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QCD without factorization
is almost useless*

*I added this sentence after this morning comments, so 
it might be too strong
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Universality

SIDIS
e–e+ to pions

Drell--Yan

KEY RESULT OF QCD
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195 13 53

197 197
no universality!

no factorization!!
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Why TMDs have these 

problems?
1.Gauge links

2.Light-cone divergences 
(see talk by I. Cherednikov)

☞
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Why do we need gauge links?
To make PDFs 

(collinear and TMD)
 gauge invariant 
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ψ(ξ)→ eiα(ξ) ψ(ξ)

U(ξ1, ξ2)→ eiα(ξ1) U(ξ1, ξ2) e−iα(ξ2).

U[a,b] = P exp
[
−ig

∫ b

a
dηµAµ(η)

]

Φij(p, P, S) =
1

(2π)4

∫
d4ξ eip·ξ〈P, S ψ̄̄j(0)U[0,ξ] ψi(ξ) P, S

〉

Φij(p, P, S) =
1

(2π)4

∫
d4ξ eip·ξ〈P, S ψ̄̄j(0)ψi(ξ) P, S

〉

not invariant under

☞

(1 + + + +...)

Monday, 26 April 2010



(a) (b)

(d)(c)

Light-cone gauge
A familiar analogy

?
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Can any path be used?
The shape of the gauge link

 is fixed by the process
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•Gauge links in inclusive DIS

•Gauge links in semi-inclusive DIS and Drell-Yan

•Gauge links in πp to hadrons
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Gauge links in inclusive DIS
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Birth of the gauge link
 (in Feynman gauge)The gauge link 45

P

k − Pk − l − P

q

l

k − l

p − l

k

P

k − Pk − l − P

q

p − l − l′ l l′

(a) (b)

Figure 4.2. Examples of graphs contributing to the gauge link.

The formula for the hadronic tensor closely resembles the one we obtained for inclusive DIS, but
now with the unintegrated correlation function, i.e.

2MWµν(q, P, S , Ph) = 2 Tr
(

Φ(xB, pjT , S ) γµ γ+ γν
)

. (4.13)

Let’s take a look at the first diagram of Fig. 4.2 . We could write it as

2MW (a)µν ∝
∫

dp− d4l Tr
(

γα
/k −/l + m

(k − l)2 − m2 + iε γνΦ
α
A(p, p − l)γµ (/k + m)

)

∣

∣

∣

∣

∣

k=p+q

(4.14)

where we introduced

ΦαAi j(p, p − l) =
∫ d4ξ
(2π)4

d4η
(2π)4 e

ip·ξ eil·(η−ξ)〈P, S ψ̄̄i(0) gAα(η)ψ j(ξ) P, S
〉 (4.15)

so that

2MW (a)µν ∝
∫

dp− dl+ d2 lT
∫ d4ξ
(2π)4

dη− d2ηT
(2π)3 eip·ξei l·(η−ξ)

× 〈P, S |ψ(0)γµγ+γα
/k −/l + m

(k − l)2 − m2 + iε γνgA
α(η)ψ(ξ)|P, S 〉

∣

∣

∣

∣

∣

∣

η+=0
,

(4.16)

where Φα
A
is made explicit, the l− integrations is performed. In the expression after the second

equal sign, it is understood that p+ = x P+.
The quark propagator reads explicitly

i /k −/l + m

(k − l)2 − m2 + iε ≈ i
(/k + m) − γ− l+ −/lT

−2 l+ k− − (kT − lT )2 − m2 + iε
. (4.17)

In the eikonal approximation, we took into consideration only the term k−γ+ in the numerator.
Less obvious is the fact that there is another contribution, namely from the /lT term, which turn out
to be present only at l+ = 0. Let’s start first from the first kind of contribution. We approximate
then the propagator with the standard eikonal propagator, see Eq. (3.12)

i /k −/l + m

(k − l)2 − m2 + iε ≈
i
2
γ+

−l+ + iε . (4.18)

Ji, Yuan, PLB 543 (02);  Belitsky, Ji, Yuan, NPB656 (03)

