncp and Rcp. Because of the suppression of charm
production at low Q2 we assume that the vector and axial
contributions to charm production are equal.

9 Nuclear corrections

In the comparison with neutrino charged-current differ-
ential cross section on an isoscalar iron target, a nuclear
correction for iron targets should be applied. Previously,
we used the following parameterized function, F(x)Fe/D

(a fit to experimental electron and muon scattering data
for the ratio of isoscalar iron to deuterium cross sections,
shown in Fig 9), to convert deuterium structure functions
to (isoscalar) iron structure functions [46];

FFe/D(x) = 1.096− 0.364 x

− 0.278 e−21.94 x + 2.772 x14.417. (38)

However, in this publication we do not use the above nu-
clear corrections for iron since they are a function of x and
include very high Q2 data. We find that the ratio of iron to
deuterium structure function measurements at SLAC and
Jefferson Lab are better described in terms of the target
mass (or Nachtman) variable ξTM . If ξTM is used, then
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Fig. 9. The ratio of F2 data for heavy nuclear targets and
deuterium as measured in charged-leptron scattering experi-
ments(SLAC,NMC, E665). The band show the uncertainty of
the parametrized curve (as a function of x) from the statisti-
cal and systematic errors in the experimental data [46].We do
not use this fit in our analysis. Instead we use another fit that
includes only SLAC and Jefferson Lab data.

the function that describes the iron to deuterium ratios in
the deep inelastic region is also valid in the resonance re-
gion. In addition, since we are interested primarily in low
energy neutrino cross sections we only include SLAC and
Jefferson lab data in our fit. We use the following updated

function FFe/Dupdated(ξTM ).

FFe/Dupdated(ξTM ) = 1.096− 0.38 ξTM

− 0.3 e−23ξTM + 8 ξ15
TM . (39)

Figure 10 shows a comparison of Jefferson lab measure-
ments of the ratio of electron scattering cross sections
on iron to deuterium in the resonance region[47] to data
from SLAC E87[48], SLAC E139[49], SLAC E140[50] and
NMC[51] in the deep inelastic region. The data plotted
versus ξTM are compared to the updated fit Fupdated(ξTM ).
For comparison we also show the ratios as measured in
photoproduction[38] at ξTM = 0.

For the ratio of deuterium cross sections to cross sec-
tions on free nucleons we use the following function ob-
tained from a fit to SLAC data on the nuclear dependence
of electron scattering cross sections [23].

fD/(n+p)(x) = 0.985× (1 + 0.422x− 2.745x2

+ 7.570x3 − 10.335x4 + 5.422x5). (40)

This correction shown in Fig. 11 is only valid in the 0.05 <
x < 0.75 region.

Figures 12 show the measured ratio of structure func-
tions for gold (Au)[50] or lead (Pb)[51] to the structure

Fig. 10. A a comparison of Jefferson lab measurements of the
ratio of electron scattering cross sections on an isoscalar iron
target to deuterium in the resonance region[47] to data from
SLAC E87[48], SLAC E139[49], SLAC E140[50] and NMC[51]
in the deep inelastic region. The data plotted versus ξTM are
compared to the updated fit function Fupdated(ξTM ). For com-
parison we also show the ratio as measured in photoproduc-
tion[38] at ξTM = 0. We use this fit to cross section ratios in
our analysis.

functions for iron (Fe) versus ξTM . Figure 13 shows the
ratio of the structure functions for iron to the structure
functions for carbon versus ξTM .

The gold (and lead) data are described by the function

FAu,Pb
FFe

(ξTM ) = 0.932 + 2.461ξ − 24.23ξ2
TM (41)

+ 101.03ξ3
TM − 203.47 ξ4

TM + 193.85 ξ5
TM − 69.82 ξ6

TM .

The carbon data[50,52] are described by the function

FFe
FC

(ξTM ) = 0.919 + 1.844ξTM − 12.73ξ2
TM

+ 36.89ξ3
TM − 46.77ξ4

TM + 21.22ξ5
TM .(42)

All of these ratios are for structure functions which have
been corrected for the neutron excess in the nucleus and
therefore account for nuclear effects only.

In neutrino scattering, we assume that the nuclear cor-
rection factors for F2, xF3 and 2xF1 are the same. This is
a source of systematic error because the nuclear shadow-
ing corrections at low x can be different for the vector and
axial structure functions. This difference can be accounted
for by assuming a specific theoretical model[44].

9.1 Avoiding double counting of Fermi motion

Note that when the model implemented in neutrino Monte
Carlo generators we must be careful not to double count
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Fig. 11. The total correction for nuclear effects (binding and
Fermi motion) in the deuteron, fD/(n+p)(x) = Fd2 /Fn+p

2 , as a
function of x, extracted from fits to the nuclear dependence of
SLAC F2 electron scattering data. This correction is only valid
for 0.05 < x < 0.75.

the effect of Fermi motion. The above fits include the effect
of Fermi motion at high ξTM . If Fermi motion is applied
to the structure functions, than it is better to assume that
the ratio of iron to deuterium without Fermi motion for
ξTM > 0.65 is equal to the ratio at ξTM = 0.65.

10 d/u correction

The d/u correction for the GRV98 LO PDFs is obtained
from the NMC data for FD2 /FP2 . Here, Eq. 40 is used to
remove nuclear binding effects in the NMC deuterium F2

data. The correction term, δ(d/u) is obtained by keeping
the total valence and sea quarks the same.

