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Precision Calculation in SM

1. Why it is important?
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Some Important EWPOSs’ Introduction
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Can be extracted from muon decay ( will discuss in detail later)
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Some Important EWPOs’ Current Status

M w  ° mixed QCD/EW 2-loop corrections /. Djouai, Verzegnassi’87;Djouadi’88; Kniehl,Kiihn, Stuar’99;Kniehl,Sirlin’93;Djouadi,Gambino’94
° complete EW 2-loop corrections /. Freitas, Hollik, Walter, Weiglein’00;Awramik,Czakon *02;0nishchenko,Vertin ‘02

° improvements by 3-loop and 4-loop Ap J Avdeev et al.’94; Chetyrkin, Kiihn, Steinhauser ’'95; v.d.Bij et al. ’05;
Schroder, Steinhauser ’06; Faisst et al. ’03; Boughezal, Tausk, v.d.Bij ‘05

I’ 7  ° complete EW 1-loop and fermionic 2-loop ./. Freitas'13'14

° mixed QCD/EW 2-loop corrections /. Djouai, Verzegnassi’87;Halzen Kniehl’91; Djouadi,Gambino’94; Chetyrkin, Kiihn’96; Fleischer et al. ‘92

° leading 3- and 4-loop QCD/Yukawa O (a:0?), O(azay), O(a3), O(as) . v.d.Bij et al. 01;Faisst et al. '03, Schrader et al. '05;
Consoli,Hollik, Jegerlehner ‘89

ﬁ AFZ ~ 0.5 MeV
.- 2 nl
sin” 0, £
° mixed QCD/EW 2-loop and 3-loop Ap Corrections as for My,

° EW complete 2-loop corrections /. Awramik, Czakon, Freitas, Weiglein ’04; Hollik,Meier, Uccirati’05;Awramik,Czakon, Freitas ‘06

—> sin®f. ., ~45x107°



2. Motivation

Test of Electroweak Precision Observables Freitas’16

Current Exp|Current Theory|Main source CEPC Exp|FCC-ee Exp|ILC Exp
My [MeV]|15 4 o, o’ag 1 1 25—5
I'z[MeV] |2.3 0.5 ai,., @, a’as, aa?|0.5 0.1 ~ 1
sin®@! ., |1.6x1071 |4.5x107° o3, o’as 2.3x 1075 |0.6 x 107° |1 x 107>

*Accuracy of the fit is adequate for the level of precision foreseen for CEPC and FCC-ee.

*The calculation of the next perturbative order for the EWPOs will be necessary!

Improvement has been made

- EW 2-loop bosonic corrections /. Dubovyk, Freitas, Gluza,Riemann, Usovitsch. ’18

 Leading Order fermonic 3-loop corrections /. Chen, Freitas.’20 This talk!



Fundamental parameters from original SU(Q)L X U(l)Y {91, 92, \H, ,UZ, yf}

One can reparametrize these parameters into a set of new parameters that has been determined from experiments.
The choice is not unique, different set of IP could be adopted for different purpose.

IPweuse {Mw, Mz, Aa,a,Gy,my} Where M = J/14T2/002 I' = J/1+T2 /M1

and A =177 (M3) ~ 1177 (0)

stems from light-fermion loop contributions in the photon vacuum polarization which contains no-perturbative effects for small
momentum.



Why leading-fermionic?

enhanced by power of m for forf' =t
Wa Z7 Y W7 Z7 Yo { t

enhanced by large number of flavor numbers for f and f’ are massless

f/

Numerically enhanced by the power of top mass and the large number of flavors and colors!

it's also a relatively simple set of diagrams at 3-loop order!



Renormalization

 the on-shell (OS) scheme is adopted in this calculation

In such a scheme, the pole of a massive propagator is defined as s = M2 — {MT

w w
WW e Q99 208 ~oUaN
Em/ w * w

t

—igu (Zw (k% — M2,) — SMZ, Zw M3,) + ik, k, Zw + W W (k2)

The longitudinal part cancels against unphysical amplitude
= —i(g.u kglg”)Zr_,W W (Kk?) ik*,;';“” YW W (k?) (introduced from Feyman ’t Hooft gauge)
as a consequence of Slavnov-Taylor identity.

