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!eV M⊙

Massive Compact Halo Objects (MACHOs)

• primordial black holes      
    from inflationary perturbations

• axion miniclusters         
    from QCD phase transition



4

Primordial Black Hole Abundance
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Primordial Black Hole Abundance

microlensing 
in the Milky Way or Local group 
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Diffractive Lensing (femto-lensing)

Femto-lensing
       GRBs
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Diffractive Lensing (nano-lensing)

nano-lensing
       FRBs
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Diffractive Lensing (unresolved images)

8

Cosmological Distance



Diffractive Lensing (unresolved images)
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Femtolensing (unresolved images)
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θ  ~  femto-arcsec
r±  ~ θ × Gpc ~ 107 cm
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Interference
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∆φ = ω δt ~ O(1)

δt ~ MeV⁻¹  -  keV⁻¹ 

GRB

|A+ B|2 / 1 +O(1) cos(��)
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Previous Work with Fermi GBM
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Previous work with Fermi GBM

[A. Barnacka, J. Glicenstein and R. Moderski, PRD 2012]



• the limit of geometric optics  (?)   
 
 
but interference  

• sources should be point-like (?)  
 
( source size in the lens plane)  ≪ RE  ~ 107 - 108 cm 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Assumptions

Here we have also introduced a new quantity �t0 which is a typical time delay between
different images in the geometric optics picture. Note that this definition of the dimensionless
frequency is completely generic and we are going to use it also for extended mass distributions
in section 2.4. For point-like lenses, however, eq. (2.10) simplifies to

⌦ ⌘ 4GM(1 + z
L

)

c3
! . (2.11)

Equation (2.9) clearly depends on the photon energy ! and varies between a maximum and
minimum value as a function of !. Therefore a signal of femtolensing would be an oscillatory
pattern of interference fringes in the otherwise smooth GRB spectrum.

Let us list the conditions required for the validity of the above formulas.

1. The limit of geometric optics should be applicable.3 This is the case as long as

!�t0 � 1 (2.12)

(see section 2.2 for details). In the case of a point-like lens, this reduces (up to a factor
4⇡(1 + z

L

)) to the condition that the photon wave length should be much smaller than
the Schwarzschild radius R

s

of the lens. Note, however, that this does not mean that
the Schwarzschild radius can be interpreted as the effective radius of the lens, because
the typical deflection distance of the photons is R

E

rather than R
s

. Moreover, the
relation eq. (2.12) to the Schwarzschild radius is something very peculiar to point-like
lenses and does not hold for more general mass distributions. A simple estimate shows
that the inequality (2.12) breaks down for M . 10

�15M� for a gamma ray energy
of E ⇠ 100 keV, essentially invalidating the geometric optics approach in most of the
parameter space that is relevant for femtolensing. The breakdown of the geometric
optics approximation does not imply the absence of an observable femtolensing effect.
It does, however, mean that a full wave optics computation is necessary (see section 2.2).

2. The source should be point-like in the plane of the lens. The signals from different
points of the source add up incoherently, and the condition that this does not wash out
the interference fringes is

�
y

. 1

⌦

, (2.13)

where �
y

is the angular size of the source normalized to ✓0. This condition can be
easily derived from eq. (2.9). Since interference fringes can only be observed if ⌦ & 1,
condition (2.13) also implies that the size of the source projected on the lens plane
should be smaller than the Einstein radius for point-like lenses (✓0 for extended lenses).
As we will see later, this condition is never fully satisfied for femtolensing of GRBs. At
best, the projected size of the source can be comparable to the Einstein radius, so that
finite size effects can never be neglected. Note also that the constraint on the size of
the source is stricter for higher frequencies/energies. Therefore, as the size of the source
increases, the interference fringes will first disappear at high frequencies.

