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Precise determination of 
parton content of proton 

PDFs Currently known  
at level ~ few % for LHC

PRECISION QCD @ LHC

Precision @ the LHC, means (mainly) precision in QCD, in a very dirty environment!

This Talk: focus on  
HARD SCATTERING 

Aim to precision∼ %



HARD SCATTERING IN PERTURBATIVE QFT
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~ O(100%-50%) 
precision 
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Virtual Real

IR divergences 
under control 

CS dipoles, FKS…

+

One-loop 
amplitudes well 
understood!
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THE NLO REVOLUTION (ONE-LOOP VIRTUAL AMPLITUDES)
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3

Unitarity @ 1 loop

Every 1 loop amplitude can be decomposed in boxes, triangles, bubbles and tadpoles

[Ossola, Papadopoulos, Pittau, ’04] 
[Bern Dixon, Kosover, ’05] 
[Ellis, Kunszt, Melnikov, Zanderighi, ’08]

All Master integrals known analytically 
in terms of simple functions: 

logarithms, di-logarithms

Li2(x) = �
Z x

0

ln (1� t)

t
dt
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Multiloop amplitudes are often 
the BOTTLENECK of these 

calculations: 

This Talk! 

A lot of developments…



A NNLO REVOLUTION?

LHC phenomenology had a lot to gain from these developments…

NNLO calculations: the status around the beginning of 2017

THE NNLO STANDARD
NNLO hadron-collider calculations v. time
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

NNLO HADRON-COLLIDER CALCULATIONS VS. TIME 

DY, van Neerven et al.
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

Explosion of calculations 
starting in 2014

2010

2012

2014

2016

2018

2008
20062004

2002

1990

Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al  9

NOT REALLY…

[Slide by L. Cieri]
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Properly modelling LHC processes with high precision requires more external 
particles and massive internal states

top quark processes2 → 3



WHAT WE CANNOT DO (YET…)

Properly modelling LHC processes with high precision requires more external 
particles and massive internal states

top quark processes2 → 3

 production…?!?!? 
A lot of physics potential in 

particular in !!!

tt̄ + X

tt̄H

t

t̄

H



A NNLO REVOLUTION (WHAT WOULD IT REQUIRE)

From the virtual amplitude side, we need a calculation technique that is: 

1. fast (provides numerical results fast) 
2. reliable (provides them reliably over the full interesting phase space) 
3. flexible (easily adaptable to different processes)
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=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)

A NNLO REVOLUTION (WHAT WOULD IT REQUIRE)

Coefficients depend on 
the process considered

Fundamental process-independent 
building blocks: Master Integrals

One way to go about it: standard approach (divide et impera)

Very complicated rational 
functions, hundreds of 
Mbs for complicated 
processes: 

Algebraic Complexity

Very involved special 
functions with 
complicated mathematical 
properties: 

Analytic complexity
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ALGEBRAIC COMPLEXITY

First problem is “getting the integrand”:  

(i.e. whatever expression we need to integrate over the loop momenta) 

 ?= ∑ Feynman Diagrams →

Problems:

Z
ddk

(2⇡)d
1

k2(k � p2)2(k � p2 � p3)2(k � p1 � p2 � p3)2
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➤ Number of diagrams grows factorially (not a 
real problem though, at least for reasonable 
processes in QCD…) 

➤ More serious problem: “tensor decomposition”
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ALGEBRAIC COMPLEXITY

First problem is “getting the integrand”:  

(i.e. whatever expression we need to integrate over the loop momenta) 

 ?= ∑ Feynman Diagrams →

Problems:
➤ Number of diagrams grows factorially (not a 

real problem though, at least for reasonable 
processes in QCD…) 

➤ More serious problem: “tensor decomposition”

Interesting problem: can we exploit simplifications from 4-dimensional 
external states?  -> [Chen ‘19] [Peraro, Tancredi ’19](*) 

(*) Simplify way to extract form factors using ’t Hooft-Veltman scheme
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[Chetyrkin, Tkachov, 1981] 
[Laporta, 2001]