δ(d/u)(x) = −0.00817 + 0.0506x+ 0.0798x2, (43)

where the corrected d/u ratio is (d/u)′ = (d/u) + δ(d/u).
Thus, the modified u and d valence distributions are given
by

u′v =
uv

1 + δ(d/u) uv
uv+dv

(44)

d′v =
dv + uvδ(d/u)

1 + δ(d/u) uv
uv+dv

. (45)

The same formalism is applied to the modified u and d
sea distributions. We find that the modified u and d sea
distributions (based on NMC data) also agree with the
NUSEA data in the range of x between 0.1 and 0.4. Thus,
we find that corrections to u and d sea distributions are
not necessary.

Fig. 12. The ratio of F2 data for gold (Au) to F2 data for Iron
(Fe) as measured in charged-leptron scattering experiments in
the deep inelastic region (SLAC E139, SLAC E140) as com-
pared to Jlab data in the resonance region versus the target
mass (or Nachtman) variable ξTM . Also shown is the ratio
of F2 data for lead (Pb) to F2 data for iron (Fe) from the
NMC[51] collaboration. For comparison we also show the ra-
tio of lead to copper cross sections (Pb/Cu) as measured in
photoproduction[38].

11 Axial structure functions F2, and 2xF1

At Q2 = 0 the vector structure function Fν−vector2 is re-
quired to go to zero. In contrast, the axial structure func-
tion Fν−axial2 is not constrained to go to zero at Q2 = 0.
At higher Q2 (>1.5 GeV2) the vector and axial structure
functions should be equal. Since the contribution of the
structure function 2xF1 to the cross section near Q2 = 0
is very small we set

2xFν−axial1 (x,Q2) = 2xFν−vector1 (x,Q2). (46)

The axial contribution at small Q2 is primarily longitudi-
nal and only contributes to F2.

We compare neutrino data to two versions of the model
as shown below.

11.1 Effective LO PDFs Model Type I (vector=axial)

The first version of the model (which we refer to as type
I(A=V)) assumes that the vector and axial components
of the structure function Fν2 are equal at all values of Q2.
i.e.

Fν−axial2 (x,Q2) = Fν−vector2 (x,Q2) (type I). (47)

This is the assumption that has been made in previous
implementations of our model. This assumption underes-
timates the neutrino cross section at low Q2. In contrast,
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Fig. 13. The ratio of F2 data for iron (Fe) to F2 data for
carbon (C) to as measured in charged-leptron scattering in the
deep inelastic region (SLAC E139) as compared to Jlab data
in the resonance region versus the target mass, or Nachtman
variable[28] ξTM . Also shown is the ratio of F2 data for car-
bon to F2 data for iron from the NMC[51] collaboration. For
comparison we also show the ratio of of carbon to copper cross
sections (C/cu) as measured in photoproduction[38].

the assumption that the K axial factors are 1.0 overesti-
mates the cross section. To properly model neutrino in-
teractions propose the Type II (A>V) model described
below.

11.2 Effective LO PDFs model Type II (A>V) (a
better model)

In this version of the model we account for the fact that
the axial and vector structure functions are not equal at
Q2=0 as follows:

Fν−axial2 (x,Q2) = ΣiK
axial
i (Q2)ξwqi(ξw, Q

2)

+ΣjK
axial
j (Q2)ξwqj(ξw, Q

2). (48)

11.2.1 Axial sea

For sea quarks, use use the same axial K factor for all
types of quarks.

Kaxial
sea (Q2) =

Q2 + P axialsea Caxialsea

Q2 + Caxialsea

where P axialsea = 0.55 ± 0.05, and Caxialsea = 0.75 ± 0.25
yielding

Kaxial
sea (Q2) =

Q2 + 0.41

Q2 + 0.75
(type II). (49)

We use 30% of the difference between the cross section pre-
dictions of the Type I (A=V) and Type II (A>V) models
as an estimate of the uncertainty in the axial K factors.

11.2.2 Explanation of the origin of the axial sea

We refer to the non-zero value of the Kaxial
sea at Q2=0 as

the PCAC term in F2. We obtain the parameters P axialsea =
0.55 ± 0.05, and Caxialsea = 0.75 ± 0.25 using the following
relation,

Faxial−sea2 = Fvector−sea2 + FPCAC2 (50)

where FPCAC2 is from the model of Kulagin and Peti[44].
As a check, we note that the CCFR[31] collaboration

has reported on a measurement (via an extrapolation) of
F2 at Q2 = 0. The CCFR value for an iron target (per nu-
cleon) is 0.210±0.02, which is in agreement with our model
prediction Faxial2 (x = 10−5, Q2 = 0)Fe=0.251±0.025. Our
value is obtained using P axialsea = 0.55 ± 0.05 in conjunc-
tion with FGRV 98

2 =0.57 for Q2 = 0.8 GeV2 and x = 10−5

(assuming a nuclear shadowing ratio Fe/D = 0.8.)

11.2.3 Axial valence

For the valence quarks, we note that the following is a
good approximation to the vector K factor.

Kvector
valence(Q

2) ≈ [1−G2
D(Q2)] ≈ Q2

Q2 + 0.18
. (51)

We use a similar form for the axial K factor for valence
quarks.

Kaxial
valence(Q

2) =
Q2 + P axialvalence × 0.18

Q2 + 0.18
(type II). (52)

Where P axialvalence = 0.3 is chosen to get better agreement
with measured high energy neutrino and antineutrino to-
tal cross sections. In summary,

Kaxial
valence(Q

2) =
Q2 + 0.054± 0.009

Q2 + 0.18
(type II), (53)

which implies that the axialK factor for the valence quarks
at Q2 = 0 is 0.3. We use the same axial K factor for the
u and d valence quarks. As mentioned earlier, we assume
2xFaxial1 = 2xFvector1 . This is because the non-zero PCAC
component of Faxial2 at low Q2 is purely longitudinal and
therefore does not contribute to 2xFaxial1 which is purely
transverse.