3. The source emission must be coherent over timescale of the time delay, eq. (2.1). Usually
this condition is easily satisfied because it merely requires a detector with sufficient

3We are grateful to Juan Garcia-Bellido for pointing out to us the importance of wave optics effects.
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!�t0 ⇠ 1
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Extended Sources
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Figure 2. Dependence of magnification on the size of the source. Here �y is the angular size of
the source in units of the Einstein angle, see eq. (2.17). The dimensionless frequency ⌦ is defined in
eq. (2.11). The lens is assumed to be point-like.

where W (y;�
y

) is a window function that describes the intensity profile of the emission and
µ(~y;⌦) is the magnification for a point-like source, see eqs. (2.14), (2.15). In principle W (~y)
can be any well-behaved function that acts as a mask of size �

y

. We choose it to be a Gaussian,

W (y;�
y

) = e�|~y�~y0|2/2�2
y . (2.19)

Hereafter, we will use ~y0 to denote the location of the center of the emission. For Gaussian
W (y;�

y

) and a radially symmetric lens, the weighted magnification reads

µ̄ =

e�y

2
0/2�

2
y

�2
y

Z 1

0
dy y e�y

2
/2�2

y I0

✓
y0 y

�2
y

◆
µ(y;⌦) (2.20)

where I0(x) is the modified Bessel function of the first kind.
We illustrate the effect of the non-zero source size in fig. 2. Clearly, the effect is mild

for �
y

⌧ 1, however even for these values of the emission size the oscillations in energy space
are damped at high frequencies. As the emission size grows, oscillations are damped more
strongly, until they eventually disappear at �

y

⇠ 1.
Interestingly, we observe that, even at large emission size �

y

& 1, the asymptotic µ̄
at high frequency is larger than the value of µ̄ at low frequency. That is, even though
the interference fringes are washed out, a smooth step-like feature survives. This can be
understood as follows. At ⌦ ! 1 the point-source magnification µ(y;⌦) is well described
by the geometric optics expression (2.9). It quickly oscillates as a function of y and can be
replaced in the integral (2.20) by its mean value,

µ(y;⌦) 7! y2 + 2

y
p

y2 + 4

. (2.21)

– 8 –

y: source position/rE 
σy: source size/rE
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where W (y;�
y

) is a window function that describes the intensity profile of the emission and
µ(~y;⌦) is the magnification for a point-like source, see eqs. (2.14), (2.15). In principle W (~y)
can be any well-behaved function that acts as a mask of size �

y

. We choose it to be a Gaussian,

W (y;�
y

) = e�|~y�~y0|2/2�2
y . (2.19)

Hereafter, we will use ~y0 to denote the location of the center of the emission. For Gaussian
W (y;�

y

) and a radially symmetric lens, the weighted magnification reads

µ̄ =

e�y

2
0/2�

2
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dy y e�y

2
/2�2

y I0

✓
y0 y

�2
y

◆
µ(y;⌦) (2.20)

where I0(x) is the modified Bessel function of the first kind.
We illustrate the effect of the non-zero source size in fig. 2. Clearly, the effect is mild

for �
y

⌧ 1, however even for these values of the emission size the oscillations in energy space
are damped at high frequencies. As the emission size grows, oscillations are damped more
strongly, until they eventually disappear at �

y

⇠ 1.
Interestingly, we observe that, even at large emission size �

y

& 1, the asymptotic µ̄
at high frequency is larger than the value of µ̄ at low frequency. That is, even though
the interference fringes are washed out, a smooth step-like feature survives. This can be
understood as follows. At ⌦ ! 1 the point-source magnification µ(y;⌦) is well described
by the geometric optics expression (2.9). It quickly oscillates as a function of y and can be
replaced in the integral (2.20) by its mean value,

µ(y;⌦) 7! y2 + 2

y
p

y2 + 4

. (2.21)

– 8 –

y: source position/rE 
σy: source size/rE

σy  = 0.1
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where W (y;�
y

) is a window function that describes the intensity profile of the emission and
µ(~y;⌦) is the magnification for a point-like source, see eqs. (2.14), (2.15). In principle W (~y)
can be any well-behaved function that acts as a mask of size �

y

. We choose it to be a Gaussian,

W (y;�
y

) = e�|~y�~y0|2/2�2
y . (2.19)