Allow to reduce all integrals to 
Master Integrals



improvement in algorithms

ALGEBRAIC COMPLEXITY

Z Y

l

ddkl
(2⇡)d

Sa1
1 ...Sa�

�

Db1
1 ...Dbt

t
<latexit sha1_base64="lGM4Kt9+stdhfCXgPhEBlQ6qf3s="></latexit><latexit sha1_base64="lGM4Kt9+stdhfCXgPhEBlQ6qf3s="></latexit><latexit sha1_base64="lGM4Kt9+stdhfCXgPhEBlQ6qf3s="></latexit><latexit sha1_base64="lGM4Kt9+stdhfCXgPhEBlQ6qf3s="></latexit>

8
<

:

Sr = ki · pj

Dr = q2r �m2
r

<latexit sha1_base64="u3KX7spFGvmQ/y0tqb3pUlxcV9E="></latexit><latexit sha1_base64="u3KX7spFGvmQ/y0tqb3pUlxcV9E="></latexit><latexit sha1_base64="u3KX7spFGvmQ/y0tqb3pUlxcV9E="></latexit><latexit sha1_base64="u3KX7spFGvmQ/y0tqb3pUlxcV9E="></latexit>

withM`-loops ⇠
<latexit sha1_base64="AfifqWYpPjFK8rW0n+ZDe5xZ530="></latexit><latexit sha1_base64="AfifqWYpPjFK8rW0n+ZDe5xZ530="></latexit><latexit sha1_base64="AfifqWYpPjFK8rW0n+ZDe5xZ530="></latexit><latexit sha1_base64="AfifqWYpPjFK8rW0n+ZDe5xZ530="></latexit>

Once we have the integrand: ⇠ O(10
4
) for a typical two-loop 2 ! 2 process @ LHC

<latexit sha1_base64="088cWOMXZVcXpIF43UizcPkRgmM="></latexit><latexit sha1_base64="088cWOMXZVcXpIF43UizcPkRgmM="></latexit><latexit sha1_base64="088cWOMXZVcXpIF43UizcPkRgmM="></latexit><latexit sha1_base64="088cWOMXZVcXpIF43UizcPkRgmM="></latexit>

Luckily, not all independent        Integration by parts identities (IBPs)

Z Y

l

ddkl
(2⇡)d

 
vµ

@

@kµr

Sa1
1 ...Sa�

�

Db1
1 ...Dbt

t

!
= 0

<latexit sha1_base64="ptM2LotFYgUhxIeRP6ScE2+wU0o="></latexit><latexit sha1_base64="ptM2LotFYgUhxIeRP6ScE2+wU0o="></latexit><latexit sha1_base64="ptM2LotFYgUhxIeRP6ScE2+wU0o="></latexit><latexit sha1_base64="ptM2LotFYgUhxIeRP6ScE2+wU0o="></latexit>

[Chetyrkin, Tkachov, 1981] 
[Laporta, 2001]

Allow to reduce all integrals to 
Master Integrals

Conceptually “simple”, requires enormous computational resources

Unitarity-compatible IBPs Finite-fields based 
techniques

KIRA, [Maierhöfer, Usovitsch, Uwer] [Ita, Abreu, Page, Bosma, Kosower, 
Georgoudis, Larsen, Zhang, Zeng, …] [von Manteuffel, Schabinger] 

FiniteFlow [Peraro]Block-dig system [Guan, Liu et al]



A (VERY) NEW POINT OF VIEW: INTERSECTION THEORY

[Mastrolia, Mizera ’19, Frellesvig et al ’19; Caron-Huot et al ’19]

Master integrals are a basis:  

can we define a scalar product among Feynman integrals? If so, can we use it to project any 
integral on a basis of master integrals?Vector Space Decomposition
2.7 Vector Space Decomposition

⌫ = dimension of the vector space of Feynman integrals

I =
⌫X

i=1

ci Ji (2.45)

Projection

if Ji · Jj = �ij ,

I·Ji = ci , (2.46)

if Ji · Jj = Cij 6= �ij (metric matrix)

X

i,j

I · Jj(C
�1)ji =

⌫X

i,j,k=1

ck Jk · Jj(C
�1)ji =

⌫X

i,j,k=1

ck Ckj(C
�1)ji =

⌫X

i,k=1

ck �ki = ci

Completeness

Plugging back in

I =
X

i,j

I · Jj(C
�1)ji Ji ()

X

i,j

Jj (C
�1)ji Ji = I⌫⇥⌫ (2.47)

The two questions:

1) what is the vector space dimension ⌫ ?