2MW (a)
µν ∼

∫
d4l

∫
d4η

(2π)4
eil·(η−ξ)〈P, S|ψ(0)γµγ+γα

k/− l/

(k − l)2 + iε
γνgAα(η)ψ(ξ)|P, S〉

i
k/− l/

(k − l)2 + iε
≈ i

k−γ+

−2l+k− + iε
≈ i

2
γ+

−l+ + iε

2MW (a)
µν ∼

∫
dη−

2π

∫
dl+eil+(η−−ξ−) 〈P, S|ψ(0)γµγ+ γ−γ+

2
γν(ig)

A+(η)
−l+ + iε

ψ(ξ)|P, S〉
∣∣∣∣ η+ = ξ+,

ηT = ξT

eikonal approximation

2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ)|P, S〉

∣∣∣∣ η+ = ξ+

ηT = ξT

∣∣∣∣ = 0
= 0
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Birth of the gauge link

2MWµν(q, P, S) ≈
∑

q

e2
q

1
2
Tr

[
Φ(xB , S) γ µγ+γν

]
.

ξ−

ξT

Φ(a)(x, S) ∼
〈
P, S ψ̄̄(0) (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ) P, S

〉

k − l k

−k

k − l

2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ)|P, S〉

compare with:

k − l k

−k

k − l
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Back to familiar analogy

(a) (b)

(d)(c)

(a) (b)

(d)(c)

(a) (b)

(d)(c)

(a) (b)

(d)(c)

(a) (b)

(d)(c)

Light-cone gauge
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Shape of the gauge link

ξ−

ξT

ξ−

ξT

Φ(x, S) ∼
〈
P, S ψ̄̄(0)U[0,∞−] U[∞−,ξ−]ψ(ξ) P, S

〉
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Gauge link
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Gauge link
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Gauge link
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Gauge links in 
semi-inclusive DIS,

 Drell-Yan,
 and e–e+ annihilation
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P

h

q
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First step 
to prove
factorization
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First step 
to prove
factorization

(at leading twist)
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2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ)|P, S〉

∣∣∣∣ η+ = ξ+ = 0
ηT = ξT

2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ)|P, S〉

∣∣∣∣ η+ = ξ+ = 0
ηT = ξT = 0

☞

Inclusive DIS

Semi-inclusive DIS
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Shape of gauge links

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT

ξ−

ξT

pT integrationSIDIS

The “staple” gauge link
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Light-cone divergences problems

ξ−

ξT

fq
1 (x, p2

T ) =
∫

dξ−d2ξT

16π3
eip·ξ〈P |ψ̄q(0)U[0,ξ]γ

+ψq(ξ)|P 〉
∣∣∣∣
ξ+=0

ξ−

ξT

ξ−

ξT

ξ+

fq
1 (x, p2

T , ζ) =
∫

dξ−d2ξT

16π3
eip·ξ〈P |ψ̄q(0)Uζ

[0,ξ]γ
+ψq(ξ)|P 〉

∣∣∣∣
ξ+=0

pT integration

pT integration ?
talk by I. Cherednikov

?
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Final/initial state interactions

P

k − Pk − l − P

k − l

q

q − k

k − l − q

l

P

k − Pk − l − P

q

l

k − l

p − l

k

SIDIS Drell‐Yan
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Gauge link in Drell-Yan

Collins, PLB 536 (02)

2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

−∞−
dη− A+(η) ψ(ξ)|P, S〉

∣∣∣∣∣
η+=0; ηT =ξT

i
k/− l/ + m

(k − l)2 −m2 + iε
≈ i

−(−k)−γ+

2l+(−k)− + iε
≈ i

2
γ+

−l+−iε

k − l k

−k

k − l

2MW (a)
µν ∼

∫
d4l

∫
d4η

(2π)4
eil·(η−ξ)〈P, S|ψ(0)γµγ+γα

k/− l/

(k − l)2 + iε
γνgAα(η)ψ(ξ)|P, S〉

☞

☞
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Shapes of gauge links

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT

Drell‐Yan

ξ−

ξT

ξ−

ξT

pT integration

SIDIS

Collins, PLB 536 (02)
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Collins, PLB 536 (02)
Bomhof, Mulders, Pijlman, PLB 596 (04) 
A.B., Bomhof, Mulders, Pijlman, PRD 72 (05)
Collins, Qiu, PRD 75 (07)
Vogelsang, Yuan, PRD76 (07)