12 Comparison to inelastic ν and ν cross
sections on nuclear targets

12.1 ν and ν differential cross section data

We compare the model predictions to neutrino differen-

tial cross sections (d
2σν(ν)

dxdy ) on lead (CHORUS [53]) and
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Fig. 14. Same as Fig.15 for energies of 15 and 25 GeV (CCFR
data only).

iron (CCFR [23,54]). We multiply the CHORUS cross sec-
tions by ratio of the nuclear corrections for iron divided by
the nuclear correction for lead, such that both differential
cross sections can be shown on the same plot and com-
pare to the predictions for the neutrino differential cross
sections on iron. The neutrino (antineutrino) differential
cross section is given by:

d2σν(ν)

dxdy
=
G2
FME

π

([
1− y(1 +

Mx

2E
)
]
F2 +

y2

2
(2xF1)

±
[
y − y2

2

]
xF3

)
. (54)
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Fig. 15. The ratio of charged-current neutrino and antineu-
trino differential cross sections d2σ/dxdy on lead from CHO-
RUS [53] (blue points) and CCFR cross sections (red points)
on iron [23,54] to Type II (A>V) default model. The ratios are
shown for energies of 35 and 45 GeV . On the left side we show
the comparison for neutrino cross sections and on the right
side we show the comparsons for antineutrinos. The black line
is the ratio of the predictions of the type I (A=V) model for
which the axial structure functions are set equal to the vector
structure functions, to the predictions of the type II (A>V)
default model. The CHORUS and CCFR data favor the Type
II (A>V) model.
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Fig. 16. Same as Fig.15 for energies of 55 and 65 GeV .

where F2 = Fvector2 + Faxial2 , F1 = Fvector1 + Faxial1 , and
GF /(h̄c)

3 = 1.1663787(6) × 10−5 GeV−2 is the Fermi
coupling constant and (h̄c)2= 0.389 379 3656(48) GeV2

mbarn.
In the comparison we assume that the ratio of neu-

trino structure functions for nucleons bound in a nucleus
to neutrino structure functions free nucleons for neutrinos
is equal to the ratio measured in electron/muon scatter-
ing for F2. We also assume that the nuclear corrections
are the same for the axial and vector part of the structure
functions. This is a source of systematic error because the
nuclear shadowing corrections at low x can be different
for the vector and axial terms (this difference can be ac-
counted for by assuming a specific theoretical model[44]).

The published CHORUS and CCFR differential cross
sections have been corrected for radiative corrections. In
addition, the CHORUS and CCFR data are corrected for
the neutron excess in lead and iron. Consequently, we
compare the CHORUS data to the model prediction for
isoscalar (i.e. equal number of neutrons and protons) lead
and iron targets .

Figures 14-16 show the ratio of charged-current neu-
trino and antineutrino differential cross sections d2σ/dxdy
on lead from CHORUS (blue points) and CCFR cross sec-
tions on iron (red points), to the Type II (A>V) default
model. The ratios are shown for neutrino energies of 15,
25, 35, 45, 55 and 65 GeV. On the left side we show the
comparison for neutrinos and on the right side we show
the comparison for antineutrinos. The black line is the
ratio of the predictions of the type I (A=V) model for
which the axial structure functions are set equal to the
vector structure functions, to the predictions of the Type
II (A>V) default model. The CHORUS and CCFR data
favor the type II (A>V) model.

P axialsea Caxialsea P valencesea

0.55 0.75 0.3

C
low−ν(ν)
axial C

low−ν(ν)
axial

0.436 0.654

Table 3. A summary of the axial parameters for the Type II
(A>V) default model. All parameters are in units of GeV2.

12.2 Modeling ν and ν cross sections in the resonance
region

As mentioned earlier, the KLW
vector factor should be in-

cluded for a better description of electron scattering and
photo-production average cross sections in in the reso-
nance region. For the vector structure functions KLW

vector =

(ν2+Clow−νvector )/ν2 (where Clow−νvector =0.218) as shown in equa-
tion 25.

In order to better describe the low energy neutrino and
antineutrino total cross sections (as discussed below) we
find that the KLW factor for the axial part of the cross
section in the resonance region is larger and is different
for neutrinos and antineutrinos,

K
LW−(ν,ν)
axial =

ν2 + C
low−ν(ν,ν)
axial

ν2

For neutrinos:

C
low−ν(ν)
axial = 0.436.

For antineutrinos

C
low−ν(ν)
axial = 0.654.

A summary of the axial parameters is given in Table 3.
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12.3 Comparisons to ν and ν total cross section
measurements for Eν > 30 GeV

To test the validity of the model we compare the model
predictions for the ν and ν total cross sections to mea-
surements. In the calculation of the neutrino total cross
sections includes the following components.

1. The contributions of the quasielastic (QE) cross sec-
tion and the cross section for the ∆(W < 1.4 GeV )
resonance region are extracted from measurements as
described in section 16.