2) what is the scalar product “·” between integrals ?
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Obtained “just” computing 
residues of the relevant 

integrands
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Preliminary interesting results for 
decompositions into masters “without IBPs”  

—> generalisation of 1-loop unitarity? 

Keep an eye on it!

[Mastrolia, Mizera ’19, Frellesvig et al ’19; Caron-Huot et al ’19]

Master integrals are a basis:  

can we define a scalar product among Feynman integrals? If so, can we use it to project any 
integral on a basis of master integrals?

A (VERY) NEW POINT OF VIEW: INTERSECTION THEORY



ANALYTIC COMPLEXITY 
(A.K.A COMPUTING THE INTEGRALS…)



ANALYTIC COMPLEXITY

1p
s(s� 4m2)

ln

 p
s� 4m2 +

p
sp

s� 4m2 �
p
s

!
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~

Feynman integrals are source of analytic structure of the scattering amplitudes

Multivalued functions. Branch-cut structure dictated by causality / unitarity!

Multivalued functions, language of Riemann surfaces…

~
Z 1

4m2

ds0

s0 � s� i✏

1p
s0(s0 � 4m2)
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ANALYTIC COMPLEXITY

Numerical or analytical? 

pro and cons?



ANALYTIC COMPLEXITY

There exist numerical techniques that attempt to define general and flexible strategies 
for the evaluation of Feynman integrals 

➤ Sector decomposition (see S. Jones’ talk)   @ NLO through top loop  

➤ Local subtraction of multiloop amplitudes [Anastasiou, Sterman ’18] 

➤ Application of loop-tree duality [Capatti, Hirschi et al ’19] [Interesting, keep an eye!] 

➤ …

HH , H + jet

Numerical or analytical? 

pro and cons?



ANALYTIC COMPLEXITY

We are discovering how geometry can help simplify our approach to calculation of 
Feynman integrals

Numerical or analytical? 

pro and cons?

Feynman integrals naturally live on (complex) Riemann surfaces

ℐ ∼ ∫
∞

0
∏

j

dxj
𝒰n

ℱm
, 𝒰 , ℱ pol. → y = ℱ(x1, . . , xn)k



Integrate Rational Functions

G(c1, c2, ..., cn, x) =

Z x

0

dt1
t1 � c1

G(c2, ..., cn, t1)

=

Z x

0

dt1
t1 � c1

Z t1

0

dt2
t2 � c2

...

Z tn�1

0

dtn
tn � cn
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Multiple Polylogarithms are born!

EASY CASE: GENUS 0

For the simplest kind of surface: Riemann Sphere —>  genus 0

With complex poles on 
the Riemann sphere



THE ELLIPTIC WORLD: GENUS 1

=
1p

(3m�
p
s)(

p
s+m)3

K

✓
16m3ps

(3m�
p
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p
s+m)3

◆

<latexit sha1_base64="cqE00CXSsL86tQtmED36D2x7CbY="></latexit><latexit sha1_base64="cqE00CXSsL86tQtmED36D2x7CbY="></latexit><latexit sha1_base64="cqE00CXSsL86tQtmED36D2x7CbY="></latexit><latexit sha1_base64="cqE00CXSsL86tQtmED36D2x7CbY="></latexit>

K(x) =

Z 1

0

dzp
(1� z2)(1� x z2)
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The sunrise integral

At two loops, MPLs are not enough -> there is more than rational functions

Complete elliptic integral of 1st kind



It turns out that the geometry associated to an elliptic curve is a complex torus!

THE ELLIPTIC WORLD: GENUS 1

From Genus 0 to Genus 1! 

But apart from the geometry, not much changes conceptually!



ELLIPTIC MULTIPLE POLYLOGARITHMS

G(c1, ..., ck;x) =

Z x

0
dt r(c1, t)G(c2, ..., ck; t) , r(c, t) =

1

t� c
c 2 C
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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Repeating MPLs 
construction on a more 
complicated geometry

A lot of progress in understanding these functions, very exciting!

