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A Review NLO Calculations
[https://arxiv.org/abs/0803.2231v1]

Jet Function Phase Space
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A Review of NLO Calculations:
The Jet Function 

Observables are required to be infrared safe, i.e.  the observable’s value 
does not depend on the number of soft/collinear final-state hadrons.
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A Review of NLO Calculations: 
Subtraction Methods

There is a mismatch between the dipole kinematics and the born kinematics.
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A Review of NLO Calculations: 
Subtraction Methods

There is a mismatch between the dipole kinematics and the born kinematics.
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A Review of NLO Calculations:
A typical run of a calculation using subtraction methods.

1 2 3 4 5 6 7 8 9 10

Born event  Dipole event

Histogram bins
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A Review of NLO Calculations:
A typical run of a calculation using subtraction methods.

HJETS,27 TeV
VBFNLO,27 TeV
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Missed binning is an issue.  
Possible remedies: 
• Bin Smearing (?)
• Fuzzy Cuts (?) 
• Cuts on the dipole phase 

space (?)
• Higher Statistics resulting 

in higher costs.
• Does anybody know what 

will happen at NNLO?
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Forward Branching Phase Space Generator

The philosophy is to optimize both the jet function and phase space at the same 
time.  The clever idea is to construct the real emission phase space from the born 
phase space. This approach has been advocated by the N-jettiness slicing.

N-jettiness Subtractions for NNLO QCD Calculations
By Jonathan Gaunt, Maximilian Stahlhofen, Frank J. Tackmann, Jonathan R. Walsh.
arXiv:1505.04794 [hep-ph]. 10.1007/JHEP09(2015)058.JHEP 1509 (2015) 058.

https://doi.org/10.1007/JHEP09(2015)058
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Forward Branching Phase Space Generator

The first step is to partition the phase of the real radiation according to a jet 
algorithm. For this we need to define the jet algorithm. 
1. Resolution function:  
2. Partons with the smallest resolution will be clustered until 

(exclusive jet cross section) or a certain jet multiplicity 
is reached.
The second step is to introduce a partition of one:

reached (i.e.. keep clustering until we reach m momenta, giving us an inclusive m-jet cross

section).

We will start with eq. 2.19 and extend it to give us the generator to calculate the

fully di↵erential jet cross sections. The jet resolution function dij will do two things for

us. It will give which momentum to branch and set an upper integration boundary on

the variable ŝjn and decay products of p̂jn. We can implement the branches by using the

resolution function to partition the (n� 1)-particle phase space into wedges. Each wedge

is associated with a momentum to branch in order to generate the n-particle phase space.

To do this we define the following partition of one

1 =
n�1X

j=1

✓(d̂jn = d̂min) , (3.1)

where the ✓-function equals one if its argument is true and zero otherwise. The argument

of the ✓-function d̂min = minij(d̂ij) = minij(d(p̂i, p̂j)) is true as long as d̂jn has the smallest

resolution parameter (i.e. it will be the pair which will be clustered by the jet algorithm).

This partition divides phase space in the desired wedges. In wedge j, particle pj branches

to give particles {p̂j , p̂n} in such a manner that when applying the jet algorithm it will pick

this pair to cluster back to pj as d̂jn has the smallest resolution parameter. Note that this

partitioning include n-jet final states if we demand a clustering cuto↵ when dmin > dcut.

This distinction can be implemented as

1 =
n�1X

j=1

✓(d̂jn = d̂min)
⇣
✓(d̂min < d̂cut) + ✓(d̂min > d̂cut)

⌘
. (3.2)

The (n�1)-particle jet exclusive FBPS generator is now given by multiplying eq. 2.19 with

the above partition of one

d�n(Q; {p̂}) = d�n�1(Q; {p})⇥ d�excl

fbps({p̂}|{p}) (3.3)

with

d�excl

fbps({p̂}|{p}) =
n�1X

j=1

✓(d̂jn = d̂min)✓(d̂min < d̂cut)d�
[j]
fbps

({p̂}|{p}) . (3.4)

This FBPS generator will produce all bremsstrahlung radiation momenta for a fixed (n�1)-

jet configuration with jet momenta {pi} provided the modified clustering of eq. 2.2 is used.

By integrating over the jet phase space and removing the d̂cut-constraint, the full n-particle

phase space is obtained. We can iteratively apply this FBPS generator to obtain the

multiple bremsstrahlung phase spaces.

To define the fully di↵erential jet cross section at NNLO using the improved clustering

is now straightforward. Given the n-jet configuration with massless jet momenta {p} we

get

d3n�NNLO

impr

d3p1 · · · d3pn
= A({p}) +

Z
d�excl

fbps({p̂}|{p})⇥


B({p̂}) +

Z
d�excl

fbps({ˆ̂p}|{p̂}) C({ˆ̂p})

�
,

(3.5)
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Forward Branching Phase Space Generator
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The dcut can also be included. 

Now, to work out the phase space maps. 
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Born Phase Space (V+1 parton kinematics)

follows

p̂a =
1

2
(0, 0, x̂a, x̂a)

p̂b =
1

2
(0, 0,�x̂b, x̂b)

p̂(i)µ = p̂(i)T

⇣
sin �̂i, cos �̂i, sinh ⌘̂i, cosh ⌘̂i

⌘

Q̂µ =
⇣
~̂qT , ↵̂T sinh ⌘̂q, ↵̂T cosh ⌘̂q

⌘
where ↵̂T =

q
q̂2T +M2

V , (2.3)

where p̂a,b are the the incoming particle momenta with parton fractions xa,b, the jet mo-

menta are given by p̂(i)µ , and the vector boson momentum is given by Q̂µ. Starting from

the Born phase space, Eq. 2.1, we perform the following transformations:

dp̂i
(2⇡)3

�(p̂2i ) =
d~̂ ip

2(2⇡)3Ei
= dp̂(i)T d⌘̂id�̂i

 
p̂(i)T

2(2⇡)3

!

dQ̂

(2⇡)3
�(Q̂2 �M2

V ) =
d ~̂Q

2(2⇡)3Eq
=

d~̂qTd⌘̂q
2(2⇡)3

(where we used dq̂z = Êqd⌘̂q)

�(4)
⇣
p̂a + p̂b � p̂1 � · · ·� p̂n � Q̂

⌘
= �(2)

 
nX

i=1

~̂p(i)T + ~̂qT

!

⇥ �

 
1

2

p
S(x̂a + x̂b)�

nX

i=1

p̂(i)T cosh ⌘̂i � ↵̂T cosh ⌘̂q

!

⇥ �

 
1

2

p
S(x̂a � x̂b)�

nX

i=1

p̂(i)T sinh ⌘̂i � ↵̂T sinh ⌘̂q

!
.

(2.4)

After integrating ~̂qT , x̂a, x̂b over the Kronecker �-functions, we obtain

dx̂adx̂bd�(p̂ap̂b; Q̂, {p̂}n) =
1

(16⇡3)n+1

2

S

 
nY

i=1

dp̂(i)T d⌘̂id�̂i ⇥ p̂(i)T

!
⇥d⌘̂q⇥⇥(1�x̂1)⇥(1�x̂2) ,

(2.5)

with

~̂qT = �
nX

i=1

~̂p(i)T

x̂a =
1p
S

 
↵̂T e

⌘q +
nX

i=1

p̂(i)T e⌘̂i

!

x̂b =
1p
S

 
↵̂T e

�⌘q +
nX

i=1

p̂(i)T e�⌘̂i

!
, (2.6)

and the constraints for a physical event, x̂a,b  1, given by the ⇥-functions.

– 6 –
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follows

p̂a =
1

2
(0, 0, x̂a, x̂a)

p̂b =
1

2
(0, 0,�x̂b, x̂b)
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⇣
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⌘
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V , (2.3)
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dp̂i
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d~̂ ip
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!
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(2.4)
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!
, (2.6)

and the constraints for a physical event, x̂a,b  1, given by the ⇥-functions.
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Figure 1. A comparison between RAMBO and the FBPS generator of Eq. 2.10. The left graph
compares the vector boson transverse momentum, while the right graph compares the jet rapidity.
For Rambo the V+ 2 particle phase space was generated and a jet algorithm applied to obtain a
V + 1 jet inclusive final state. For the FBPS generator the observables are the Born momenta,
while the phase space weight is re-weighted by the bremsstrahlung event(s).