After resummation, propagator looks like

D(k?) = k2 — 5o + Zww (k2)



As OS requires D(sg) =0

Re[Zw (K — M3, + SV (k) g2y 5, ] N Im[SW (50) 12y, ]
2w Zyy My

By recursively using the master equations above, one can derive the mass counter term at arbitrary higher order.

—2 —2
5MW(1) = Re EW(l) (MW) )

—2 —2 - —2
5MW(2) = Re Xiwy(9) (M) + _Im 2w() (M)

—2 —2 : —2

5MW(3) = Re Ew(g) (MW) -+ _Im ZW(Q) (MW)
) — — —2

+ [Im 21w (1) (Mw)] {Im EZW(z) (My) — [Im E@vu) (MW)] [Re EQN(U (MW)]

- _2 -
Im zszu) (M w)_ ;

Field counter term for the gauge boson drops out since
unstable particles can only appear as internal particles in a physical process!

- _2 -
Im Eazvu) (M W)_

— 2 [Im B (Mév)] [Re Xy (M%v)] } :

—2 —2 —9 —2
‘5MZ(3) = Re Xzz(3) (M) + [Im 2.77,(2) (Mz)] [Im ZIZZ(I) (Mz)]

+ [Im S0y (M) { T D00 (M) — [Im S0y (M7)] [Re S0y (M)
-3 [Im 277(1) (ME)] [Re E'z'zu) (H;)]

2

/Z-boson mass counter term turns to be more sutble

—_—
Im Y., (M — IX]
_Im 7%12)( z) 2ReX ) (WT3) + 620 + 625} due to the gamma-Z mixing
— Z —_—
Im nyZ(l) (MZ) —2 Im 2'7Z(1) (MZ) Vi
1 MZ {2 Im 272(2) (MZ) — H; [Im 277(1) (MZ)] }
—9
+3M, 6Z)5 67 .
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Charge Renormalization:  Slavnov-Taylor ldentity Le = (\/ ~y "W Zny)_l

_ cw
—2 —
My + 0 M,
= = - - L —_— 1
Weak-mixing angle Renormalization: Sw T+ 08w = — —
\ M, +M,
Z / Z Z
wv]ﬁ afYS) = W =
— z"Z V1 Vz
f Yvive(1) =
Z / Z Z
WM@QV?”?YS) \/m;@\m Sviva(2) = W i W
— 77
f
YA Y ! Z Y Z 2V1V2(3) — . 7 + . 2 + . e
+ YO+ aly’) + AN
z 7 2z e .
; Loop/sub-loop at different order,
L Az y D e+ iy N MZ\/@J\/@/&\@/\ZN boxed number denotes a counter term of loop order n
2 Iy ; DV S ¥
+ ... + ...

Decomposition of Zff vertex and Z self-energy into 1-PI building blocks
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Definition of EWPOs in OS scheme

1. MW

In 4- Fermi theory

G2 2 2
Fli_”/ue’/e — 152777:5 (TT:_%)(]- T 5Q) %\

In SM, it involves exchange of W-boson. One can find a relation between 4-Fermi G . and SM parameters.

/\r Features the contributions of radiative corrections

T
Gy, e " — (1 + AT)
\/ist“r
Taking G“ as am input
1 1
M&V — M%(E T \/Z ﬁg:M—%(l + AT)) An implicit relation that needs recursive procedure

12



2 sin? Heff

Unpolarized x-section at lowest order

do  NLGZM s .
dcost - (‘.16,1- . (8 1{2)2 + SZI- ‘1—2 [(gL~ + ga (g{2 + 2)(1 -+ C'OS2 0) + zgtgag{gg COS 0]
: Y - Z:

L' do U do f o —OR
Defini OF = dcos?, op = dcos Avp =
shning - 74 ,/0 dcos @ o [ldcmﬂ | ¥ or +op
Af —_— zgvgf — 1 o 4|Qf| Sinzogﬂ A-f‘ S— §A Af
g{z - g{z 1 —4|Q] sinf-’ﬂgfr + 8|Q | sixr‘ﬂgﬂ. FB 4 €

9 = Ze(VZz2v% — Q\/Z2) ;3
Where f ; R
gy = Z (\/ZZZaf) — a,f 3"‘;377

13



3. Partial width I'[Z — 7]

Within OS scheme (sy — ﬁi) + X4(s0) = 0

Requiring s0 to be the pole of Z propagator

Optical Theorem is applied here.