[Brown, Levin ’11; Adams, Weinzierl ’13,’15; Broedel, Duhr, Dulat, Penante, 
Tancredi ’17,’18,’19; Broedel, Mafra, Matthes, Schlotterer ’15,’16]



MODULAR FORMS AND ALGORITHMS FOR THEIR EVALUATION
A special subset, iterated integrals of modular forms, are now under control !

Of special importance here will be the functions [66] (0  r, s < N),

a(n)
N,r,s(⌧) =

1

2

X

(a,b)2Z2

(a,b) 6=(0,0)

e
�2⇡iar/N cos 2⇡sb

N

(a⌧ + b)n
,

b(n)
N,r,s(⌧) =

1

2i

X

(a,b)2Z2

(a,b) 6=(0,0)

e
�2⇡iar/N sin 2⇡sb

N

(a⌧ + b)n
.

(5.7)

One can show that these functions are always Eisenstein series of weight n for �(N) [60, 66].
Moreover, they form a spanning set of En(�(N)), i.e., every element of En(�(N)) can be
written as a linear combination of the functions in eq. (5.7). Note that they do not form a
basis. The relations between them are however understood [60, 66]. We also mention that
these functions are real whenever ⌧ is purely imaginary [66]. Finally, the Eisenstein series
in eq. (5.7) are closely related to the coefficients g

(n)(z, ⌧) in eq. (3.13). More precisely, we
have the relation (0  r, s < N) [60, 66]

g
(n)

⇣
r

N
+

s

N
⌧, ⌧

⌘
= �

nX

k=0

(�2⇡is)k

k!Nk

h
a(n�k)
N,r,s (⌧) + ib(n�k)

N,r,s (⌧)
i
. (5.8)

The previous equation shows that there is a connection between Eisenstein series for �(N)

and eMPLs evaluated at rational points of the form z = r
N + s

N ⌧ . We know from eq. (4.12)
that the arguments of the eMPLs that appear in f

(2)
8 have this form, with N = 6. Hence

we expect the integral f (2)
8 to be closely connected to Eisenstein series. We review this

connection in the next section.

5.2 Iterated Eisenstein integrals

Consider a set of modular forms fj(⌧) of weight nj for some congruence subgroup of level N .
We define their iterated integral as [67, 68]

I(f1, . . . , fk; ⌧) =

Z ⌧

i1

d⌧
0

2⇡i
f1(⌧

0)I(f2, . . . , fk; ⌧
0) , (5.9)

with I(; ⌧) ⌘ 1. A precise definition of these integrals requires a careful regularisation of
divergences that can appear at the cusp at infinity ⌧

0 = i1, and we refer to ref. [68] for
a detailed discussion. We define the length of I(f1, . . . , fk; ⌧) to be k and the weight is
�k+

Pk
j=1 nj . In the case where all the modular forms fj(⌧) are Eisenstein series, we refer

to the integral in eq. (5.9) as an iterated Eisenstein integral.
In ref. [60] it was shown that whenever an eMPL of weight n is evaluated at rational

points of the form z = r
N + s

N ⌧ , then this eMPL can be expressed as a linear combination
of uniform weight n of iterated Eisenstein integrals of level N . More precisely, we see from
eq. (3.15) that the total differential of a length-k eMPL is given by eMPLs of length k � 1

and one-forms !(n)
ij . If all the arguments of the eMPL are rational, then we can write !(n)

ij in
terms of Eisenstein series using eq. (5.8). Hence, if we assume recursively that the claim is
true for eMPLs up to length k� 1, we see that the total differential of an eMPL of length k
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In applications it is often specific subgroups of SL(2,Z) that are of interest. Particularly
important subgroups are the so-called congruence subgroups of level N , defined by

�0(N) =
n�

a b
c d

�
2 SL(2,Z)

�� c = 0 mod N

o
,

�1(N) =
n�

a b
c d

�
2 SL(2,Z)

�� c = 0 and a = d = 1 mod N

o
,

�(N) =
n�

a b
c d

�
2 SL(2,Z)