Generalized
Factorization 
(factorization
without 
universality)

Gauge links are 
not always 
identical
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Phenomenological consequences

f⊥1T

∣∣
SIDIS

= −f⊥1T

∣∣
DY

h⊥1
∣∣
SIDIS

= −h⊥1
∣∣
DY

1
−l+ + iε

∣∣∣
SIDIS

1
−l+ − iε

∣∣∣
DY
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[The experimental check of the change of sign] 

would crucially test the factorization 
approach to the description of processes 
sensitive to transverse parton momenta.

Efremov, Goeke, Menzel, Metz, Schweitzer, PLB 612 (05)

”
“

Monday, 26 April 2010
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It is a remarkable and fundamental 
QCD prediction that really tests all 
concepts we know of for analyzing hard-
scattering reactions in strong interactions, and 
it awaits experimental verification.

Bomhof, Mulders, Vogelsang, Yuan, PRD 75 (07)

”
“
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Its experimental verification would be crucial 
to confirm the validity of our 
present conceptual framework for 
analyzing hard hadronic reactions.

A.B., Bomhof, D’Alesio, Mulders, Murgia, PRL 99 (07)

”
“
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Phenomenological consequences

0
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0.1
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sin(!h- !S)q  /MN   UT

y

PAX : p p     µ
+
µ
-
 X
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Fit II
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-1 0 1
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-
    µ

+
µ
-
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Fit II

Figure 5: The azimuthal SSA Asin(φh−φS)q⊥/MN
UT in Drell-Yan lepton pair production, p↑h → µ+µ−X, as function of y: (a)

for the kinematics of the PAX experiment where the hadron h = p̄, (b) for the kinematics of the COMPASS experiment where
h = π−. The different curves correspond to the fits I and II (see Eq. (12)), including the sign-reversal in (1).

where the parton momenta x1/2 in Eq. (15) are fixed in terms of s, Q2 and y,

x1/2 =

√

Q2

s
e±y . (16)

The sums in Eq. (15) run over all quark and antiquark flavours, and we indicate explicitly to which hadron
the distributions refer.

In the PAX experiment antiprotons with a beam energy of 25 GeV could be available, i.e. s = 45 GeV2.
In this kinematics one could explore the region around Q2 = 2.5 GeV2, which is below the region of J/ψ
production, and well above the region of dileptons from Φ(1020)-decays. Taking into account the change of
sign in the Sivers function in DY as compared to SIDIS, see Eq. (1), we obtain the result shown in Fig. 5a.4

We observe that the two fits I and II, which describe the HERMES data of SIDIS equally well, give clearly
distinguishable results in DY. Considering depolarization, detector acceptance and other effects, it might be
difficult to distinguish the effect of the different parameterizations in Eq. (12). However, the asymmetry is
large enough to check unambiguously the QCD prediction of the different sign of the Sivers function in DY
and SIDIS.

In the COMPASS experiment using a π− beam (s = 400 GeV2) one could also measure the asymmetry
(15). In Fig. 5b we show the asymmetry for Q2 = 20 GeV2 using for the pion the parameterization from

Ref. [61]. Although fa/π
1 (x) is far less constrained by data compared to fa/p

1 (x) the result in Fig. 5b is
rather insensitive to the choice of parameterization, and changes very little if we use the pion distributions of
Ref. [62] (consistently in combination with the nucleon distributions from Ref. [53]). We observe a situation,
which is qualitatively and quantitatively similar to the case of DY from pp̄-collisions. Note that we neglected
evolution effects (from Q2

0 = 2.5 GeV2 in Eq. (12) to Q2 = 20 GeV2 in Fig. 5) for the Sivers function.
However, the influence of evolution is presumably much smaller than other uncertainties in our study. Note
that by using the q⊥-weighted SSA we have avoided another serious problem in this context, namely Sudakov
suppression [55], see the remarks in the previous section.