2. The contribution of the higher resonances 1.4 < W <
1.8 GeV is calculated using our model.

3. The contribution of the inelastic W > 1.8 GeV contin-
uum is calculated using our model.

Eν QE W < 1.4 1.4 < W < 1.8 W > 1.8
GeV GeV GeV GeV

∆(1238) resonances inelastic
3 23.8% 19.7% 31.3% 25.2%
5 16.2% 12.5% 22.2% 48.1%
10 7.2% 6.5% 13.4% 72.8%
40 1.5% 1.6% 6.5% 90.4%

Eν QE W < 1.4 1.4 < W < 1.8 W > 1.8
GeV GeV GeV GeV

∆(1238) resonances inelastic
3 40.7% 27.1% 25.6% 6.6%
5 27.8% 20.8% 33.5% 17.9%
10 15.0% 11.7% 25.2% 48.1%
40 3.1% 3.4% 7.1% 86.4%

Table 4. Percent contributions to the total cross section of
QE, ∆(W < 1.4) GeV, higher resonances 1.4 < W < 1.8 GeV
and inelastic continuum W > 1.8 GeV.

Table 5. Model predictions for σν/E per nucleon (for nucleons
bound in an isoscalar iron target) in units of 10−38 cm2/GeV ,
σν̄/E per nucleon in units of 10−38 cm2/GeV , and the ratio
σν̄/σν for an average neutrino energy of 40 GeV. The pre-
dictions for both the Type I (A=V) and the Type II (A>V)
default models are compared to the averages [3] of all of the
world’s data for energies between 30 and 50 GeV. The axial
parameters for the Type II (A>V) model were tuned to agree
with data.

Type I (A=V) Type II (A>V) World Average
σν /E 0.656 ±0.024 0.674 ±0.024 0.675 ±0.006
σν̄/E 0.311 ± 0.016 0.327 ± 0.016 0.329 ± 0.011
σν̄/σν 0.474 ± 0.012 0.487 ± 0.012 0.485 ± 0.005

The fractional contributions to the total ν and ν cross
section of the QE, ∆(W < 1.4), and higher resonance
1.4 < W < 1.8 regions are shown in Table 4. For neu-
trino and antineutrino energies of 40 GeV the contribu-
tions from the QE, ∆(W < 1.4), and higher resonance

1.4 < W < 1.8 regions small and the cross sections are
dominated by inelastic W > 1.8 GeV continuum. Con-
sequently, comparisons of our predictions to total cross
section measurements at 40 GeV provide a good test of
the modeling of the inelastic continuum.

Table 5 shows comparisons of the Type (A=V) and
Type II (A>V) model predictions for σν/E per nucleon
(in an isoscalar iron nucleus) at average neutrino energy
of 40 GeV to the averages [3] of all of the world’s data.
The axial parameters for the Type II (A>V) model were
tuned to agree with the high energy total cross section
measurements.

12.4 Comparisons to ν and ν total cross section
measurements for Eν < 10 GeV

Because of quark hadron duality and the tuning of param-
eter described in section 12.2 the model also describes the
average cross section in the 1.4 < W < 1.8 GeV reso-
nance region. As shown in Table 4, at an incident energy
of 5 GeV, the contribution of the 1.4 < W < 1.8 GeV res-
onance region is significant. Therefore, comparison of our
model predictions to low energy neutrino cross sections is
a test of our modeling of the cross section in this region.

Figure 17 shows model predictions (per nucleon) for
an isoscalar iron target that contains and equal number
of protons and neutrons compared to measurements. The
top panel is for σν/E, the middle panel is for σν̄/E, and
the bottom panel is for the ratio σν̄/σν as a function of
energy.

The green points are MINOS[3] data, and the blue
points are NOMAD[58,64] σν/E measurments. The yellow
crosses are BNL82[60] data as discussed in section 16. The
MINERvA[13] and T2K[7] are shown in purple and brown,
respectively. The Gargamelle[62–64] and ArgoNeut[12] of
σν̄/E per nucleon are identified. On the ratio plot we also
show the Gargamelle antineutrino σν̄/E at 3 GeV divided
by the NOMAD neutrino σν/E at 4.6 GeV.

The Type II (A>V) red lines are the prediction of the
type II default model. The black lines are the prediction
of the Type (A=V) model for which the axial structure
functions are set equal to the vector structure functions.
The blue lines above 30 GeV are the averages [3] of all of
the world’s data (on isoscalar iron) for energies between 30
and 50 GeV. The axial parameters of the Type II (A>V)
default model were tuned to agree with the total cross
section measurements.

For ν and ν scattering, the Type II (A>V) default
model describes the 1.4 < W < 1.8 GeV resonance region
on average. However if a better resonance model is avail-
able, we suggest that it be used and smoothly matched to
our model at W > 1.8 GeV. Since our model also describes
average cross sections in the 1.4 < W < 1.8 GeV region,
this matching should be continuous. In addition, compar-
isons of another resonance model predictions to our model
in the 1.4 < W < 1.8 GeV region provides an estimate of
the systematic errors associated with the modeling of the
resonances.
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Fig. 17. Model predictions (per nucleon) for an isoscalar iron
target compared to measurements. The top part of the figure is
for σν/E, the middle panel is for σν̄/E, and the bottom panel
is for the ratio σν̄/σν as a function of energy. The green points
are MINOS[3] data, and the blue points are NOMAD[58,64]
σν/E measurments. The yellow crosses are BNL82[60] data as
discussed in section 16. The MINERvA[13] and T2K[7] are
shown in purple and brown, respectively. The Gargamelle[62–
64] and ArgoNeut[12] of σν̄/E per nucleon are identified. On
the ratio plot we also show the Gargamelle antineutrino σν̄/E
at 3 GeV divided by the NOMAD neutrino σν/E at 4.6 GeV.
The axial parameters of the Type II (A>V) model were tuned
to agree with the total cross section data,

13 Systematic errors in the application of the
model

The model predicts neutrino cross sections at the Born
level. Therefore, radiative corrections must be applied to
the model if it is compared to non-radiatively corrected
neutrino or charged-leptron scattering data. In general,
all published charged-leptron scattering data are radia-
tively corrected. Similarly, published neutrino differential
cross sections (e.g. CCFR, CDHSW, CHORUS, NuTeV)
are radiatively corrected, and therefore can be directly
compared to the model.