2.2 The Final State FBPS Generator

The final state generator begins with a V+ jet(s) Born event. One of the massless Born

jets is split into two partons generating a massive jet. To project back onto the massless

Born jet we scale the longitudinal momentum, ~pL12 of the massive jet, leaving invariant both

the transverse momentum and the rapidity of the jet

pa+pb�Q�p1�p2�P = pab�Q�p12�P = (pab+↵ pL12)�Q�(p12+↵ pL12)�P = p̂ab�Q̂�p̂J�P̂ ,

(2.7)

where Q̂ = Q, p̂ab = p̂a + p̂b = pa + pb + ↵ pL12, p̂J = p12 + ↵ pL12, p
L
12 = (p1 + p2)L =

(0, 0, (p1)z+(p2)z, E1+E2), P = P̂ = p3+ · · ·+pn and ↵ is given by the constraint p̂2J = 0.

Note that p̂a and p̂b are reconstructed from p̂ab using 1
2

p
S ⇥ x̂a,b = Êab ± (p̂z)ab in the

momenta reconstruction of Eq. 2.3.

To derive the FBPS generator we first encode the branching in a decomposition of

unity

1 = 2
q
(pL12)

2(pT12)
2

Z
d↵ dp̂J �(p̂

2
J)�(p̂J � p12 � ↵pL12) , (2.8)

insert it into the 3-particle phase space generator

d�3(pa, pb;Q, p1, p2) =
dQ

(2⇡)3
d p1
(2⇡)3

d p2
(2⇡)3

�(Q2 �M2
V )�(p

2
1)�(p

2
2)�(pa + pb �Q� p1 � p2) ,

(2.9)

and integrate p2 over �(p̂J � p12�↵ pL12) and subsequently integrate ↵ over �(p22) to obtain

the desired FBPS generator

d�FINAL
3 (pa, pb;Q, p1, p2) = d�2(p̂a, p̂b; Q̂, p̂J)⇥


d p1
(2⇡)3

�(p21)

�
⇥ J(p̂J , p1) . (2.10)
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Figure 1. A comparison between RAMBO and the FBPS generator of Eq. 2.10. The left graph
compares the vector boson transverse momentum, while the right graph compares the jet rapidity.
For Rambo the V+ 2 particle phase space was generated and a jet algorithm applied to obtain a
V + 1 jet inclusive final state. For the FBPS generator the observables are the Born momenta,
while the phase space weight is re-weighted by the bremsstrahlung event(s).
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L
12 = (p1 + p2)L =

(0, 0, (p1)z+(p2)z, E1+E2), P = P̂ = p3+ · · ·+pn and ↵ is given by the constraint p̂2J = 0.

Note that p̂a and p̂b are reconstructed from p̂ab using 1
2

p
S ⇥ x̂a,b = Êab ± (p̂z)ab in the

momenta reconstruction of Eq. 2.3.

To derive the FBPS generator we first encode the branching in a decomposition of

unity

1 = 2
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(pL12)
2(pT12)

2

Z
d↵ dp̂J �(p̂

2
J)�(p̂J � p12 � ↵pL12) , (2.8)

insert it into the 3-particle phase space generator

d�3(pa, pb;Q, p1, p2) =
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(2⇡)3
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(2⇡)3
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(2⇡)3
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2)�(pa + pb �Q� p1 � p2) ,

(2.9)

and integrate p2 over �(p̂J � p12�↵ pL12) and subsequently integrate ↵ over �(p22) to obtain

the desired FBPS generator

d�FINAL
3 (pa, pb;Q, p1, p2) = d�2(p̂a, p̂b; Q̂, p̂J)⇥


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(2⇡)3

�(p21)
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Figure 1. A comparison between RAMBO and the FBPS generator of Eq. 2.10. The left graph
compares the vector boson transverse momentum, while the right graph compares the jet rapidity.
For Rambo the V+ 2 particle phase space was generated and a jet algorithm applied to obtain a
V + 1 jet inclusive final state. For the FBPS generator the observables are the Born momenta,
while the phase space weight is re-weighted by the bremsstrahlung event(s).

2.2 The Final State FBPS Generator

The final state generator begins with a V+ jet(s) Born event. One of the massless Born

jets is split into two partons generating a massive jet. To project back onto the massless

Born jet we scale the longitudinal momentum, ~pL12 of the massive jet, leaving invariant both

the transverse momentum and the rapidity of the jet

pa+pb�Q�p1�p2�P = pab�Q�p12�P = (pab+↵ pL12)�Q�(p12+↵ pL12)�P = p̂ab�Q̂�p̂J�P̂ ,

(2.7)

where Q̂ = Q, p̂ab = p̂a + p̂b = pa + pb + ↵ pL12, p̂J = p12 + ↵ pL12, p
L
12 = (p1 + p2)L =

(0, 0, (p1)z+(p2)z, E1+E2), P = P̂ = p3+ · · ·+pn and ↵ is given by the constraint p̂2J = 0.

Note that p̂a and p̂b are reconstructed from p̂ab using 1
2

p
S ⇥ x̂a,b = Êab ± (p̂z)ab in the

momenta reconstruction of Eq. 2.3.

To derive the FBPS generator we first encode the branching in a decomposition of

unity

1 = 2
q

(pL12)
2(pT12)

2

Z
d↵ dp̂J �(p̂

2
J)�(p̂J � p12 � ↵pL12) , (2.8)

insert it into the 3-particle phase space generator

d�3(pa, pb;Q, p1, p2) =
dQ

(2⇡)3
d p1
(2⇡)3

d p2
(2⇡)3

�(Q2 �M2
V )�(p

2
1)�(p

2
2)�(pa + pb �Q� p1 � p2) ,

(2.9)

and integrate p2 over �(p̂J � p12�↵ pL12) and subsequently integrate ↵ over �(p22) to obtain

the desired FBPS generator

d�FINAL
3 (pa, pb;Q, p1, p2) = d�2(p̂a, p̂b; Q̂, p̂J)⇥


d p1
(2⇡)3

�(p21)

�
⇥ J(p̂J , p1) . (2.10)
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Rapidity and transverse 
momentum is left invariant.

0 200 400 600 800 1000

rambo
fbps

2

4

6

8

10

12

14

16

18

20

22

24

26
6−10×

 (GeV)T
Q

p
0 200 400 600 800 1000

0.98

0.99

1

1.01

1.02 4− 3− 2− 1− 0 1 2 3 4

rambo
fbps

0.05

0.1

0.15

0.2

0.25
3−10×

JET
η

4− 3− 2− 1− 0 1 2 3 4

0.995

1

1.005

Figure 2. A comparison between RAMBO and the FBPS generator of Eq. 2.16. The left graph
compares the vector boson pT , while the right graph compares the jet rapidity. For Rambo the V+
2 particle phase space was generated and a jet algorithm applied to obtain a V + 1 jet exclusive
final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).

The momenta are given by pT2 = p̂TJ � pT1 , p
L
2 = �+p̂LJ � pL1 , pab = p̂ab � (1� �+) p̂LJ , Q = Q̂

and the Jacobian is given by

J(p̂J , p1) =

����
2

1� ��/�+

����⇥

s
(p̂TJ )

2

(p̂LJ )
2
=

����
2

1� ��/�+

���� , (2.11)

where

�± =
(p̂LJ · pL1 )±

q
(p̂TJ )

4 + 2(p̂LJ )
2(p̂TJ · pT1 ) + (p̂LJ · pL1 )2

(p̂LJ )
2

. (2.12)

The upper limit on the integration over p1 is determined by the condition on the parton

fractions xa,b < 1. Because the bremsstrahlung is generated mostly soft and/or collinear

with the jet momentum this condition can be implemented through a veto without any

noticeable impact on the performance of the generator.

The generator is a complete phase space generator, however it is designed to be used

in a di↵erent manner. This final state brancher is generated from a fixed Born event. By

repeatedly branching this event, one integrates over the jet mass and obtains the final state

part of the K-factor for this Born event. The FBPS generator of Eq. 2.10 is compared to

the RAMBO phase space generator [18] in Fig. 1.

2.3 The Initial State FBPS Generator

The initial state brancher is more complicated due to the fact that the extra parton gen-

erated is part of the beam jet and not added to the final state jets. As a consequence the

transverse momentum generated by the branching momentum will have to be balanced
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final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).