Hereafter, we will use ~y0 to denote the location of the center of the emission. For Gaussian
W (y;�

y

) and a radially symmetric lens, the weighted magnification reads

µ̄ =

e�y

2
0/2�

2
y

�2
y

Z 1

0
dy y e�y

2
/2�2
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✓
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where I0(x) is the modified Bessel function of the first kind.
We illustrate the effect of the non-zero source size in fig. 2. Clearly, the effect is mild

for �
y

⌧ 1, however even for these values of the emission size the oscillations in energy space
are damped at high frequencies. As the emission size grows, oscillations are damped more
strongly, until they eventually disappear at �

y

⇠ 1.
Interestingly, we observe that, even at large emission size �

y

& 1, the asymptotic µ̄
at high frequency is larger than the value of µ̄ at low frequency. That is, even though
the interference fringes are washed out, a smooth step-like feature survives. This can be
understood as follows. At ⌦ ! 1 the point-source magnification µ(y;⌦) is well described
by the geometric optics expression (2.9). It quickly oscillates as a function of y and can be
replaced in the integral (2.20) by its mean value,

µ(y;⌦) 7! y2 + 2

y
p

y2 + 4

. (2.21)

– 8 –

y: source position/rE 
σy: source size/rE

σy  = 1.0
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where W (y;�
y

) is a window function that describes the intensity profile of the emission and
µ(~y;⌦) is the magnification for a point-like source, see eqs. (2.14), (2.15). In principle W (~y)
can be any well-behaved function that acts as a mask of size �

y

. We choose it to be a Gaussian,

W (y;�
y

) = e�|~y�~y0|2/2�2
y . (2.19)

Hereafter, we will use ~y0 to denote the location of the center of the emission. For Gaussian
W (y;�

y

) and a radially symmetric lens, the weighted magnification reads

µ̄ =
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2
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0
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where I0(x) is the modified Bessel function of the first kind.
We illustrate the effect of the non-zero source size in fig. 2. Clearly, the effect is mild

for �
y

⌧ 1, however even for these values of the emission size the oscillations in energy space
are damped at high frequencies. As the emission size grows, oscillations are damped more
strongly, until they eventually disappear at �

y

⇠ 1.
Interestingly, we observe that, even at large emission size �

y

& 1, the asymptotic µ̄
at high frequency is larger than the value of µ̄ at low frequency. That is, even though
the interference fringes are washed out, a smooth step-like feature survives. This can be
understood as follows. At ⌦ ! 1 the point-source magnification µ(y;⌦) is well described
by the geometric optics expression (2.9). It quickly oscillates as a function of y and can be
replaced in the integral (2.20) by its mean value,

µ(y;⌦) 7! y2 + 2

y
p

y2 + 4

. (2.21)
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y: source position/rE 
σy: source size/rE

σy  = 2.0
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Size of Gamma Ray Burst

• Short GRB: NS and NS merge  
 
 
 

• the estimated size  
 
 

• 1011 cm ≫ 108 cm  

• The GRB size have some distribution

where � ⌘ �
1� (v/c)2

��1/2 and we have taken into account the cosmological redshift of the
source. Due to the relativistic beaming effect, we have ✓obs ⇠ 1/� . Combining this with
eqs. (A.1) and (A.2) one obtains the estimate

a
S

⇠ c� tvar

1 + z
S

' 10

11 cm
1 + z

S

⇥
✓

tvar

0.03 sec

◆✓
�

100

◆
. (A.3)

The minimal variability time scales for various GRBs have been determined in ref. [62].
They lie within the range tsGRB

var ⇠ (0.01÷ 0.1) sec for short GRBs and tlGRB
var ⇠ (0.1÷ 1) sec

for the long ones. These results are consistent with the earlier estimates of ref. [29] that
give average variability time scales tvar of 0.036 sec and 1.2 sec for short and long GRBs,
respectively. We see that for a typical short GRB with z ⇠ 1, tvar ⇠ 0.03 sec, and � ⇠ O(100),
the transverse size is,

a
S

⇠ 10

11 cm . (A.4)

For long GRBs this estimate becomes an order of magnitude larger.7

In the above estimates we adopted the standard picture of a GRB with a relativistic
jet of �-ray emitting material pointing towards the observer. One may wonder how the
reasoning is modified in the case of off-axis observation, like in the recent GRB 170817A
[63, 64] accompanied by the gravitational wave event GW170817 [65], which has confirmed
the identification of neutron star mergers as progenitors of short GRBs. As discussed in [66],
the observational data pertaining to this event across the electromagnetic spectrum are best
described by a model in which a mildly relativistic wide-angle shock with � ⇠ 2.5 breaks off
the ambient material and emits �-rays at a distance Rem ' 2.4 ⇥ 10

11 cm from the central
engine. In this case relativistic beaming is practically absent, so a

S

is comparable to Rem.
We again recover the estimate (A.4).