The model describes all inelastic charged-lepton scat-
tering data and photoproduction on hydrogen and deu-
terium for W > 1.8 GeV at all values of Q2 (and gives
a reasonable average cross section in the resonance re-
gion for W > 1.4 GeV ). Therefore, under the assumption
of CVC, the model describes the vector part of the cross
section in neutrino scattering well. The axial parameters
of the Type II (A>V) default model were tuned to agree
with the total cross section measurements.

Estimates of the systematic error in the total cross
sections in Table 6 were obtained by varying the param-
eters in the model within our estimated uncertainties. in
addition, a rough estimated of the uncertainties can be ob-
tained by writing the differential cross sections in terms of
quark and antiquark distributions. Within the naive quark
parton model, the vector and axial structure functions are
the same i.e. type I (A=V) and the structure functions are
related to the quark distribution by the following expres-
sions:

F2 = 2x[q(x,Q2) + q(x,Q2)]

xF3 = 2[xq(x,Q2)− q(x,Q2)]

We define Qdist(x,Q
2) = 2xq(x,Q2) and Qdist(x,Q

2) =
2xq(x,Q2). We define

QT =

∫ 1

0

2xq(x,Q2)dx

QT =

∫ 1

0

2xq(x,Q2)dx

.
The neutrino (antineutrino) differential cross section

are then given by :

d2σν(ν)

dxdy
=
G2
FME

π

×
([

1− y(1 +
Mx

2E
) +

y2

2

1 +Q2/ν2

1 +R(x,Q2)

]
F2

±
[
y − y2

2

]
xF3

)
. (55)

or

d2σν

dxdy
=
G2
FME

π

(
Qdist(x,Q

2) + (1− y)2Qdist(x,Q
2)

− y2

2

R(x,Q2)

1 +R(x,Q2)
(Qdist +Qdist) (56)

+
[
− Mxy

2E
+

Mxy/E

1 +R(x,Q2)

]
(Qdist +Qdist)

)
.
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and

d2σν

dxdy
=
G2
FME

π

(
Qdist(x,Q

2) + (1− y)2Qdist(x,Q
2)

− y2

2

R(x,Q2)

1 +R(x,Q2)
(Qdist +Qdist) (57)

+
[
− Mxy

2E
+

Mxy/E

1 +R(x,Q2)

]
(Qdist +Qdist)

)
.

Integrating over x and y, the cross sections for neutrino
(anti-neutrino) (at high energy) can then be approximately
expressed in terms of (on average) the fraction antiquarks
fQ = QT /(QT + QT ) in the nucleon, and (on average)
the ratio of longitudinal to transverse cross sections R as
follows:

σ(νN) ≈ G2
FME

π
(Q+Q)

[
(1− fQ) +

1

3
fQ −

1

6

R
(1 +R)

]
,

(58)
and

σ(νN ≈ G2
FME

π
(Q+Q)

[1

3
(1− fQ) + fQ −

1

6

R
(1 +R)

]
.

(59)
With 〈R〉 = 0.3 at low Q2 and 〈fQ〉 = 0.175, we obtain

〈σν̄/σν〉 = 0.487, which is the world’s experimental av-
erage value in the 30-50 GeV energy range. The above
expressions are only approximate. We use the exact ex-
pressions to estimate the systematic errors in the modeling
the cross section originating from uncertainties in R, un-
certainties in fq, uncertainties in the axial K factors, and
overall normalization. These are summarized in Table 6.

Table 6. Sources of systematic error in the predicted inelastic
contribution to the total cross section on iron. The change (pos-
itive or negative) in the neutrino, antineutrino and the σν̄/σν
ratio that originate from a plus one standard deviation change
in the ratio of transverse to longitudinal structure functions
(R), the fraction of antiquarks (fq), the difference between ax-
ial and vector K factors, and the overall normalization of the
structure functions (N).

source change change change change
(error) in σν in σν̄ in σν̄/σν

R +0.1 -1.3% -2.7% -1.4%
fQ +5% -0.4% +0.9% +1.4%

Kaxial −Kvector -30% -0.8% -1.5% -0.7%
Subtotal ±1.6% ±3.2% ±2.1%

N +3% +3% +3% 0
Total ±3.4% ±4.4% ±2.1%

Total σ
Measurements ±0.9% ±3.4% ±1.0%

We estimate the total systematic error in the modeling
of the cross sections on iron for the W > 1.8 GeV region
to be ±3.4% for neutrinos, ±4.4% for antineutrinos, and
±2.1% in the σν̄/σν ratio (for neutrino energies below 50
GeV). The errors are dominated by the PDF normaliza-
tion errors of ±3%. However, since the axial parameters

were tuned to agree with the world’s total cross sections
measurement, the lower uncertainties in these measure-
ments shown in Table 6 may also be taken as the system-
atic error.

The following sources contribute to the systematic er-
ror.