In order to extract quantitative information from the future COMPASS and PAX experiments it is
necessary to go beyond the LO formalism, to consider effects of soft gluons and K-factors, and to study the
role of possible higher twist effects. The corrections due to these effects cannot be expected to be negligible.
However, they are unlikely to be able to change the sign of the asymmetry. Thus, both the COMPASS as
well as the PAX experiment could provide a thorough experimental test of the QCD prediction in Eq. (1).

SSA in DY can also be studied at RHIC in p↑p → µ+µ−X . Since only one proton needs to be polarized
the counting rates would be somehow more sizeable than in the case of double spin asymmetries related to
the transversity distribution ha

1(x) which are, however, small [63]. Moreover, in this case, one is sensitive to
the Sivers antiquark distribution which is not constrained by the HERMES data. We remark that the RHIC
experiment is well suited to learn, e.g., about the Sivers function from SSA in p↑p → πX [3] or the gluon
Sivers function [64, 65].

4The DY asymmetry appears positive like the SIDIS asymmetry at HERMES, despite the change of sign of the Sivers
function due to conventions: In DY we define the z-axis in the direction in which the polarized particle moves. In SIDIS at
HERMES the z-axis is defined in the opposite direction, see Figs. 2a and 2b.

7

Efremov, Goeke, Menzel, Metz, Schweitzer, PLB 612 (05)
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Phenomenological consequences

!0.3

!0.2

!0.1

0

0.1

0.2

0.3

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

π+

π−

Bianconi, Radici, PRD 73 (06)

See talks by S. Melis and Round Table 
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What happens if we don’t find 

the sign change?
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”“ Good tests kill flawed theories. 
We remain alive to guess again.

Karl Popper
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•TMD factorization cannot be used (bad and far-
reaching conclusion)

•SSA must have a different origin probably not 
factorized. Still puts serious doubts on TMD 
factorization.
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Gauge links in πp to hadrons
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πp to hadrons ?
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Can we have 
Generalized
Factorization ?
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Generalized factorization

ξ−

ξT

ξ−

ξT

ξ−

ξT

SIDIS

Drell‐Yan

π p to hadrons
+ several others
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Example of πp  to photon-jet

A.B., D’Alesio, Bomhof, Mulders, Murgia, PRL99 (07)
Ratcliffe, Teryaev, hep-ph/0703293
Boer, Mulders, Pisano, PLB660 (08)

Drell-Yan like
SIDIS like
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Phenomenological consequences

f⊥(1)
1T

∣∣
γ jet

= −N2
c + 1

N2
c − 1

f⊥(1)
1T

∣∣∣
SIDIS
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Phenomenological consequences

A.B., D’Alesio, Bomhof, Mulders, Murgia,PRL99 (07)

Finally, we introduce the vector r? ! K!? " Kj?, and the
angle "# ! #j ##! # $. We focus our attention on the
case in which jr?j $j K!? # Kj?j, i.e., when the photon
and the jet are approximately back-to-back in the trans-
verse plane. We retain only leading-order contributions in
an expansion in jr?j=jK!?j. In particular, this implies that
x!? ! xj? % x?. For comparison’s sake, we will consis-
tently make the same approximation in the generalized
parton model [6].

We now consider the following azimuthal moment [4]
 

M!j
N &%!;%j;x?'!

R
d#jd#!

2jK!?j
M sin&"#'cos&#!' d&

d#jd#!R
d#jd#!

d&
d#jd#!

%#A"B
C

: (3)

We expect the above integral to be dominated by the
small-"# region. Note that a positive value for this mo-
ment means that the sum of the photon and jet transverse
momenta, r?, has a preference to lie on the right side of the
transverse plane (as defined in Fig. 1), i.e., the photon-jet
pair has a preference to go to the right.