�� b = c = 0 and a = d = 1 mod N

o
,

(5.3)

with �(N) ✓ �1(N) ✓ �0(N) ✓ SL(2,Z). Let � be any congruence subgroup of SL(2,Z).
It is clear that H maps onto itself under modular transformations for �. If we consider
the extended upper-half plane H = H [ Q [ {i1}, then � acts separately on H and on
Q [ {i1}. The equivalence classes of Q [ {i1} are called the cusps of � (we recall that ⌧
and ⌧

0 are in the same equivalence class if ⌧ = � · ⌧
0 for some � 2 �). The equivalence class

that contains i1 is called the cusp at infinity. As an example, for � 2 �(1) = SL(2,Z) we
find that � · (i1) = a/c and thus there is a single cusp for �(1), the cusp at infinity. For
any N , the number of cusps of the congruence subgroups of eq. (5.3) is finite.

Our goal is to construct functions that transform nicely under some congruence sub-
group �. A modular function for � is a meromorphic function f : H ! C that is invariant
under �. One can show that every modular function has at least one pole. If we want
to consider holomorphic functions, i.e., functions without poles, then we need to consider
more general transformations. A modular form of weight n for � is a function f : H ! C

that is holomorphic on H and at the cusps of � such that

f (� · ⌧) = (c⌧ + d)nf(⌧) , � =
�
a b
c d

�
2 � . (5.4)

Let N be the smallest integer such that �(N) ✓ �. Then translations by N are generated
by TN =

�
1 N
0 1

�
and so modular forms in � are N -periodic. In particular, this implies that

modular forms of level N admit a Fourier expansion of the form

f(⌧) =
1X

m=0

ame
2⇡im⌧

N =
1X

m=0

amq
m
N , (5.5)

where q = exp(2⇡i⌧) and qN = q
1
N , and we used the fact that f(⌧) is holomorphic at

⌧ ! i1 to start the summation at m = 0. This Fourier expansion is called the q-expansion
of the modular form f(⌧).

Let us denote by Mn(�) the vector space generated by all modular forms of weight n

for �. One can show that Mn(�) is always finite-dimensional. Moreover, Mn(�) admits a
direct sum decomposition

Mn(�) = Sn(�)� En(�) . (5.6)

Here Sn(�) denotes the space of cusp forms of weight n, i.e., the modular forms of weight
n that vanish at all cusps of �. Its complement En(�) is the space of Eisenstein series. The
Eisenstein series are of particular interest when working with eMPLs, and so we discuss
them in detail in the remainder of this section.
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MODULAR FORMS AND ALGORITHMS FOR THEIR EVALUATION
A special subset, iterated integrals of modular forms, are now under control !

Analytic results for the rho-parameter in the Standard Model

(1) (2) (3) (4) (5)

(6) (7) (8) (9) (10)

Figure 1: Master integrals for the family of integrals defined in eq. (2.5). Dots denote
squared propagators, blue (thick) lines denote propagators with mass m2

1, green (thin) lines
denote propagators with mass m

2
2, and dashed lines denote massless propagators.

It is convenient to work with the following basis of master integrals:

f1(t) = ✏
3(m2

1)
3✏
J0,2,0,2,0,2 ,

f2(t) = ✏
3(m2

1)
3✏
J2,0,0,2,0,2 ,

f3(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,1,2,0,1 ,

f4(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,2,1,1,0 ,

f5(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,1,2,1,0 ,

f6(t) = ✏
3 (✏� 1) (m2

1)
3✏
J2,0,2,0,1,1 ,

f7(t) = ✏
3 (✏� 1) (m2

1)
3✏
m

2
2J2,1,1,0,1,2 ,

f8(t) = (m2
1)

�2+3✏
J1,1,0,1,0,1 ,

f9(t) = (m2
1)

�1+3✏
J1,2,0,1,0,1 ,

f10(t) = ✏
4(1� ✏)(1� 2✏)(m2

1)
3✏
J1,1,1,1,1,1 .

(2.10)

We have normalised all master integrals to be dimensionless, i.e., the functions fi only
depend on t.