1. Longitudinal structure function: In the analysis we use
the R1998 parametrization. Preliminary results from
the JUPITER Jefferson Lab collaboration indicates
that R for heavy nucleus may be higher by about 0.1
than R for deuterium. Therefore, we use an error of
±0.1 in R to estimate the systematic error in the cross
sections from this source.

2. The antiquark fraction in the nucleon (fq). We esti-
mate an uncertainty of ±5% in the fraction of the sea
quarks at low Q2.

3. We assign a ±3% error in the overall normalization of
the structure functions (N) on iron, partly from the
error in normalization of the SLAC data on deuterium
and partly from the level of consistency of the Fe/D
cross section ratio among the various measurement as
seen in Fig.10.

4. AxialK factors for sea and valence quarks: We use 30%
of the difference between the cross section predictions
of the type I (A=V) and the Type II (A>V) models as
an estimate of the uncertainty in the axial K factors.

5. Charm sea: Since the GRV98 PDFs do not include a
charm sea, the charm sea contribution must be added
separately. This can be implemented either by using a
boson-gluon fusion model, or by incorporating a charm
sea from another set of PDFs. We modeled the contri-
bution of the charm sea using a photon-gluon fusion
model when we compared the predictions to photo-
production data at HERA. If the charm sea contribu-
tion is neglected, the model underestimates the cross
section at very high neutrino energies in the low x and
large ν region. At neutrino energies less than 50 GeV,
the charm sea contribution is very small and can be
neglected.

The following are additional sources of systematic errors
which which are not included in Table 6.

– Nuclear corrections: The model is primarily a model
for the structure functions of free nucleons. Only hy-
drogen and deuterium data are included in the fits.

– However, electron scattering data indicate that nuclear
effects change the shape of the x and Q2 dependence of
the structure functions of bound nucleons. Therefore in
order to predict differential neutrino cross sections on
heavy targets, we assume that the nuclear corrections
are the same for the three structure functions. We also
assume that the corrections are the same for the axial
and vector contributions (and are equal to the nuclear
corrections for F2 as measured in charged-lepton scat-
tering). We also assume that the nuclear corrections
are only a function of ξTM and are independent of Q2.
In general, nuclear corrections can be different for sea
and valence quarks, and also for the longitudinal and
transverse structure functions. Some of the systematic
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error in the modeling of the scattering from nuclear
targets can be reduced when Jefferson Lab data on
the nuclear dependence of R = σL/σT are published.
Other systematic errors in the nuclear corrections can
be reduced by assuming specific theoretical models[44]
to account for the differences in the nuclear corrections
between neutrino and charged-leptron scattering (as a
function of Q2 and x for various nuclear targets).

A B Cv2d Cv2u

0.538 0.305 0.255 0.189

Cdownsea Cupsea Cv1d Cv1u

0.621 0.363 0.202 0.291

Cstrangesea Fvalence N
0.621 [1−G2

D(Q2)] 1.015

Table 7. Parameters from NUINT04 version of the model
which are currently implemented (with GRV98 PDFs) in the
GENIE neutrino event generator. When applicable, all param-
eters are in units of GeV2.

14 Updating the model in neutrino MC
generators

The current (2016) version of the GENIE[18] neutrino gen-
erator is using the NUINT04[16] version of the model. This
early version of the model assumes that the axial structure
functions are the same as the vector structure functions.
As noted earlier, in this update, we refine the model and
also account for the difference between the axial and vec-
tor structure functions at low values of Q2. Table 7 shows
the vector parameters of the NUINT04 version. Implemen-
tation of the 2021 Type II (A>V) default in neutrino MC
generators can be done by updating the NUINT04 model
as follows:

1. The vector parameters in Table 7 should be replaced
by the vector parameters in table 2 (see equation 25).

2. The axial K factors as described in section 11 should
be used for the axial structure functions.

3. Note that when the model implemented in neutrino
Monte Carlo generators we must be careful not to dou-
ble count the effect of Fermi motion. The above fits in-
clude the effect of Fermi motion at high ξTM . If Fermi
motion is applied to the structure functions, than it is
better to assume that the ratio of iron to deuterium
without Fermi motion for ξTM > 0.65 is equal to the
ratio at ξTM = 0.65.

4. The KLW
vector factor should be included for a better

description in the resonance region. Here, KLW
vector =

(ν2 + Clow−νvector )/ν2 (where Clow−νvector =0.218) as shown in
equation 25.

5. The K
LW−(ν,ν)
axial factor should be included for a better

description in the resonance region. Here,

K
LW−(ν,ν)
axial =

ν2 + C
low−ν(ν,ν)
axial

ν2

For neutrinos:

C
low−ν(ν)
axial = 0.436.

For antineutrinos

C
low−ν(ν)
axial = 0.654.

6. The structure function xF3 should be multiplied by
the H(, x,Q2) as described in equations 33 and 36.

7. The sea quark and antiquark contributions should be
increased by 5% as shown in equation 19.

15 Tests of Duality in the for QE and
∆(1238) production

Table 8 shows a comparison of the sum of the measured
σ/E (in units of 10−39 cm2/GeV ) for QE and ∆(W <
1.4) GeV, to the prediction of the Type II (A > V )(=BY
II) model for 1.08 < W < 1.4 GeV. The experimental
errors for the QE and ∆ cross sections are assumed to
be 10%. The experimental cross sections are taken from
Figures 18 and . The model predictions for the integrated
cross section in the 1.08 < W < 1.4 GeV region appears
describe the sum of the QE and the ∆(W < 1.4) GeV
measured cross sections.