The momenta are given by pT2 = p̂TJ � pT1 , p
L
2 = �+p̂LJ � pL1 , pab = p̂ab � (1� �+) p̂LJ , Q = Q̂

and the Jacobian is given by

J(p̂J , p1) =

����
2

1� ��/�+

����⇥

s
(p̂TJ )

2

(p̂LJ )
2
=

����
2

1� ��/�+

���� , (2.11)

where

�± =
(p̂LJ · pL1 )±

q
(p̂TJ )

4 + 2(p̂LJ )
2(p̂TJ · pT1 ) + (p̂LJ · pL1 )2
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The upper limit on the integration over p1 is determined by the condition on the parton

fractions xa,b < 1. Because the bremsstrahlung is generated mostly soft and/or collinear

with the jet momentum this condition can be implemented through a veto without any

noticeable impact on the performance of the generator.

The generator is a complete phase space generator, however it is designed to be used

in a di↵erent manner. This final state brancher is generated from a fixed Born event. By

repeatedly branching this event, one integrates over the jet mass and obtains the final state

part of the K-factor for this Born event. The FBPS generator of Eq. 2.10 is compared to

the RAMBO phase space generator [18] in Fig. 1.

2.3 The Initial State FBPS Generator

The initial state brancher is more complicated due to the fact that the extra parton gen-

erated is part of the beam jet and not added to the final state jets. As a consequence the

transverse momentum generated by the branching momentum will have to be balanced
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2 particle phase space was generated and a jet algorithm applied to obtain a V + 1 jet exclusive
final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).
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The upper limit on the integration over p1 is determined by the condition on the parton

fractions xa,b < 1. Because the bremsstrahlung is generated mostly soft and/or collinear

with the jet momentum this condition can be implemented through a veto without any

noticeable impact on the performance of the generator.

The generator is a complete phase space generator, however it is designed to be used

in a di↵erent manner. This final state brancher is generated from a fixed Born event. By

repeatedly branching this event, one integrates over the jet mass and obtains the final state

part of the K-factor for this Born event. The FBPS generator of Eq. 2.10 is compared to

the RAMBO phase space generator [18] in Fig. 1.

2.3 The Initial State FBPS Generator

The initial state brancher is more complicated due to the fact that the extra parton gen-

erated is part of the beam jet and not added to the final state jets. As a consequence the

transverse momentum generated by the branching momentum will have to be balanced
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2 particle phase space was generated and a jet algorithm applied to obtain a V + 1 jet exclusive
final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).
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The upper limit on the integration over p1 is determined by the condition on the parton

fractions xa,b < 1. Because the bremsstrahlung is generated mostly soft and/or collinear

with the jet momentum this condition can be implemented through a veto without any

noticeable impact on the performance of the generator.

The generator is a complete phase space generator, however it is designed to be used

in a di↵erent manner. This final state brancher is generated from a fixed Born event. By

repeatedly branching this event, one integrates over the jet mass and obtains the final state

part of the K-factor for this Born event. The FBPS generator of Eq. 2.10 is compared to

the RAMBO phase space generator [18] in Fig. 1.

2.3 The Initial State FBPS Generator

The initial state brancher is more complicated due to the fact that the extra parton gen-

erated is part of the beam jet and not added to the final state jets. As a consequence the
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Figure 1. A comparison between RAMBO and the FBPS generator of Eq. 2.10. The left graph
compares the vector boson transverse momentum, while the right graph compares the jet rapidity.
For Rambo the V+ 2 particle phase space was generated and a jet algorithm applied to obtain a
V + 1 jet inclusive final state. For the FBPS generator the observables are the Born momenta,
while the phase space weight is re-weighted by the bremsstrahlung event(s).

2.2 The Final State FBPS Generator

The final state generator begins with a V+ jet(s) Born event. One of the massless Born

jets is split into two partons generating a massive jet. To project back onto the massless

Born jet we scale the longitudinal momentum, ~pL12 of the massive jet, leaving invariant both

the transverse momentum and the rapidity of the jet

pa+pb�Q�p1�p2�P = pab�Q�p12�P = (pab+↵ pL12)�Q�(p12+↵ pL12)�P = p̂ab�Q̂�p̂J�P̂ ,

(2.7)

where Q̂ = Q, p̂ab = p̂a + p̂b = pa + pb + ↵ pL12, p̂J = p12 + ↵ pL12, p
L
12 = (p1 + p2)L =

(0, 0, (p1)z+(p2)z, E1+E2), P = P̂ = p3+ · · ·+pn and ↵ is given by the constraint p̂2J = 0.

Note that p̂a and p̂b are reconstructed from p̂ab using 1
2

p
S ⇥ x̂a,b = Êab ± (p̂z)ab in the

momenta reconstruction of Eq. 2.3.

To derive the FBPS generator we first encode the branching in a decomposition of

unity

1 = 2
q
(pL12)

2(pT12)
2

Z
d↵ dp̂J �(p̂

2
J)�(p̂J � p12 � ↵pL12) , (2.8)

insert it into the 3-particle phase space generator

d�3(pa, pb;Q, p1, p2) =
dQ

(2⇡)3
d p1
(2⇡)3

d p2
(2⇡)3

�(Q2 �M2
V )�(p

2
1)�(p

2
2)�(pa + pb �Q� p1 � p2) ,

(2.9)

and integrate p2 over �(p̂J � p12�↵ pL12) and subsequently integrate ↵ over �(p22) to obtain

the desired FBPS generator

d�FINAL
3 (pa, pb;Q, p1, p2) = d�2(p̂a, p̂b; Q̂, p̂J)⇥


d p1
(2⇡)3

�(p21)

�
⇥ J(p̂J , p1) . (2.10)
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by vector boson or absorbed into the jet. At higher orders this generates events with

transverse momentum of the vector boson below the transverse momentum cut on the jet

transverse momentum.

We first derive the generator which leaves the jet momentum pJ invariant. The cluster

map is given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� (Q̂� ↵pL1 � p1)� p̂J � p1 = pab �Q� pJ � p1 , (2.13)

where pJ = p̂J , pab = p̂ab � ↵pL1 , Q = Q̂� p̂T1 � (1 + ↵)pL1 and ↵ is given by the constraint

that Q2 = Q̂2 = M2
V .

The first step is again to encode the above branching in a partition of unity

1 = 2
q
(pL1 )

4 � 2(pL1 )
2(pT1 ·Q) + (pL1 ·Q)2

Z
d↵dQ̂ �(Q̂2�M2

V )�(Q̂�Q� pT1 � (1+↵)pL1 ) ,

(2.14)

and insert it in the 3 particle phase space

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1) .

(2.15)

By integrating Q over �(Q̂�Q� pT1 � (1 + ↵)pL1 ) and ↵ over �(Q2 �M2
V ) one obtains the

FBPS generator

d�INIT,I

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(Q̂, p1) . (2.16)

The momenta are given by QT = Q̂T �pT1 , QL = Q̂L� (1+↵)pL1 , pab = p̂ab�↵pL1 , pJ = p̂J
and the Jacobian is given by

J(Q̂, p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 ·QT ) + (pL1 ·QL)2

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (p̂L1 · Q̂L)2
, (2.17)

where

↵ =
(pL1 · Q̂L)� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (pL1 · Q̂L)2

(pL1 )
2

. (2.18)

Because the jet transverse momentum and rapidity is invariant under the branching the

Born phase space can be generated with the given jet cuts. The comparisons with RAMBO

are shown in Fig. 2.

Next we construct the generator, leaving the vector boson momentum Q invariant.

The clustering is now given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� Q̂� (p̂J � ↵pL1 � p1)� p1 = pab �Q� pJ � p1 , (2.19)

where Q = Q̂, pab = p̂ab � ↵pL1 , pJ = p̂J � pT1 � (1 + ↵)pL1 and ↵ is given by the constraint

that p2J = p̂2J .
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by vector boson or absorbed into the jet. At higher orders this generates events with

transverse momentum of the vector boson below the transverse momentum cut on the jet

transverse momentum.

We first derive the generator which leaves the jet momentum pJ invariant. The cluster

map is given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� (Q̂� ↵pL1 � p1)� p̂J � p1 = pab �Q� pJ � p1 , (2.13)

where pJ = p̂J , pab = p̂ab � ↵pL1 , Q = Q̂� p̂T1 � (1 + ↵)pL1 and ↵ is given by the constraint

that Q2 = Q̂2 = M2
V .