An efficient way to compute the master integrals is to use differential equations [3, 49–
52]. The master integrals f1 through f7 satisfy a system of differential equations in so-called
canonical form [53]:

@tfa = ✏
(A0)ak

t
fk + ✏

(A1)ak
t� 1

fk , 1  a, k  7 . (2.11)

A0 and A1 are matrices of integer numbers, which we give explicitly in Appendix A. The
canonical form of the differential equation in eq. (2.11) makes it manifest that the functions
(f1, . . . , f7) can be expressed in terms of a well-studied class of special functions called
multiple polylogarithms (MPLs) [1, 54]:

G(a1, · · · , an;x) =

Z x

0

du

u� a1
G(a2, · · · , an;u) , G(;x) = 1, an 6= 0 . (2.12)
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Figure 2: Three-loop corrections to the ⇢ parameter, for Nc = 3, CF = 4/3 and nl = 4

massless quarks, as a function of t = m
2
2/m

2
1 which we vary between 0 and 1.

9 Conclusion

In this paper we have presented for the first time fully analytic results in terms of eMPLs
and iterated Eisenstein integrals for the three-loop corrections to the ⇢ parameter in the SM
with two massive quark flavours. This computation was originally considered as an expan-
sion in the ratio of the quark masses in ref. [44]. An important ingredient in our calculation
is the realisation that the homogeneous second-order differential operator appearing in this
computation is identical to the differential operator that appears in the computation of the
well-known sunrise graph. As a consequence, all integrals can be expressed in terms of the
exact same class of functions as the sunrise graph, which are also well-studied functions in
pure mathematics. We can draw upon the knowledge of these functions to analytically con-
tinue them using tools and algorithms developed for the sunrise graph. This distinguishes
our computation from the results of refs. [45, 46], where a novel class of special functions
was introduced for the same class of integrals.

Besides ref. [73], our computation is only the second time that iterated integrals of
modular forms have been used to obtain fully analytic results for a complete physical
observable. We believe that the techniques that we have used in our computation can have
an impact also on the computation of other physical observables, and that they pave the
way for obtaining more results involving this class of special functions.
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Of special importance here will be the functions [66] (0  r, s < N),

a(n)
N,r,s(⌧) =

1

2

X

(a,b)2Z2

(a,b) 6=(0,0)

e
�2⇡iar/N cos 2⇡sb

N

(a⌧ + b)n
,

b(n)
N,r,s(⌧) =

1

2i

X

(a,b)2Z2

(a,b) 6=(0,0)

e
�2⇡iar/N sin 2⇡sb

N

(a⌧ + b)n
.

(5.7)

One can show that these functions are always Eisenstein series of weight n for �(N) [60, 66].
Moreover, they form a spanning set of En(�(N)), i.e., every element of En(�(N)) can be
written as a linear combination of the functions in eq. (5.7). Note that they do not form a
basis. The relations between them are however understood [60, 66]. We also mention that
these functions are real whenever ⌧ is purely imaginary [66]. Finally, the Eisenstein series
in eq. (5.7) are closely related to the coefficients g

(n)(z, ⌧) in eq. (3.13). More precisely, we
have the relation (0  r, s < N) [60, 66]

g
(n)

⇣
r

N
+

s

N
⌧, ⌧

⌘
= �

nX

k=0

(�2⇡is)k

k!Nk

h
a(n�k)
N,r,s (⌧) + ib(n�k)

N,r,s (⌧)
i
. (5.8)

The previous equation shows that there is a connection between Eisenstein series for �(N)

and eMPLs evaluated at rational points of the form z = r
N + s

N ⌧ . We know from eq. (4.12)
that the arguments of the eMPLs that appear in f

(2)
8 have this form, with N = 6. Hence

we expect the integral f (2)
8 to be closely connected to Eisenstein series. We review this

connection in the next section.

5.2 Iterated Eisenstein integrals

Consider a set of modular forms fj(⌧) of weight nj for some congruence subgroup of level N .
We define their iterated integral as [67, 68]

I(f1, . . . , fk; ⌧) =

Z ⌧

i1

d⌧
0

2⇡i
f1(⌧

0)I(f2, . . . , fk; ⌧
0) , (5.9)

with I(; ⌧) ⌘ 1. A precise definition of these integrals requires a careful regularisation of
divergences that can appear at the cusp at infinity ⌧

0 = i1, and we refer to ref. [68] for
a detailed discussion. We define the length of I(f1, . . . , fk; ⌧) to be k and the weight is
�k+