Ry 4 feature the split-up QED and QCD
radiative corrections into final-state.

where so = My, — iM,Ty $Z%(s) = BZ2(s) — —[Z:I?(s)]z |
: : s+ X1 (s)
Tz = _1 Im{ X% (s )}
M, O
1

[Irn{‘EZ UL)} — M2z Re{Z{( wz)}

= — M, T Im{S% (M)} + o<f‘;)]
Vi1 Z

Im Y% =

),), / 4 (R |vs)? + R as?)

f spins

F\J; = ’Uf(O) + 2Re (vyo)vr)) — OF £(0) Re Z2(1)

+ 2Re (vp0)vs(2)) + |’Uf(1)| — 2Re (vf(0)vs)) Re ZJ,Z(l)
+ V(o) [(Re X70))* — Re Xy — (52&?) — 3(Im (1)) (Im X7

+ 2Re (vs(0)vr@) + Vi) vs@) — [2Re (vr0)vs@) + [vra)]?] Re g
+2Re (v vs) [(ReXy))* — Re X ) — (52(71%) — (Im Zz0)) (Im X))
+ v)2°(0) [—(Re ¥701) )’ +2(Re Y72)) (Re Xz ) —

— 36275625 + 1(Re $0))(6205)* — $(Im Sy ) (Im X7 )

+ 2(Im Xz(1)) (Re X71y) (Im X71y) + 5 (Im Xzq1))*(Re X7y))] , 4



Technical Aspects

1. Using FeynArts(1. Hahn’01) and FeynCalc V. Shtabovenko, R. Mertig and F. Orellana’16) to carry out diagrams/amplitudes and Dirac
Algebra/tensor reduction. But 3-loop sub diagrams need to be carried out by putting amplitudes in FeynCalc manually.

Generating diagrams-> convert them to FeynCalc-> Project out Transverse amplitude-> Dirac Algebra/tensor reduction.

Feynman rules at higher order are not implemented in FeynArts yet (only up to 1-loop), might worth an effort to do it.

2. All loop integrals can be written as 1-loop scalar master integrals (Passarino-Veltman) and their derivatives up to second order.

3. All light fermions are treated massless in this calculation, so are the CKM mixing due to the negligible impact.

4. Exact agreement at 2-loop was found between this work and hep-ph/0004091;0202131;0407317;1310.2256
except the second term in the following.

d ([Im 23,,2(1)(3)]2)

Re E,ZZ(z) (s) s S

The numerical impact of this missing term is shown In next section
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Numerical Results

Input Parameters M; = 91.1876 GeV
['y; = 2.4952 GeV
My = 80.358 GeV
FW = 2.089 GeV
my = 173.0 GeV
Mzt =0
a = 1/137.035999084
Aa = 0.05900
G, = 1.1663787 x 107° GeV*

}=> M, = 91.1535 GeV

}=> My = 80.331 GeV

W-Mass AT(3) — 2.50 x 107°.

—2
TalM,

Aﬁw;g ~ E— ——
O 0\2G My (3T — 202)

Ars) = —0.389 MeV.
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.- 2 nf
2 Sin 96”

A sin” Hgff 3y = 1.34 X 107° My as indep. input|.
AM,
A’ sin” Hgﬁ’(?)) = Asin® OZH’(?)) MVQV(B) =2.09x 107>  [Myw from G,].
Z

3. Partial width I'|Z — ff]

AT (3 = N/[0.105 (I])* — 0.105 I] Qs + 0.046 Q3] MeV,
ATy 3y = 0.019 MeV,

AT, 3) = 0.026 MeV,

AT 4,3 = 0.041 MeV,

AT, 3y = 0.035 MeV,

AT 4ot,3) = 0.331 MeV,

_ — AM N/
(3) QliV;
ATy = ATp) — —r— X oo (@5 = D) + 2500 Qs — I3)]

AT} = N/[0.090 (I])* — 0.108 IJQ; + 0.048 Q%] MeV,
A'Ty 3y = 0.017 MeV,

AT, 3 = 0.022 MeV,

A'Tq,3) = 0.029 MeV,

A'T, 3y = 0.024 MeV,

ATt (3 = 0.255 MeV.