The first step is again to encode the above branching in a partition of unity

1 = 2
q

(pL1 )
4 � 2(pL1 )

2(pT1 ·Q) + (pL1 ·Q)2
Z

d↵dQ̂ �(Q̂2�M2
V )�(Q̂�Q� pT1 � (1+↵)pL1 ) ,

(2.14)

and insert it in the 3 particle phase space

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1) .

(2.15)

By integrating Q over �(Q̂�Q� pT1 � (1 + ↵)pL1 ) and ↵ over �(Q2 �M2
V ) one obtains the

FBPS generator

d�INIT,I

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(Q̂, p1) . (2.16)

The momenta are given by QT = Q̂T �pT1 , QL = Q̂L� (1+↵)pL1 , pab = p̂ab�↵pL1 , pJ = p̂J
and the Jacobian is given by

J(Q̂, p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 ·QT ) + (pL1 ·QL)2

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (p̂L1 · Q̂L)2
, (2.17)

where

↵ =
(pL1 · Q̂L)� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (pL1 · Q̂L)2

(pL1 )
2

. (2.18)

Because the jet transverse momentum and rapidity is invariant under the branching the

Born phase space can be generated with the given jet cuts. The comparisons with RAMBO

are shown in Fig. 2.

Next we construct the generator, leaving the vector boson momentum Q invariant.

The clustering is now given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� Q̂� (p̂J � ↵pL1 � p1)� p1 = pab �Q� pJ � p1 , (2.19)

where Q = Q̂, pab = p̂ab � ↵pL1 , pJ = p̂J � pT1 � (1 + ↵)pL1 and ↵ is given by the constraint

that p2J = p̂2J .
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by vector boson or absorbed into the jet. At higher orders this generates events with

transverse momentum of the vector boson below the transverse momentum cut on the jet

transverse momentum.

We first derive the generator which leaves the jet momentum pJ invariant. The cluster

map is given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� (Q̂� ↵pL1 � p1)� p̂J � p1 = pab �Q� pJ � p1 , (2.13)

where pJ = p̂J , pab = p̂ab � ↵pL1 , Q = Q̂� p̂T1 � (1 + ↵)pL1 and ↵ is given by the constraint

that Q2 = Q̂2 = M2
V .

The first step is again to encode the above branching in a partition of unity

1 = 2
q
(pL1 )

4 � 2(pL1 )
2(pT1 ·Q) + (pL1 ·Q)2

Z
d↵dQ̂ �(Q̂2�M2

V )�(Q̂�Q� pT1 � (1+↵)pL1 ) ,

(2.14)

and insert it in the 3 particle phase space

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1) .

(2.15)

By integrating Q over �(Q̂�Q� pT1 � (1 + ↵)pL1 ) and ↵ over �(Q2 �M2
V ) one obtains the

FBPS generator

d�INIT,I

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(Q̂, p1) . (2.16)

The momenta are given by QT = Q̂T �pT1 , QL = Q̂L� (1+↵)pL1 , pab = p̂ab�↵pL1 , pJ = p̂J
and the Jacobian is given by

J(Q̂, p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 ·QT ) + (pL1 ·QL)2

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (p̂L1 · Q̂L)2
, (2.17)

where

↵ =
(pL1 · Q̂L)� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (pL1 · Q̂L)2

(pL1 )
2

. (2.18)

Because the jet transverse momentum and rapidity is invariant under the branching the

Born phase space can be generated with the given jet cuts. The comparisons with RAMBO

are shown in Fig. 2.

Next we construct the generator, leaving the vector boson momentum Q invariant.

The clustering is now given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� Q̂� (p̂J � ↵pL1 � p1)� p1 = pab �Q� pJ � p1 , (2.19)

where Q = Q̂, pab = p̂ab � ↵pL1 , pJ = p̂J � pT1 � (1 + ↵)pL1 and ↵ is given by the constraint

that p2J = p̂2J .
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by vector boson or absorbed into the jet. At higher orders this generates events with

transverse momentum of the vector boson below the transverse momentum cut on the jet

transverse momentum.

We first derive the generator which leaves the jet momentum pJ invariant. The cluster

map is given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� (Q̂� ↵pL1 � p1)� p̂J � p1 = pab �Q� pJ � p1 , (2.13)

where pJ = p̂J , pab = p̂ab � ↵pL1 , Q = Q̂� p̂T1 � (1 + ↵)pL1 and ↵ is given by the constraint

that Q2 = Q̂2 = M2
V .

The first step is again to encode the above branching in a partition of unity

1 = 2
q

(pL1 )
4 � 2(pL1 )

2(pT1 ·Q) + (pL1 ·Q)2
Z

d↵dQ̂ �(Q̂2�M2
V )�(Q̂�Q� pT1 � (1+↵)pL1 ) ,

(2.14)

and insert it in the 3 particle phase space

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1) .

(2.15)

By integrating Q over �(Q̂�Q� pT1 � (1 + ↵)pL1 ) and ↵ over �(Q2 �M2
V ) one obtains the

FBPS generator

d�INIT,I

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(Q̂, p1) . (2.16)

The momenta are given by QT = Q̂T �pT1 , QL = Q̂L� (1+↵)pL1 , pab = p̂ab�↵pL1 , pJ = p̂J
and the Jacobian is given by

J(Q̂, p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 ·QT ) + (pL1 ·QL)2

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (p̂L1 · Q̂L)2
, (2.17)

where

↵ =
(pL1 · Q̂L)� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (pL1 · Q̂L)2

(pL1 )
2

. (2.18)

Because the jet transverse momentum and rapidity is invariant under the branching the

Born phase space can be generated with the given jet cuts. The comparisons with RAMBO

are shown in Fig. 2.

Next we construct the generator, leaving the vector boson momentum Q invariant.

The clustering is now given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� Q̂� (p̂J � ↵pL1 � p1)� p1 = pab �Q� pJ � p1 , (2.19)

where Q = Q̂, pab = p̂ab � ↵pL1 , pJ = p̂J � pT1 � (1 + ↵)pL1 and ↵ is given by the constraint

that p2J = p̂2J .
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by vector boson or absorbed into the jet. At higher orders this generates events with

transverse momentum of the vector boson below the transverse momentum cut on the jet

transverse momentum.

We first derive the generator which leaves the jet momentum pJ invariant. The cluster

map is given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� (Q̂� ↵pL1 � p1)� p̂J � p1 = pab �Q� pJ � p1 , (2.13)

where pJ = p̂J , pab = p̂ab � ↵pL1 , Q = Q̂� p̂T1 � (1 + ↵)pL1 and ↵ is given by the constraint

that Q2 = Q̂2 = M2
V .

The first step is again to encode the above branching in a partition of unity

1 = 2
q
(pL1 )

4 � 2(pL1 )
2(pT1 ·Q) + (pL1 ·Q)2

Z
d↵dQ̂ �(Q̂2�M2

V )�(Q̂�Q� pT1 � (1+↵)pL1 ) ,

(2.14)

and insert it in the 3 particle phase space

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1) .

(2.15)

By integrating Q over �(Q̂�Q� pT1 � (1 + ↵)pL1 ) and ↵ over �(Q2 �M2
V ) one obtains the

FBPS generator

d�INIT,I

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(Q̂, p1) . (2.16)

The momenta are given by QT = Q̂T �pT1 , QL = Q̂L� (1+↵)pL1 , pab = p̂ab�↵pL1 , pJ = p̂J
and the Jacobian is given by
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4 � 2(pL1 )
2(pT1 ·QT ) + (pL1 ·QL)2

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (p̂L1 · Q̂L)2
, (2.17)

where

↵ =
(pL1 · Q̂L)� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (pL1 · Q̂L)2

(pL1 )
2

. (2.18)

Because the jet transverse momentum and rapidity is invariant under the branching the

Born phase space can be generated with the given jet cuts. The comparisons with RAMBO

are shown in Fig. 2.

Next we construct the generator, leaving the vector boson momentum Q invariant.