Pk
j=1 nj . In the case where all the modular forms fj(⌧) are Eisenstein series, we refer

to the integral in eq. (5.9) as an iterated Eisenstein integral.
In ref. [60] it was shown that whenever an eMPL of weight n is evaluated at rational

points of the form z = r
N + s

N ⌧ , then this eMPL can be expressed as a linear combination
of uniform weight n of iterated Eisenstein integrals of level N . More precisely, we see from
eq. (3.15) that the total differential of a length-k eMPL is given by eMPLs of length k � 1

and one-forms !(n)
ij . If all the arguments of the eMPL are rational, then we can write !(n)

ij in
terms of Eisenstein series using eq. (5.8). Hence, if we assume recursively that the claim is
true for eMPLs up to length k� 1, we see that the total differential of an eMPL of length k
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In applications it is often specific subgroups of SL(2,Z) that are of interest. Particularly
important subgroups are the so-called congruence subgroups of level N , defined by

�0(N) =
n�

a b
c d

�
2 SL(2,Z)

�� c = 0 mod N

o
,

�1(N) =
n�

a b
c d

�
2 SL(2,Z)

�� c = 0 and a = d = 1 mod N

o
,

�(N) =
n�

a b
c d

�
2 SL(2,Z)

�� b = c = 0 and a = d = 1 mod N

o
,

(5.3)

with �(N) ✓ �1(N) ✓ �0(N) ✓ SL(2,Z). Let � be any congruence subgroup of SL(2,Z).
It is clear that H maps onto itself under modular transformations for �. If we consider
the extended upper-half plane H = H [ Q [ {i1}, then � acts separately on H and on
Q [ {i1}. The equivalence classes of Q [ {i1} are called the cusps of � (we recall that ⌧
and ⌧

0 are in the same equivalence class if ⌧ = � · ⌧
0 for some � 2 �). The equivalence class

that contains i1 is called the cusp at infinity. As an example, for � 2 �(1) = SL(2,Z) we
find that � · (i1) = a/c and thus there is a single cusp for �(1), the cusp at infinity. For
any N , the number of cusps of the congruence subgroups of eq. (5.3) is finite.

Our goal is to construct functions that transform nicely under some congruence sub-
group �. A modular function for � is a meromorphic function f : H ! C that is invariant
under �. One can show that every modular function has at least one pole. If we want
to consider holomorphic functions, i.e., functions without poles, then we need to consider
more general transformations. A modular form of weight n for � is a function f : H ! C

that is holomorphic on H and at the cusps of � such that

f (� · ⌧) = (c⌧ + d)nf(⌧) , � =
�
a b
c d

�
2 � . (5.4)

Let N be the smallest integer such that �(N) ✓ �. Then translations by N are generated
by TN =

�
1 N
0 1

�
and so modular forms in � are N -periodic. In particular, this implies that

modular forms of level N admit a Fourier expansion of the form

f(⌧) =
1X

m=0

ame
2⇡im⌧

N =
1X

m=0

amq
m
N , (5.5)

where q = exp(2⇡i⌧) and qN = q
1
N , and we used the fact that f(⌧) is holomorphic at

⌧ ! i1 to start the summation at m = 0. This Fourier expansion is called the q-expansion
of the modular form f(⌧).

Let us denote by Mn(�) the vector space generated by all modular forms of weight n

for �. One can show that Mn(�) is always finite-dimensional. Moreover, Mn(�) admits a
direct sum decomposition

Mn(�) = Sn(�)� En(�) . (5.6)

Here Sn(�) denotes the space of cusp forms of weight n, i.e., the modular forms of weight
n that vanish at all cusps of �. Its complement En(�) is the space of Eisenstein series. The
Eisenstein series are of particular interest when working with eMPLs, and so we discuss
them in detail in the remainder of this section.
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Figure 5. Kite integral with three internal massive propagators with masses m1, m2 and m3.

in D = 2� 2✏. A simpler version of this integral, when all three internal masses have the

same value m1 = m2 = m3 = m, has been computed in the literature in terms of iterated

integrals over products of elliptic integrals and polylogarithms [31] or modular forms [35], in

terms of elliptic generalisations of polylogarithms [35] and finally, more recently, in terms

of the eMPLs considered here [52]. We consider here the more general case with three

di↵erent internal masses. We encode the kinematic dependence is the three dimensionless

ratios

ai = �m
2
i

p2
, i = 1, 2, 3 . (5.2)