Eν QE W < 1.4 1.08 < W < 1.4
GeV GeV GeV Ratio

∆(1238) BY II model BY II/(QE+∆)

3 1.83 1.57 3.72 1.09±0.15
5 1.10 0.92 2.25 1.1±0.16
10 0.53 0.45 1.13 1.16±0.16
40 0.13 0.11 0.30 1.21±0.17

Eν QE W < 1.4 1.08 < W < 1.4
GeV GeV GeV Ratio

∆(1238) BY II model BY II/(QE+∆)

3 1.20 0.80 2.15 1.08±0.15
5 0.81 0.60 1.56 1.11 ±0.16
10 0.46 10.35 0.90 1.11±0.16
40 0.13 0.10 0.27 1.20±0.17

Table 8. Test of Duality: Comparison of the sum of the mea-
sured σ/E (in units of 10−39 cm2/GeV ) for QE and ∆(W <
1.4) GeV, to the prediction of the Type II (A > V )(=BY
II) model for 1.08 < W < 1.4 GeV. The experimental er-
rors for the QE and ∆ cross sections are assumed to be 10%.
The model predictions for the integrated cross section in the
1.08 < W < 1.4 GeV region appears describe the sum of the
QE and the ∆(W < 1.4) GeV measured cross sections.
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Fig. 18. Figure from reference [57]. The total cross sections on
carbon (per nucleon) predicted by GENIE for W < 1.4 GeV
(black points with MC statistical errors) for νµC → (µ−∆++

or ∆+) are shown on the top panel, and for ν̄µC → µ+(∆0 or
∆−) are shown on the bottom panel. The cross sections include
the inelastic continuum for W < 1.4 GeV. The red line and the
green line span the range of experimental measurements of the
cross sections for this region, as investigated in reference [57].
We take the midpoint between the red and green line as the
best estimate of the cross sections for W < 1.4 GeV (color
online).

16 QE cross sections and cross section in the
region of the ∆ resonance (W < 1.4 GeV)

16.1 cross section in the region of the ∆ resonance
(W < 1.4 GeV)

Figure 18 is taken from reference [57]. The total cross sec-
tions on carbon (per nucleon) predicted by GENIE for
W < 1.4 GeV (black points with MC statistical errors)
for νµC → (µ−∆++ or ∆+) are shown on the top panel,
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Fig. 19. Figure from reference [57]. Comparison of predictions
for the νµ, ν̄µ total QE cross section sections from the nom-
inal TE model [57], the ”Independent Nucleon (MA=1.014)”
model, the ”Larger MA (MA=1.3) model”, and the ”QE+np-
nh RPA” MEC model of Martini et al.[61]. We use the TE
model to estimate the QE cross section. The data points are the
measurements of MiniBooNE[8] (gray stars) and NOMAD[58]
(purple circles) (color online).

and for ν̄µC → µ+(∆0 or ∆−) are shown on the bottom
panel. The cross sections include the inelastic continuum
for W < 1.4 GeV. The red line and the green line span the
range of experimental measurements of the cross sections
for this region, as investigated in reference [57]. We take
the midpoint between the red and green line as the best
estimate of the cross sections for W < 1.4 GeV.
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16.2 Neutrino and antineutrino quasielastic cross
sections on nuclei

Figure 19 is taken from reference [57]. Shown are com-
parisons of predictions for the νµ, ν̄µ total QE cross sec-
tion sections from the nominal TE model[57], the ”In-
dependent Nucleon (MA=1.014)” model, the ”Larger MA

(MA=1.3) model”, and the ”QE+np-nh RPA” MEC model
of Martini et al.[61]. The data points are the measure-
ments of MiniBooNE[8] (gray stars) and NOMAD[58] (pur-
ple circles). We use the TE model to estimate the QE cross
section.

17 Appendix: The Adler sum rule

The Adler sum rules are derived from current algebra and
are therefore valid at all values of Q2. The equations below
are for strangeness conserving(sc) processes. These are
related to the PDFs by a factor of cos2θc.

The Adler sum rules for the vector part of the structure
function Wν−vector

2 is given by:

|FV (Q2)|2 +

∫ ∞
ν0

Wν−vector
2n−sc (ν,Q2)dν

−
∫ ∞
ν0

Wν−vector
2p−sc (ν,Q2)dν = 1, (60)

where the limits of the integrals are from pion threshold
ν0 where W = Mπ + MP to ν = ∞. At Q2 = 0, the
inelastic part of Wν−vector

2 goes to zero, and the sum rule
is saturated by the quasielastic contribution |FV (Q2)|2.
Here = Q2/(4M2), and

|FV (Q2)|2 − [GVE(Q2)]2 + τ [GVM (Q2)]2

1 + τ
.

In the dipole approximation we have

GVE(Q2) = GPE(Q2)−GNE (Q2) ≈ GD(Q2) (61)

GVM (Q2) = GPM (Q2)−GNM (Q2) ≈ 4.706 GD(Q2) (62)

GD = 1/(1 +Q2/M2
V )2, (63)

where M2
V = 0.71 GeV 2. Note that in all of the calcu-

lations, we do not use the dipole approximation (we use
BBBA2008 [56] vector and axial form factors).

The Adler sum rule for Wν−axial
2 is given by:

|FA(Q2)|2 +

∫ ∞
ν0

Wν−axial
2n−sc (ν,Q2)dν

−
∫ ∞
ν0

Wν−axial
2p−sc (ν,Q2)dν = 1,

where in the dipole approximation

FA ≈ −1.267/(1 +Q2/M2
A)2

and MA = 1.014 GeV from reference[56].