The clustering is now given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� Q̂� (p̂J � ↵pL1 � p1)� p1 = pab �Q� pJ � p1 , (2.19)

where Q = Q̂, pab = p̂ab � ↵pL1 , pJ = p̂J � pT1 � (1 + ↵)pL1 and ↵ is given by the constraint

that p2J = p̂2J .
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Figure 2. A comparison between RAMBO and the FBPS generator of Eq. 2.16. The left graph
compares the vector boson pT , while the right graph compares the jet rapidity. For Rambo the V+
2 particle phase space was generated and a jet algorithm applied to obtain a V + 1 jet exclusive
final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).

The momenta are given by pT2 = p̂TJ � pT1 , p
L
2 = �+p̂LJ � pL1 , pab = p̂ab � (1� �+) p̂LJ , Q = Q̂

and the Jacobian is given by

J(p̂J , p1) =

����
2

1� ��/�+

����⇥

s
(p̂TJ )

2

(p̂LJ )
2
=

����
2

1� ��/�+

���� , (2.11)

where

�± =
(p̂LJ · pL1 )±

q
(p̂TJ )

4 + 2(p̂LJ )
2(p̂TJ · pT1 ) + (p̂LJ · pL1 )2

(p̂LJ )
2

. (2.12)

The upper limit on the integration over p1 is determined by the condition on the parton

fractions xa,b < 1. Because the bremsstrahlung is generated mostly soft and/or collinear

with the jet momentum this condition can be implemented through a veto without any

noticeable impact on the performance of the generator.

The generator is a complete phase space generator, however it is designed to be used

in a di↵erent manner. This final state brancher is generated from a fixed Born event. By

repeatedly branching this event, one integrates over the jet mass and obtains the final state

part of the K-factor for this Born event. The FBPS generator of Eq. 2.10 is compared to

the RAMBO phase space generator [18] in Fig. 1.

2.3 The Initial State FBPS Generator

The initial state brancher is more complicated due to the fact that the extra parton gen-

erated is part of the beam jet and not added to the final state jets. As a consequence the

transverse momentum generated by the branching momentum will have to be balanced
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by vector boson or absorbed into the jet. At higher orders this generates events with

transverse momentum of the vector boson below the transverse momentum cut on the jet

transverse momentum.

We first derive the generator which leaves the jet momentum pJ invariant. The cluster

map is given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� (Q̂� ↵pL1 � p1)� p̂J � p1 = pab �Q� pJ � p1 , (2.13)

where pJ = p̂J , pab = p̂ab � ↵pL1 , Q = Q̂� p̂T1 � (1 + ↵)pL1 and ↵ is given by the constraint

that Q2 = Q̂2 = M2
V .

The first step is again to encode the above branching in a partition of unity

1 = 2
q
(pL1 )

4 � 2(pL1 )
2(pT1 ·Q) + (pL1 ·Q)2

Z
d↵dQ̂ �(Q̂2�M2

V )�(Q̂�Q� pT1 � (1+↵)pL1 ) ,

(2.14)

and insert it in the 3 particle phase space

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1) .

(2.15)

By integrating Q over �(Q̂�Q� pT1 � (1 + ↵)pL1 ) and ↵ over �(Q2 �M2
V ) one obtains the

FBPS generator

d�INIT,I

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(Q̂, p1) . (2.16)

The momenta are given by QT = Q̂T �pT1 , QL = Q̂L� (1+↵)pL1 , pab = p̂ab�↵pL1 , pJ = p̂J
and the Jacobian is given by

J(Q̂, p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 ·QT ) + (pL1 ·QL)2

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (p̂L1 · Q̂L)2
, (2.17)

where

↵ =
(pL1 · Q̂L)� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (pL1 · Q̂L)2

(pL1 )
2

. (2.18)

Because the jet transverse momentum and rapidity is invariant under the branching the

Born phase space can be generated with the given jet cuts. The comparisons with RAMBO

are shown in Fig. 2.

Next we construct the generator, leaving the vector boson momentum Q invariant.

The clustering is now given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� Q̂� (p̂J � ↵pL1 � p1)� p1 = pab �Q� pJ � p1 , (2.19)

where Q = Q̂, pab = p̂ab � ↵pL1 , pJ = p̂J � pT1 � (1 + ↵)pL1 and ↵ is given by the constraint

that p2J = p̂2J .
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Vector boson momentum is invariant.

Type II

by vector boson or absorbed into the jet. At higher orders this generates events with

transverse momentum of the vector boson below the transverse momentum cut on the jet

transverse momentum.

We first derive the generator which leaves the jet momentum pJ invariant. The cluster

map is given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� (Q̂� ↵pL1 � p1)� p̂J � p1 = pab �Q� pJ � p1 , (2.13)

where pJ = p̂J , pab = p̂ab � ↵pL1 , Q = Q̂� p̂T1 � (1 + ↵)pL1 and ↵ is given by the constraint

that Q2 = Q̂2 = M2
V .

The first step is again to encode the above branching in a partition of unity

1 = 2
q
(pL1 )

4 � 2(pL1 )
2(pT1 ·Q) + (pL1 ·Q)2

Z
d↵dQ̂ �(Q̂2�M2

V )�(Q̂�Q� pT1 � (1+↵)pL1 ) ,

(2.14)

and insert it in the 3 particle phase space

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1) .

(2.15)

By integrating Q over �(Q̂�Q� pT1 � (1 + ↵)pL1 ) and ↵ over �(Q2 �M2
V ) one obtains the

FBPS generator

d�INIT,I

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(Q̂, p1) . (2.16)

The momenta are given by QT = Q̂T �pT1 , QL = Q̂L� (1+↵)pL1 , pab = p̂ab�↵pL1 , pJ = p̂J
and the Jacobian is given by

J(Q̂, p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 ·QT ) + (pL1 ·QL)2

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (p̂L1 · Q̂L)2
, (2.17)

where

↵ =
(pL1 · Q̂L)� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · Q̂T ) + (pL1 · Q̂L)2

(pL1 )
2

. (2.18)

Because the jet transverse momentum and rapidity is invariant under the branching the

Born phase space can be generated with the given jet cuts. The comparisons with RAMBO

are shown in Fig. 2.

Next we construct the generator, leaving the vector boson momentum Q invariant.

The clustering is now given by

p̂ab � Q̂� p̂J = (p̂ab � ↵pL1 )� Q̂� (p̂J � ↵pL1 � p1)� p1 = pab �Q� pJ � p1 , (2.19)

where Q = Q̂, pab = p̂ab � ↵pL1 , pJ = p̂J � pT1 � (1 + ↵)pL1 and ↵ is given by the constraint

that p2J = p̂2J .
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Figure 3. A comparison between RAMBO and the FBPS generator of Eq. 2.22. The left graph
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2 particle phase space was generated and a jet algorithm applied to obtain a V + 1 jet exclusive
final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).

Encoding the above branching in a partition of unity

1 = 2
q
(pL1 )

4 � 2(pL1 )
2(pT1 · pTJ ) + (pL1 · pLJ )2

Z
d↵dp̂J �(p̂2J)�(p̂J � pJ � pT1 � (1 + ↵)pL1 ) ,

(2.20)

inserting it in the 3-particle phase space,

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1)

(2.21)

and subsequently integrating pJ over �(p̂J � pJ � pT1 � (1 + ↵)pL1 ) and ↵ over �(p2J) one

obtains

d�INIT,II

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(p̂J , p1) . (2.22)

The momenta are given by pTJ = p̂TJ � pT1 , p
L
J = p̂LJ � (1 + ↵)pL1 , pab = p̂ab � ↵pL1 , Q = Q̂

and the Jacobian is given by

J(p̂J , p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 · pTJ ) + (pL1 · pLJ )2

(pL1 )
4 + 2(pL1 )

2(pT1 · p̂TJ ) + (pL1 · p̂LJ )2
, (2.23)

where

↵ =
(pL1 · p̂LJ )� (pL1 )

2 �
q
(pL1 )

4 + 2(pL1 )
2(pT1 · p̂TJ ) + (pL1 · p̂LJ )2

(pL1 )
2

. (2.24)

Because the jet gets a kick due to the emission of the extra parton, we cannot impose the

jet cuts on the Born generator. The comparisons with RAMBO are shown in Fig. 3.
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Encoding the above branching in a partition of unity

1 = 2
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(pL1 )
4 � 2(pL1 )

2(pT1 · pTJ ) + (pL1 · pLJ )2
Z

d↵dp̂J �(p̂2J)�(p̂J � pJ � pT1 � (1 + ↵)pL1 ) ,

(2.20)

inserting it in the 3-particle phase space,
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(2⇡)3
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(2.21)

and subsequently integrating pJ over �(p̂J � pJ � pT1 � (1 + ↵)pL1 ) and ↵ over �(p2J) one

obtains
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
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⇥ J(p̂J , p1) . (2.22)

The momenta are given by pTJ = p̂TJ � pT1 , p
L
J = p̂LJ � (1 + ↵)pL1 , pab = p̂ab � ↵pL1 , Q = Q̂

and the Jacobian is given by

J(p̂J , p1) =

s
(pL1 )

4 � 2(pL1 )
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where

↵ =
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Because the jet gets a kick due to the emission of the extra parton, we cannot impose the

jet cuts on the Born generator. The comparisons with RAMBO are shown in Fig. 3.
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weight is re-weighted by the bremsstrahlung event(s).