If all GRBs satisfy the estimate (A.4), observing any femtolensing in their spectra will
be essentially hopeless. So let us ask how robust this estimate is. A hint that there may
be GRBs with smaller sizes is already provided by the analysis of Ref. [62], which finds that
about 10% of the bursts (both short and long) exhibit faster variability, tvar . 2⇥ 10

�3 sec,
which leads to an estimated size a

S

. 10

10 cm. Thus, one can speculate that some rare GRBs
at the tail of the distribution could have tvar yet another order of magnitude shorter, bringing
their sizes close to the values of a

S

required for efficient femtolensing. It is also worth pointing
out that the determination of the minimal variability time scale is affected by instrumental
systematics, such as the detector sensitivity and the light-curve sampling. Thus, it might
happen, in principle, that some of the measured variability time scales overestimate the true
intrinsic variability time scale of the source.

An alternative method for constraining a
S

is based on the requirement that the emission
region must be optically thin. Two processes can lead to absorption of �-rays: production of
e+e� pairs in ��-scattering, and Compton scattering on electrons and positrons. Let us start
with the first process.

7Note that Ref. [62] derives also the distribution of the emission radii Rem, i.e. the distance from the GRB
central engine at which �-rays are emitted. The central value of this distribution is Rem ⇠ 3 ⇥ 1013 cm
(1014 cm) for short (long) GRBs. Due to relativistic beaming, the transverse size of the patch visible by
an observer on Earth is related to this distance as aS ⇠ Rem/� . Assuming � ⇠ O(100), this again gives
aS ⇠ 1011 cm (1012 cm) for short (long) GRBs.

– 20 –
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PBH Reaches

Figure 6. Future femtolensing sensitivity to primordial black holes compared to other probes. In
particular, we compare our projected limits (blue dashed contours) to limits based on extragalactic
background photons (EG�) from PBH evaporation [13], from the non-destruction of white dwarfs
(WD) [18], from microlensing searches by Subaru HSC [4], Kepler [57], MACHO [1], EROS [2], and
OGLE [3], from the dynamics of ultra-faint dwarf galaxies [58], and from CMB distortions due to
accretion onto PBHs [59]. (Stronger CMB limits are obtained if more aggressive assumptions on
accretion by PBHs are adopted [60].) The Subaru HSC limits are cut off at M ⇠ 10

�11M� because
below that mass, the geometric optics approximation employed in ref. [4] is not valid. We also do
not include neutron star limits [15] because of their dependence on controversial assumptions about
the DM density in globular clusters. We have taken the limits shown here from the compilation in
ref. [36]. In computing our projected limits, we have assumed the redshift of all GRBs in the sample
to be zS = 1, we have used the BAND model for the GRB spectrum, and we have assumed a 5%
systematic uncertainty, uncorrelated between energy bins.

is not true that photons travel from the source to the detector along one of just two discrete
paths. In fact, when the time delay becomes comparable to the inverse photon frequency
(which for point-like lenses is equivalent to the photon wave length becoming comparable
to the Schwarzschild radius of the lens), wave optics effects become non-negligible. It is
then necessary to integrate the photon amplitude over the whole lens plane. This leads to
O(1) corrections to the interference pattern at the lower end of the photon energy spectrum.
Second, while the approximation of a point-like lens works for primordial black holes, it is
not satisfied for ultra-compact mini-halos, and even less so for NFW-like structures. We
have therefore computed femtolensing effects for generic power-law density profiles, and have
explicitly shown numerical results for the self-similar infall profile with ⇢(r) / r�9/4.