The Adler sum rule for Wν−vector
1 is given by:

τ |GVM (Q2)|2 +

∫ ∞
ν0

Wν−vector
1n (ν,Q2)dν

−
∫ ∞
ν0

Wν−vector
1p (ν,Q2)dν = 1. (64)

The Adler sum rule for Wν−axial
1 is given by:

(1 + τ)|FA(Q2)|2 +

∫ ∞
ν0

Wν−axial
1n−sc (ν,Q2)dν

−
∫ ∞
ν0

Wν−axial
1p−sc (ν,Q2)dν = 1. (65)

The Adler sum rule for Wν
3 is given by:

2FA(Q2)GVM (Q2) +

∫ ∞
ν0

Wν
3n−sc(ν,Q

2)dν

−
∫ ∞
ν0

Wν
3p−sc(ν,Q

2)dν = 0. (66)

We use the Alder sum rule for Wν−vector
2 to constrain

the form of the Kvector
valence(Q

2) factor for Wν−vector
2 . At low

Q2 we approximate |FV (Q2)|2 by G2
D(Q2), and use the

following K factors for Wν−vector
2 .

Kvector
valence(Q

2) = [1−G2
D(Q2)]

(
Q2 + Cv2

Q2 + Cv1

)
, (67)

where the values of the parameters Cv2d, Cv1d, Cv2u and
Cv1u are obtained from a fit to the charged-leptron scat-
tering and photoproduction data.

With this Kvector
valence(Q

2) factor, the Adler sum rule for
Wν−vector

2 is then approximately satisfied. At Q2 = 0, the
inelastic part of Wν−vector

2 goes to zero, and the sum rule
is saturated by the quasielastic contribution. Note that the
contribution of the ∆(1232) resonance to the Adler sum
rule is negative. Near Q2 = 0 the ∆(1232) contribution is
small in the vector case (since it must be zero at Q2 =
0) and can be neglected. However, for the axial case the
contribution of the ∆(1232)at Q2 = 0 is large and negative
and cannot be neglected.

18 Appendix -Results with GRV94 PDFs

For completeness we describe the early NUINT01 analy-
sis [15] in which we used another modified scaling variable
[32] xw with GRV94 PDFs(instead of GRV98) and sim-
plified K factors. In that analysis we modified the leading
order GRV94 PDFs as follows:

1. We increased the d/u ratio at high x as described in
section 10 (and reference [21]).

2. Instead of the scaling variable x we used the scaling
variable xw = (Q2 + B)/(2Mν + A) (or =x(Q2 +
B)/(Q2 + Ax)). This modification was used in early
fits to SLAC data [33]. The parameter A provides for
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an approximate way to include both target mass and
higher twist effects at high x, and the parameter B
allows the fit to be used all the way down to the pho-
toproduction limit (Q2=0).

3. In addition as was done in earlier non-QCD based
fits [30,31] to low energy data, we multiplied all PDFs
by a factor K=Q2 / (Q2 +C). This was done in order
for the fits to describe low Q2 data in the photoproduc-
tion limit, where F2 is related to the photoproduction
cross section.

4. Finally, we froze the evolution of the GRV94 PDFs at
a value of Q2 = 0.24 (for Q2 < 0.24), because GRV94
PDFs are only valid down to Q2 = 0.23 GeV 2.

A B C χ2/ndf
1.735 0.624 0.188 1351/958

Table 9. Parameters from NUINT01 version of the model
(with GRV94 PDFs). When applicable, all parameters are in
units of GeV2.

In the GRV94 analysis, the measured structure functions
were also corrected for the BCDMS magnetic field sys-
tematic error shift[25] and for the relative normalizations
between SLAC, BCDMS and NMC data [21,22]. The deu-
terium data were corrected for nuclear binding effects [21,
22]. A simultaneous fit to both proton and deuteron SLAC,
NMC and BCDMS data (for x > 0.07) yields the follow-
ing values A=1.735, B=0.624 and C=0.188 GeV2) with
GRV94 LO PDFs (χ2 = 1351/958 DOF). These parame-
ters are summarized in Table 9. Note that for xw the pa-
rameter A accounts for both target mass and higher twist
effects.

In our studies with GRV94 PDFs we used the earlier
Rworld fit [24] for Rncp and Rcp. Rworld is parameterized
by:

Rworld(x,Q2 > 0.35) =
0.0635

ln(Q2/0.04)
θ(x,Q2)

+
0.5747

Q2
− 0.3534

Q4 + 0.09
, (68)

where θ = 1. + 12Q2

Q2+1.0 ×
0.1252

0.1252+x2 . The Rworld function

provided a good description of the world’s data for R at
that time in the Q2 > 0.35 GeV 2 and x > 0.05 region
(where most of the R data are available). However, for
electron and muon scattering and for the vector part of
neutrino scattering the Rworld function breaks down be-
low Q2 = 0.35 GeV 2.

Here, we freeze the function at Q2 = 0.35 GeV2. For
electron and muon scattering and for the vector part of
F1 we introduce a K factor for R in the Q2 < 0.35 GeV2

region. The K factor provides a smooth transition for the
vector R (we use Rvector=Re/µ) from Q2 = 0.35 GeV2

down to Q2 = 0 by forcing Rvector to approach zero at
Q2 = 0 as expected in the photoproduction limit (while
keeping a 1/Q2 behavior at large Q2 and matching to

Rworld at Q2 = 0.35 GeV2).

Rvector(x,Q2 < 0.35) = 3.207× Q2

Q4 + 1

× Rworld(x,Q2 = 0.35).
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