Encoding the above branching in a partition of unity

1 = 2
q

(pL1 )
4 � 2(pL1 )

2(pT1 · pTJ ) + (pL1 · pLJ )2
Z

d↵dp̂J �(p̂2J)�(p̂J � pJ � pT1 � (1 + ↵)pL1 ) ,

(2.20)

inserting it in the 3-particle phase space,

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1)

(2.21)

and subsequently integrating pJ over �(p̂J � pJ � pT1 � (1 + ↵)pL1 ) and ↵ over �(p2J) one

obtains

d�INIT,II

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(p̂J , p1) . (2.22)

The momenta are given by pTJ = p̂TJ � pT1 , p
L
J = p̂LJ � (1 + ↵)pL1 , pab = p̂ab � ↵pL1 , Q = Q̂

and the Jacobian is given by

J(p̂J , p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 · pTJ ) + (pL1 · pLJ )2

(pL1 )
4 + 2(pL1 )

2(pT1 · p̂TJ ) + (pL1 · p̂LJ )2
, (2.23)

where

↵ =
(pL1 · p̂LJ )� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · p̂TJ ) + (pL1 · p̂LJ )2

(pL1 )
2

. (2.24)

Because the jet gets a kick due to the emission of the extra parton, we cannot impose the

jet cuts on the Born generator. The comparisons with RAMBO are shown in Fig. 3.
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2 particle phase space was generated and a jet algorithm applied to obtain a V + 1 jet exclusive
final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).

Encoding the above branching in a partition of unity

1 = 2
q

(pL1 )
4 � 2(pL1 )

2(pT1 · pTJ ) + (pL1 · pLJ )2
Z

d↵dp̂J �(p̂2J)�(p̂J � pJ � pT1 � (1 + ↵)pL1 ) ,

(2.20)

inserting it in the 3-particle phase space,

d�3(pa, pb;Q, pJ , p1) =
dQ

(2⇡)3
d pJ
(2⇡)3

d p1
(2⇡)3

�(Q2 �M2
V )�(p

2
J)�(p

2
1)�(pa + pb �Q� pJ � p1)

(2.21)

and subsequently integrating pJ over �(p̂J � pJ � pT1 � (1 + ↵)pL1 ) and ↵ over �(p2J) one

obtains

d�INIT,II

3 (pa, pb;Q, pJ , p1) = d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�
⇥ J(p̂J , p1) . (2.22)

The momenta are given by pTJ = p̂TJ � pT1 , p
L
J = p̂LJ � (1 + ↵)pL1 , pab = p̂ab � ↵pL1 , Q = Q̂

and the Jacobian is given by

J(p̂J , p1) =

s
(pL1 )

4 � 2(pL1 )
2(pT1 · pTJ ) + (pL1 · pLJ )2

(pL1 )
4 + 2(pL1 )

2(pT1 · p̂TJ ) + (pL1 · p̂LJ )2
, (2.23)

where

↵ =
(pL1 · p̂LJ )� (pL1 )

2 �
q

(pL1 )
4 + 2(pL1 )

2(pT1 · p̂TJ ) + (pL1 · p̂LJ )2

(pL1 )
2

. (2.24)

Because the jet gets a kick due to the emission of the extra parton, we cannot impose the

jet cuts on the Born generator. The comparisons with RAMBO are shown in Fig. 3.
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Figure 4. A comparison between RAMBO and the FBPS generator of Eq. 3.6. The left graph
compares the vector boson pT , while the right graph compares the jet rapidity. For Rambo the V+
2 particle phase space was generated and a jet algorithm applied to obtain a V + 1 jet exclusive
final state. For the FBPS generator the observables are the Born momenta, while the phase space
weight is re-weighted by the bremsstrahlung event(s).

3 The Phase Space Generator for V+jets Cross Sections

The final step is to construct a cross section phase space generator. This requires combining

the initial state and final state FBPS generators. The introduction of a jet algorithm will

do this by partitioning the phase space into individual sectors, one for each parton. The

phase space for the two sectors associated with the initial state partons will use an initial

state FBPS generator. While each sector associated with a jet will use the final state FBPS

generator.

The sectors are determined by the distance measures between the partons/clusters

given by the jet algorithm. For the kT -jet family of jet algorithms [24, 25] we have

dij = min
�
(pTi )

2p, (pTj )
2p
�
⇥
 
�2

ij

R2

!
; diB = (pTi )

2p , (3.1)

where

�2
ij = (⌘i � ⌘j)

2 + (�i � �j)
2 . (3.2)

For the example of PP ! V +1 jet we use the jet algorithm to separate the phase space

into two initial state bremsstrahlung sectors and the final state bremsstrahlung sector, i.e.,

the 0-jet, 1-jet, and 2-jet sectors. In this NLO example the jet algorithm simplifies signifi-

cantly which in general will not be the case. In order to separate final state bremsstrahlung

from other bremsstrahlung radiation, we use the decomposition of one to isolate the final

state radiation

1 = ⇥(R��12) +⇥(�12 �R) . (3.3)
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Figure 5. The transverse momentum (left) and the rapidity (right) of the vector boson after initial

state radiating for a fixed jet momentum with transverse momentum p
jet
T = 50, 500, 1000, 5000 and

rapidity of 0.4 and born rapidity of the vector boson equal to �0.5.

However, the second term includes 2-jet final state contributions. We can further decom-

pose the second term

1 = ⇥(R��12)+⇥(�12�R)⇥
�
⇥(pTmin � pT1 ) +⇥(pT1 � pTmin)

�
⇥
�
⇥(pTmin � pT2 ) +⇥(pT2 � pTmin)

�
.

(3.4)

By requiring a 1-jet exclusive final state, we can filter out the 0-jet and 2-jet contributions,

resulting in

1 = ⇥(R��12) +⇥(�12 �R)
�
⇥(pTmin � pT1 )⇥(pT2 � pTmin) +⇥(pTmin � pT2 )⇥(pT1 � pTmin)

�

(3.5)

resulting in 3 sectors, one for each of the incoming beams and one for the final state jet.

It is straightforward to generalize this procedure to multiple jet final states.

The PP ! V + 1 exclusive jet phase space now becomes

d�exclusive
3 (pa, pb;Q, p1, p2) = d�3(pa, pb;Q, p1, p2)

⇥ [⇥(R��12) + ⇥(�12 �R)
�
⇥(pTmin � pT1 )⇥(pT2 � pTmin) +⇥(pTmin � pT2 )⇥(pT1 � pTmin)

�⇤

= d�2(p̂a, p̂b; Q̂, p̂J)⇥

d p1
(2⇡)3

�(p21)

�

⇥ [⇥(R��12)J
FINAL(p̂J , p1)�(M

FINAL({p̂}2 ! {p}2))

+⇥(�12 �R)
⇣
⇥(pT1 < pTMIN)⇥(pT2 > pTMIN) + (1 $ 2)

⌘
J INIT(Q̂, p1)�(M

INIT({p̂}2 ! {p}2))
i
.

(3.6)

By adding the initial state transverse momentum kick to the vector boson we leave the

jet momentum invariant. In Fig. 4 we show the validation of the cross section phase space

generator in Eq. 3.6 by comparing to the RAMBO phase space generator using a kT -jet
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3 The Phase Space Generator for V+jets Cross Sections

The final step is to construct a cross section phase space generator. This requires combining

the initial state and final state FBPS generators. The introduction of a jet algorithm will

do this by partitioning the phase space into individual sectors, one for each parton. The

phase space for the two sectors associated with the initial state partons will use an initial

state FBPS generator. While each sector associated with a jet will use the final state FBPS

generator.