In terms of PDFs and partonic hard cross sections, the
denominator of the above moment can be interpreted as

 C ! x?x1x2
X
q
ffg1 &x1'f

q
1&x2'd&̂gq!!q " fq1&x1'

( )f !q
1 &x2'd&̂q !q!!g " fg1 &x2'd&̂qg!!q*g; (4)

where f1 are the unpolarized PDFs and the sum runs over
quarks and antiquarks. The standard partonic cross sections
appearing in Eq. (4) can be obtained from the cut diagrams
of Figs. 2 and 3 and read

 d&̂q !q!!g ! $''Se2q
ŝ2

N2
c # 1

N2
c

!
û
t̂
" t̂

û

"
; (5)

 d&̂qg!!q ! $''Se2q
ŝ2

1

Nc

!
# t̂
ŝ
# ŝ

t̂

"
; (6)

 d&̂gq!!q ! $''Se2q
ŝ2

1

Nc

!
# û

ŝ
# ŝ

û

"
; (7)

 d"&̂q" !q"!!g ! $''Se2q
ŝ2

N2
c # 1

N2
c

&#2'; (8)

where the last term has been included for later use. The
momentum fractions x1 and x2 and the partonic
Mandelstam variables can be expressed as

 x1 !
x?
2
&e%! " e%j'; x2 !

x?
2
&e#%! " e#%j'; (9)

 ŝ!x1x2s; # t̂
ŝ
%y! 1

e%!#%j "1
; # û

ŝ
!1#y: (10)

The contributions A and B in Eq. (3) are given by

 A ! x?x1x2
X
q
)f?&1'gd

1T &x1'fq1 &x2'd&̂&d'
)g*q!!q

" f?&1'gf
1T &x1'fq1 &x2'd&̂

&f'
)g*q!!q " f?&1'q

1T &x1'

( &f !q
1 &x2'd&̂)q* !q!!g " fg1 &x2'd&̂)q*g!!q'*; (11)

 B ! x?x1x2
X
q
hq1&x1'h

?&1' !q
1 &x2'd"&̂q") !q*"!!g; (12)

where the transversity function (h1), and the first transverse
moments of the Sivers function (f?&1'

1T ) and of the Boer-
Mulders function (h?&1'

1 ) [19] appear. Note that there are
two different gluon Sivers functions, corresponding to two
distinct ways to construct color-singlet three-gluon matrix
elements, using the symmetric dabc and antisymmetric
fabc structure constants of SU&3', respectively [20]. The
modified partonic cross sections in the above equations are

FIG. 2. Cut diagrams for qg ! !q scattering.

FIG. 1 (color online). Azimuthal angles involved in the pro-
cess. The vectors K!?, Kj? lie on the plane perpendicular to P1.

FIG. 3. Cut diagrams for q !q ! !g scattering.
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Phenomenological consequences

this kinematical regime. In contrast, the generalized parton
model (dashed line in Fig. 5) predicts the opposite sign.

In conclusion, we have examined the azimuthal moment
M!j

N , defined in Eq. (3), for the process p"p ! ! jet X. We
have shown that in the kinematical regime of large and
positive photon pseudorapidities and negative jet pseudor-
apidities, the moment is dominated by the quark Sivers
function combined with the gluon unpolarized distribution
function. The involved partonic subprocess is qg ! !q.
The two functions have to be convoluted with a gluonic-
pole cross section instead of a standard partonic cross
section, to take into account the presence of past-pointing
and future-pointing Wilson lines arising from gluon inter-
actions with the incoming gluon and the outgoing quark,
respectively. The color structure of QCD implies that the
gluonic-pole cross section for qg ! !q is equal to !5=4
times the standard partonic cross section. This leads to the
robust prediction of a negative sign for the azimuthal mo-
ment M!j

N in the considered kinematical regime, opposite
to the expectation of the generalized parton model, ob-
tained using standard partonic cross sections. The experi-
mental measurement of M!j

N , possible at RHIC, will
therefore be of crucial importance to deepen our present
understanding of single-spin asymmetries.
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FIG. 5 (color online). Prediction for the azimuthal moment
M!j

N at
!!!
s

p " 200 GeV, as a function of "!, integrated over
!1 # "j # 0 and 0:02 # x? # 0:05. Solid line: using gluonic-
pole cross sections. Dashed line: using standard partonic cross
sections. Dotted line: maximum contribution from the gluon
Sivers function (absolute value). Dot-dashed line: maximum
contribution from the Boer-Mulders function (absolute value).
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Tasks for COMPASS

Check effects of 
generalized factorization in Drell-Yan 
(i.e., change of sign in Sivers asymmetry)
and breaking of  TMD factorization 
in πp to jets
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