The most important correction in femtolensing of GRBs is coming from the non-negligible
size a

S

of the GRB source itself. In fact, we have argued that a GRB could only be treated
as point-like for the purpose of femtolensing if the photon emission region was smaller than
a
S

⇠ 10

8 cm. And while estimates for the size of the emission region can vary by a few

– 18 –
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of the GRB source itself. In fact, we have argued that a GRB could only be treated
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other sources?
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}
DScO

Figure 2. Distortion of a plane wave by scintillating material modeled as a thin screen. Dashed lines
show the wavefront before and after the passage through the screen.

confined to a thin screen. The position of the screen is chosen to be about half-way through
the scintillating medium. For scintillation in the Milky Way’s ISM, this typically means a
scintillation screen O(kpc) away from the observer; scintillation in the IGM can be described
by a scintillation screen at a distance of O(Gpc), for example half-way between the source
and the observer. For simplicity, we perform the analysis in Minkowski spacetime, neglecting
redshift effects.

Consider a plane wave of amplitude fin(!) falling perpendicularly onto a scintillation
screen which distorts the wavefront by adding to it a random phase '(!, ~x), where ~x is the
coordinate on the screen, see fig. 2. The signal which an observer at a point O, located at a
distance DScO from the screen, receives is given by the Fresnel integral,

fobs(!) =
!fin(!)

2⇡iDScO

Z
d2x ei�(!,~x) . (3.1)

with the phase

�(!, ~x) =
! x2

2DScO
+ '(!, ~x) . (3.2)

Here, the first term accounts for the geometric phase, which arises because of the different
distances traveled by photons passing the screen at different positions ~x. The phase pertur-
bation '(!, ~x) in the second term is characterized by the diffractive scale rdiff, which is the
distance scale on the scintillation screen over which '(!, ~x) varies by O(1). More precisely,
rdiff is defined using the phase structure function,

⇠(!, |�~x|) ⌘
D�

'(!, ~x) � '(!, ~x + �~x)
�
2

E
(3.3)

through the equation

⇠(!, rdiff) = 1 . (3.4)

– 7 –

FRB



Explore Secrets of the Universe, a new giant-screen documentary produced in association with
Perimeter!

SHARE

ASTROPHYSICS / STRONG GRAVITY

Researchers pinpoint origin of fast
radio burst
For the first time, a repeating fast radio burst first detected by CHIME has been

pinpointed to its galaxy of origin.

Scientists continue to unravel the cosmic mystery of

by COLIN HUNTER / 
on JAN 06, 2020

POPULAR

OUTREACH, FUN
STUFF

So you think you
can physics?
Take the quiz!

1

FUN STUFF

9 last-minute gift
ideas for the
physics fan in
your life

2

ASTROPHYSICS,
STRONG GRAVITY,3

EXPLORE THEMES VIDEO PI HOME

SLICES OF PI MAGAZINES SUPPORT SEARCH

Fast Radio Bursts (FRBs)

20

• We do not know their origins

• CHIME is expected  
to detect FRB  a few/day

• In the future, SKA  a few tens/day



GRBs vs FRBs
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GRB FRB

frequency MeV 
gamma rays

GHz (μeV) 
radio waves

Distance Gpc 
cosmological

Gpc 
cosmological

RE
107 cm 

size problem 1013 cm

PBH mass 10-15 M⊙ 10-2 M⊙



Lensing and Scintillations
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• signal 

• intensity  

• interference terms (oscillating intensity)  
“easy” method: Fourier transformation of the intensity  
peak due to the lensing time delay ∆t

}
DScO

f(!) / A(!) + B(!) ei!�t
<latexit sha1_base64="qovtsSDGUi5krmoYPociLBUmMWw="></latexit>

I(!) = |f(!)|2 /
⇣
|A(!)|2 + |B(!)|2 +A⇤(!)B(!) ei!�t +A(!)B⇤(!) e�i!�t

⌘

<latexit sha1_base64="O/C2Fqbi6HgzsaEtx9zMzpwl2DQ="></latexit>
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lensing signal suppressed

• autocorrelation

• (a&b) the amplitudes are correlated    

• (a&c) lensed images are distorted coherently
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Diffractive Lensing (FRBs)
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Summary

• diffractive lensing with GRBs 
       finite source size and wave optics 
       the parameter space is recovered

• diffractive lensing with FRBs 
       scintillation  
       point-like source & cosmological distances  
        miniclusters
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