The sectors are determined by the distance measures between the partons/clusters

given by the jet algorithm. For the kT -jet family of jet algorithms [24, 25] we have

dij = min
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(pTi )

2p, (pTj )
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�
⇥
 
�2

ij

R2

!
; diB = (pTi )

2p , (3.1)

where
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ij = (⌘i � ⌘j)
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2 . (3.2)

For the example of PP ! V +1 jet we use the jet algorithm to separate the phase space

into two initial state bremsstrahlung sectors and the final state bremsstrahlung sector, i.e.,

the 0-jet, 1-jet, and 2-jet sectors. In this NLO example the jet algorithm simplifies signifi-

cantly which in general will not be the case. In order to separate final state bremsstrahlung

from other bremsstrahlung radiation, we use the decomposition of one to isolate the final

state radiation

1 = ⇥(R��12) +⇥(�12 �R) . (3.3)
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However, the second term includes 2-jet final state contributions. We can further decom-

pose the second term

1 = ⇥(R��12)+⇥(�12�R)⇥
�
⇥(pTmin � pT1 ) +⇥(pT1 � pTmin)
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(3.4)

By requiring a 1-jet exclusive final state, we can filter out the 0-jet and 2-jet contributions,

resulting in
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⇥(pTmin � pT1 )⇥(pT2 � pTmin) +⇥(pTmin � pT2 )⇥(pT1 � pTmin)

�

(3.5)

resulting in 3 sectors, one for each of the incoming beams and one for the final state jet.

It is straightforward to generalize this procedure to multiple jet final states.

The PP ! V + 1 exclusive jet phase space now becomes

d�exclusive
3 (pa, pb;Q, p1, p2) = d�3(pa, pb;Q, p1, p2)
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By adding the initial state transverse momentum kick to the vector boson we leave the

jet momentum invariant. In Fig. 4 we show the validation of the cross section phase space

generator in Eq. 3.6 by comparing to the RAMBO phase space generator using a kT -jet
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⇥
�
⇥(pTmin � pT2 ) +⇥(pT2 � pTmin)

�
.

(3.4)
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�

(3.5)
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d p1
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�

⇥ [⇥(R��12)J
FINAL(p̂J , p1)�(M
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jet momentum invariant. In Fig. 4 we show the validation of the cross section phase space
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3 The Phase Space Generator for V+jets Cross Sections

The final step is to construct a cross section phase space generator. This requires combining

the initial state and final state FBPS generators. The introduction of a jet algorithm will

do this by partitioning the phase space into individual sectors, one for each parton. The

phase space for the two sectors associated with the initial state partons will use an initial

state FBPS generator. While each sector associated with a jet will use the final state FBPS

generator.

The sectors are determined by the distance measures between the partons/clusters

given by the jet algorithm. For the kT -jet family of jet algorithms [24, 25] we have

dij = min
�
(pTi )

2p, (pTj )
2p
�
⇥
 
�2

ij

R2

!
; diB = (pTi )

2p , (3.1)

where

�2
ij = (⌘i � ⌘j)

2 + (�i � �j)
2 . (3.2)

For the example of PP ! V +1 jet we use the jet algorithm to separate the phase space

into two initial state bremsstrahlung sectors and the final state bremsstrahlung sector, i.e.,

the 0-jet, 1-jet, and 2-jet sectors. In this NLO example the jet algorithm simplifies signifi-

cantly which in general will not be the case. In order to separate final state bremsstrahlung

from other bremsstrahlung radiation, we use the decomposition of one to isolate the final

state radiation

1 = ⇥(R��12) +⇥(�12 �R) . (3.3)
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V+1 jet at NLO using DYRAD

DYRAD MC is an NLO MC that used phase space slicing for the 
computation of NLO corrections in the perturbative QCD for vector 
boson plus 0 and 1 jet.  Our starting point for the FBPS MC was 
DYRAD MC.   
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1 Introduction

The use of projective phase space methods opens new ways to perform phase space inte-

grations at higher order. The main advantage is the reduction in dimensionality as the

bremsstrahlung is factorized and inclusive, while the remaining integration is over the pro-

jected Born cross section. While constructing a projective phase space integration is not

particularly complicated, it becomes more involved when one wants to stay connected to a

realistic experimental environment. The addition of bremsstrahlung to an Born jet event

adds either an additional jet through wide angle hard branching, pT -imbalance through

initial state radiation or a jet gains a mass through soft/collinear branching. The latter

two types of branchings need to be integrated over, i.e. the radiation needs to be inclusive

to obtain an infrared safe higher order prediction. In Ref [] we developed a forward branch-

ing phase space (FBPS) generator which leaves key observables invariant w.r.t. the born

momenta. As a consequence an infrared insensitive observable, O (not depending on jet

mass, initial state radiation or not conserving jet multiplicity) can be calculated exclusive,

that is
d�

dO
= K(O)⇥

d�

dO

⌫

LO

where K(O) can be calculated order by order in perturbation theory.

2 Observables

At Hadron colliders observables are usually build out of the transverse momentum, rapidity

and azimuthal angle of the reconstructed objects. Specifying their values will selects an

unique born event for which the event probability can be calculated

d�LO({(pT , ⌘,�)i}) =
X

a,b

fa(x1)fb(x2)

2s12
M

(0)
ab

({(pT , ⌘,�)i}) (2.1)

where the reconstructed momentum of object i is given by (pT , ⌘,�)i = (p(i)
T
, ⌘(i),�(i)). The

parton fractions x1/2 of the parton density functions fa/b are given by x1/2 =
P

i
p(i)
T

exp(±⌘(i)).

A projective FBPS generator adds bremsstrahlung radiation to this LO event, preserving

as much as possible the kinematic quantities {(pT , ⌘,�)i}. In the ideal case we obtain

d�NLO({(pT , ⌘,�)i}) =
X

a,b

fa(x1)fb(x2)

2s12
M

(0)
ab

({(pT , ⌘,�)i})

⇥

 
1 + V ({(pT , ⌘,�)i}) +

Z
dkB

s12
ŝ12

fa(x̂1)fb(x̂2)

fa(x1)fb(x2)

M
(1)
ab

({(pT , ⌘,�)i}, kB)

M
(0)
ab

({(pT , ⌘,�)i})

!
, (2.2)

and
d�(k)

dO
=

Z
dPSLO �(O �O({(pT , ⌘,�)i})) d�

(k)({(pT , ⌘,�)i}) . (2.3)
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K-factors at the level of Born events.
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V+1 jet at NLO using FBPS 

Building off the DYRAD MC framework we have implemented the  
CUBA library (http://www.feynarts.de/cuba/) in order to take advantage of 
hyperthreading.

The FBPS MC allows the the computation of cross-sections and 
kinematics distributions at LO and NLO for the V+1 jet production at 
hadron colliders such as the LHC experiment.  The FBPS MC can be 
used to compute kinematics distributions for a fixed Born jet rapidity, jet 
transverse momentum, and vector boson rapidity.  

The FBPS MC uses phase space slicing for the moment.

http://www.feynarts.de/cuba/
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V+1 jet at NLO using FBPS 

Input parameters:
1. Collider Energy: 14 TeV
2. PDF Choice: CT14nlo 
3. Renormalization and Factorization: Partonic CMS Energy
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Figure 1. The ymin dependence of the inclusive PP ! Z + 1 jet production at
p
S=14 TeV. Details

are specified in text. The blue curve is the bremsstrahlung contribution, the green curves is the virtual
contribution and the sum of the two contributions is represented by the red curve. The inclusive cross
section is shown top left. The single di↵erential distribution d�(1)/dpjet

T at pjet

T = 250 GeV is shown top
right. The double di↵erential distribution d�(2)/dpjet

T /d⌘jet at p
jet

T = 250 GeV and ⌘jet = �0.75 is shown
bottom left. Finally, on the bottom right is the triple di↵erential distribution d�(3)/dpjet

T /d⌘jet/d⌘Z at
pjet

T = 250 GeV, ⌘jet = �0.75 and ⌘Z = 0.51.