We compute the kite integral in the region 0 < p
2
< min(m2

1,m
2
2,m

2
3). The branch points

are complex and given by

~a =
�
a�, a

⇤
�, a+, a

⇤
+

 
, (5.3)

where

a� =
�� +

p
��(↵� + ��)

2(1 + a3)3
, a+ =

�+ � i

p
�+(↵+ + �+)

2(1 + a3)3
,

�+ =
⇣
(
p
a3 � i)2 � a1 + a2

⌘
(
p
a3 � i) (

p
a3 + i)3 ,

�� =
⇣
(
p
a3 + i)2 � a1 + a2

⌘
(
p
a3 � i)3 (

p
a3 + i) ,

↵+ = �2a1
⇣
a2 + (

p
a3 � i)2

⌘
, ↵� = �2a1

⇣
a2 + (

p
a3 + i)2

⌘
, (5.4)

�+ = a
2
1 +

⇣
a2 � (

p
a3 � i)2

⌘2
, �� = a

2
1 +

⇣
a2 � (

p
a3 + i)2

⌘2
,

�+ = � (
p
a3 � i)2 (

p
a3 + i)6 , �� = (

p
a3 � i)6 (

p
a3 + i)2 .

As in the previous applications for three-point functions, the kite integral can be computed

in terms of a pure combination of eMPLs of uniform weight three. In order to arrive at

the final expressions, we make use of the following relations valid for the kinematic region
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p1

p2

Z ′m

m

Figure 1: Feynman diagram for the annihilation of a pair of massless fermions with the
exchange of two massive quanta with equal mass m. The thin lines represent the massless
fermions, while the thick lines represent the massive quanta. The outgoing dashed line
represents the probe (for instance a Z ′).

4 Reduction to Master Integrals

By standard decomposition into invariant form factors and rotation of the scalar products,
one can show that the computation of the two equal-mass crossed ladder diagram (see fig. 1)
is equivalent to the computation of the following independent scalar amplitudes:

F (n1, n2, n3, n4, n5, n6, s) =

∫

Sr

P n1

1 P n2

2 P n3

3 P n4

4 P n5

5 P n6

6

DDk1DDk2, (16)

where D is the space-time dimension, the scalar product is defined as

a · b ≡ !a ·!b − a0 b0, (17)

the loop measure is

DDk ≡
1

Γ(3−D/2)

dDk

4πD/2
, (18)

with Γ(z) the Euler Gamma function. We consider a routing of the loop momenta kµ
1 and

kν
2 which results in the following denominators:

P1 = k2
1 + m2, (19)

P2 = k2
2 + m2, (20)

P3 = (p1 − k1)
2 , (21)

P4 = (p2 − k2)
2 , (22)

P5 = (p1 − k1 + k2)
2 , (23)

P6 = (p2 + k1 − k2)
2 , (24)

and the following irreducible numerator (scalar product):

S = p2 · k1 . (25)

The indices of the denominators are assumed to be all positive2, ni > 0 while the index of
the scalar product can be positive or zero, r ≥ 0.

2 If ni ≤ 0 for some i we have a sub-topology in which line i is shrinked to a point.

5

H form factor at 3 loopsttb + X processes

Kite integral (self-energies…) EW form factorQCD with top quarks

Iterated integrals of elliptic type are crucial for high precision calculations in the 
Higgs and top sectors !

TOWARDS HIGGS AND TOPS



CONCLUSIONS

➤ NNLO (and sometimes N3LO) calculations require evaluation of multiloop 
scattering amplitudes in the standard model 

➤ In spite of impressive developments, most  processes remain out of reach 
because of the complexity of the relevant scattering amplitudes 

➤ Complexity of two types: Algebraic and Analytic 

➤ New techniques being developed to handle this complexity: Finite fields + 
unitarity for algebraic complexity and a new geometrical point of view for analytical 
complexity 

➤ Pheno for  processes @ NNLO start being within reach… 

Stay tuned!

2 → 3

2 → 3
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