[Mw as indep. input]

[My from G,]

18



4.Missing Terms from previous work

Exact agreement at 2-loop was found between this work and hep-ph/0004091;0202131;0407317;1310.2256

/ d [ImE 7(1 (8)]2
Re ZZZ(Q)(S) 7 ( 75( )

The second term, which stems from gamma-Z mixing, was missed. We evaluated the numerical impact of this term

2 2 \2
ALy this work ALy Ref. [2,3] B _ch (v? © aﬁ(o)) Mz 25;188(271'852: )
—0.0028 MeV for f =/,
—0.0056 MeV for f = v,
= ¢ —0.0126 MeV for f =d,
—0.0098 MeV for f = u,
—0.0830 MeV for f = tot.

19



1. Electroweak precision measurements at future lepton colliders require three-loop EW correction.

2. Some of the most important EWPOs are calculated at leading order fermionic 3-loop.
The results are small as expected but nevertheless important to precision measurements at the next level.

3. Missing term were found from previous paper. Although its numerical impact is small,
it is necessary to identify and correct for maintaining the consistency of calculation.
It also shows the importance of having multiple individual calculations in this field.

20



Thank you!



e However, the Aa contains contributions of quarks with k? < Agcp, which considered as
the non-perturbative regime.

e One way of dealing with this is by using dispersion relations to extract the hadronic
contribution from some other experiment.

W

F(@) = F(&) + T /oo =, k)

s M2 S—Q5S— q>— i€

(3)

Reflecting to A« one can have

hadron’
Y Y o0 (!
Re dX"(s) d¥X77(0) _ iRe/ 4! Im¥X"7"(s )
ds ds T Js s'(s' — s — ie)
Then by using the optical theorem one gets
ImI " (s) = iotot(e+e- — v* — hadrons)(s),

e2



Error Estimate Perfector method. J. Erler’05, U. Baur et al. ‘01

O(apes) ~ I'za* =~ 0.13 MeV,
O(a’) = O(a}) ~ T'zaa; ~ 0.12 MeV,
O(a’a,) — O(ala,) ~ Ty ““‘“"a (m,) = 0.23 MeV,

O(aa?) — O(aa?) ~ I, —% 2(mt) ~ (.35 MeV,
O(aa?) — O(ayal) ~ T'y —= anq a’(m,) = 0.04 MeV.

Geometric series extrapolation method. M. Awramik, M. Czakon and A. Freitas’06, Freitas,Hollik, Walter,Weiglein *02,Freitas ‘14

O(aes) ~ [Oanes)] = 0.10 MeV,

0(a?) - O(a}) ~ G

O(aas)
O(«)

0(a?) — O(a?)] ~ 0.26 MeV,

O(a?a,) - O(ala,) ~ 0(a?) — 0(a2)] = 0.30 MeV,

O(aa?) — O(ayal) ~ chc(x:; ) O(aa,) — O(a,a,)] = 0.23 MeV,
Oaa) — O(awal) ~ OC()c(x(c:; ) [O(aas) — Oacas)] = 0.035 MeV.
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Freitas ‘16

O(a)
+O(aas,aa;)
+O(a)
"'O(azmm)
"'Apam-loop
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+O(aiy)
"'O(azmm)
"‘Apal4-loop

O(a)
+O(aa,,aa’)
+O(as)
+O(Aery)
"‘Apal4-loop



W. Barter ‘18

Weak Mixing Angle — current status

LEP - Agp
SLD - A
CDF

DO
ATLAS
CMS

LHCb

LEP/SLD average

b Ot

O

~
\

e O S E—

0.23221+0.00029
0.23098+0.00026
0.23221+0.00046
0.23095+0.00040
0.23080+0.00120
0.23101+0.00053

0.23142+0.00106

0227 0228 0229 023 0231 0232 0233

- 2neff.
Sin 6lept.
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Only showing explicitly the most precise
measurements at LEP/SLD; overall average from all
LEP/SLD measurements shown as gold band.

Tevatron combination reaches uncertainty of
0.00033; compatibility of measurements 2.6%.

Current ATLAS analysis only uses 7 TeV data.

Current CMS analysis uses sophisticated techniques
to reduce statistical and PDF uncertainties.

Current LHCb analysis has smaller PDF uncertainties
than ATLAS, but a larger stat. unc (lower lumi).