As a validation of the method and behavior with respect to the slicing parameter we

look at four observables with increasing final state exclusivity. For all the MC runs we use

VEGAS [21] as implemented in the CUBA library [22]. The use of the CUBA library extends the
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right. The double di↵erential distribution d�(2)/dpjet
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T = 250 GeV, ⌘jet = �0.75 and ⌘Z = 0.51.

As a validation of the method and behavior with respect to the slicing parameter we

look at four observables with increasing final state exclusivity. For all the MC runs we use

VEGAS [21] as implemented in the CUBA library [22]. The use of the CUBA library extends the
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Validation of slicing 

DYRAD MC to include multi-threading, speeding up the run-time considerably depending

on the available threads. The results for the dependence on the slicing parameter of the four

observables are shown in Fig. 1. We use a collider energy of
p
S = 14 TeV, the renormalization

and factorization scales set to µR = µF =
p
ŝ with ŝ defined as the partonic collision energy,

and the CT14nlo PDF set [23]. Shown are the real and virtual contributions together with

the sum of these two contributions. This combined result is fitted to the expected leading

behavior of the slicing parameter yMIN = sMIN/ŝ for observable O

O(yMIN) = O(0)⇥
�
1 +

�
a1 ⇥ yMIN + a2 ⇥ y2

MIN

�
⇥ log (yMIN) + · · ·

�
, (3.1)

where sMIN is the minimal invariant mass between two partons during the bremsstrahlung

phase space integration. For the MC run to calculate the virtual and bremsstrahlung cross

sections we selected a target relative accuracy of 0.1% with an event cap of 10,000,000.

The first observable we consider is the inclusive cross section � where the transverse

jet momentum pJET

T > 50 GeV and the jet rapidity ⌘JET < 3. This is a traditional (3+3)-

dimensional phase space integration (3 dimensions for the Born phase space plus 3 dimensions

for the bremsstrahlung phase space). The result is summarized in

�LO = (1.028± 0.001)⇥ 102 pb

O(0) = �NLO = (1.207± 0.003)⇥ 102 pb , (3.2)

where the fitting parameters are given a1 = 0.21± 0.01 and a2 = �3.0± 0.2.

The second observable is the single di↵erential pJET

T cross section at pJET

T = 250 GeV and

⌘JET < 3. This reduces the phase space dimensionality to (2+3) (2 dimensions for the Born

phase space plus 3 dimensions for the bremsstrahlung phase space), resulting in

d�(1)
LO

dpjet

T

%

pjetT =250 GeV

= (1.318± 0.001)⇥ 10�2 pb/GeV

O(0) =
d�(1)

NLO

dpjet

T

%

pjetT =250 GeV

= (1.797± 0.004)⇥ 10�2 pb/GeV , (3.3)

where the fitting parameters are given by a1 = 0.41± 0.03 and a2 = �1.2± 0.2.

The dimensionality of the third observable is further reduced to (1+3). This observable

is the double di↵erential cross section at the point pJET

T = 250 GeV and ⌘JET = �0.75 giving

d�(2)
LO

dpjet

T d⌘jet

%

pjetT =250 GeV, ⌘jet=�0.75

= (3.296± 0.003)⇥ 10�3 pb/GeV

O(0) =
d�(2)

NLO

dpjet

T d⌘jet

%

pjetT =250 GeV, ⌘jet=�0.75

= (4.785± 0.006)⇥ 10�3 pb/GeV , (3.4)

where the fitting parameters are given by a1 = 0.78± 0.02 and a2 = �2.5± 0.1.

– 7 –
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T = 250 GeV and ⌘jet = �0.75 is shown
bottom left. Finally, on the bottom right is the triple di↵erential distribution d�(3)/dpjet

T /d⌘jet/d⌘Z at
pjet

T = 250 GeV, ⌘jet = �0.75 and ⌘Z = 0.51.

As a validation of the method and behavior with respect to the slicing parameter we

look at four observables with increasing final state exclusivity. For all the MC runs we use

VEGAS [21] as implemented in the CUBA library [22]. The use of the CUBA library extends the
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Figure 2. The transverse momentum distribution of the jet where |⌘jet| < 3, µR = µF =
p
ŝ and the

parton density function CT14nlo is shown on the left. The blue line is the LO prediction and the red
line is the NLO prediction. The ratio of the distribution for ymin = 10�4 over ymin = 10�3 is given in
the top right figure, while the middle right figure shows the ratio of the FBPS MC over the original
DYRAD MC. The bottom right figure shows the ratio of two di↵erent renormalization/factorization
scale choices. See text for further details and discussion.

sensible, infrared safe observables. As the available computer power increased significantly

over the last few decades this model was sustainable for more complicated NLO parton level

MC’s.

Because of technological limitations, currently di↵erent compute models are becoming

more prominent. Multi-threading combined with the use of cloud distributed node farms

seems to become the most e�cient way to perform a computation. The need to calculate the

di↵erential cross section to ever more precision and for more and more complex observables

only has accelerated this trend. The use of brute force MC integration of the partonic am-

plitudes using a simple phase space generator linked to an adaptive MC like VEGAS start to

strain the available computer resources more and more. Because we could rely on ever more

powerful CPU’s in the last decades, numerical phase space integrations never evolved beyond

what was used in parton level MC like [20, 26]. In contrast, the techniques and methods to

calculate scattering amplitudes dramatically increased.

Here we apply the FBPS approach to combine the advantages of the original, more

analytic approach and the parton MC approach within a framework of using multi-threading

and cloud computing. To calculate distributions at parton level we can fully exploit the

advantages of the FBPS approach. The distributions can be calculated on a finite grid of

specific values of the observables without any binning. For the calculation of the di↵erential
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the top right figure, while the middle right figure shows the ratio of the FBPS MC over the original
DYRAD MC. The bottom right figure shows the ratio of two di↵erent renormalization/factorization
scale choices. See text for further details and discussion.
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Figure 2. The transverse momentum distribution of the jet where |⌘jet| < 3, µR = µF =
p
ŝ and the

parton density function CT14nlo is shown on the left. The blue line is the LO prediction and the red
line is the NLO prediction. The ratio of the distribution for ymin = 10�4 over ymin = 10�3 is given in
the top right figure, while the middle right figure shows the ratio of the FBPS MC over the original
DYRAD MC. The bottom right figure shows the ratio of two di↵erent renormalization/factorization
scale choices. See text for further details and discussion.
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V+1 jet at NLO using FBPS in the CLOUD

Since, we can compute a local K-factor for a given Born kinematic , 
it is straightforward to perform single core computations via the CLOUD such
as the OPEN SCIENCE GRID. 

For this, we have developed a Docker container for the FBPS MC.

Hence, kinematic distributions are in fact now represented by numerical functions.
There are pros and cons to this approach.  
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V+1 jet at NLO using FBPS in the CLOUD
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V+1 jet at NLO using FBPS in the CLOUD 
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Figure 3. The 2-dimensional di↵erential cross section (top row) and corresponding K-factor (bottom
row) d�(2)

NLO
/dpJET

T d⌘JET. The rapidity of the Z boson is fixed to ⌘Z = 0.51.

cross section, one can push each grid point to a di↵erent cloud node. This means we get

precise predictions of the di↵erential cross section for all chosen values of the observables

in matter of minutes, independent of how many grid points we chose. At each value of the

observable we can require a specific accuracy. Populating the entire range of possible values

of the observable with the same relative integration uncertainty is trivial. We will use the

Open Science Grid [27, 28] for our calculations.

As a first example we explore in Fig. 2 the transverse momentum distribution pJET

T of the

jet. Given our inclusive partonic jet algorithm which clusters all partonic particles into the jet,
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cross section, one can push each grid point to a di↵erent cloud node. This means we get

precise predictions of the di↵erential cross section for all chosen values of the observables

in matter of minutes, independent of how many grid points we chose. At each value of the

observable we can require a specific accuracy. Populating the entire range of possible values
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Open Science Grid [27, 28] for our calculations.

As a first example we explore in Fig. 2 the transverse momentum distribution pJET

T of the

jet. Given our inclusive partonic jet algorithm which clusters all partonic particles into the jet,
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Outlook

• The FBPS generator allows for the re-weighting of Born 
events and generation of n exclusive jets.

• Issues of missed binning in histograms is absent.

• In principle one can determine local K-factors that only 
require a 3d integration over the phase space of the real 
emission contributions for a given Born kinematic. 

• Future outlook: NNLO examples


