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Infrared singularities

icles, such as Q

dive

rgences.

—D O

tering amplitudes in theories with massless

- QCD suffer from infrared

Bloch, Nordsieck 1937
Kinoshita 1962; Lee, Nauenberg 1964

—Xclusive cross sections are unphysical,
need to allow for soft and collinear radiation!

A nuisance for cross section calculations.

space integrals.

|Isolate and cancel d

obtaining numerical
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Reqgularize scattering amplitudes and phase-

lvergences before
oredictions.




Textbook material”?

Thomas Becher
Alessandro Broggio
Andrea Ferroglia

Introduction to
Soft-Collinear

Effective Theory

Series of papers on IR structure of amplitudes about years ago
1B, Neubert '09, Gardi, Magnea ’09, ... (see SCET book from
15 for a review) but several open questions remained:

e Dipole conjecture, Casimir scaling of yeusp, NON-abelian
exponentiation for n legs

These have been answered in the meantime!
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Example: form factor integral

2_12 2 0

p p— = 7 =
k+p k+1 Q2 — (p — [)2
. . l rae — CF

FQY) =1+ (_;2 ~ FEal i o(e)> (%)

Use dimensional regularization d=4-2¢

e [wo divergent integrations: energy and angle. Soft
and collinear divergences.

e Massive case: only single, soft divergence.



Form factor at 4 loops

Interesting color structures!

d%l.“an — TI-R (Tal . e . Tan)+

— higher Casimir invariants.

Two powers of 1/€ per loop. At four loops

4 o\ 4e
AF(Q?) = (QZSTM)) [:—§+:—Z+...C—§+C—l+c0} (Q—>

€ € (>

The analytical calculation of the coefficient ¢, of the 1/e2 pole (“cusp
anomalous dimension”) was finished very recently: Henn,
Korchemsky and Mistlberger 1911.10174. Numerical result Moch,

Ruijl, Ueda, Vermaseren and Vogt '18 and many color structures
were known eatrlier.



Color-space formalism

e Represent amplitudes as vectors in color space:
‘Cl, C2y ..., Cn> Catani, Seymour 1996

color index of first parton

e (Color generator for ith parton T |c1,ca, ..., Cp)
acts like a matrix:

e rafor quarks, fabe for gluons
e product T;-T;=) T;T$ (commutative)
e charge conservation » T¢ =0 implies:

DT S SE

(4,7)
i;tj/ 7 Cr or Ca



Catani’s two-loop formula "98

o Specifies IR

singularities of dimensionally regularized n-

parton amplitudes at two loops:

{1 Ll (O (O‘S )2 1) + .. } Mo (e, {p})) = finite

2T

With

I(l)(6

I(2) (6) _ e~ €VE F(l — 26) (K 4 @) I(l)(2€) \

e | ater deriva

evolution eo

27T \

amplitude is vector in color space

X (a4

i —Sij

['(1 —e¢) (pi—l—pj)z

5o
€

_ lI(l)(e) (I(l)(e) 4

2

™~ unspecified

lon using factorization properties and IR

uation for form factor

Sterman, Tejeda-Yeomans ‘03
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Vlisconception

Conventional thinking is that UV and IR
divergences are of totally different nature:

e UV divergences are absorbed into
renormalization of parameters of theory;
structure constrained by RG equations

e |R divergences arise in unphysical
calculations; cancel between virtual
corrections and real emissions A

n fact, IR divergences can be mapped onto
JV divergences of operators in effective field
theory!




High-energy perspective: A is infrared regulator

A

Low-energy perspective: A Is ultraviolet
regulator

e [ffective Field Theory (EFT)
e Renormalization, RG evolution
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Physics example: DIS

e +p—e +X

PDF
operator matrix element
needs renormalization

\

L

One-to-one correspondence between UV

divergences in

PDFs and |

11
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Unphysical example: off-shell form factor

,  P2L?
Ao = TA+e) (1 1. 42 1 ,u2 =2 *
+ € % ) M T
I, = SR P T P G 15
SE (82+8HQ2+2nQ2 6 ())
C(1+¢) 11 w1, u  w?
I = P e E LT oo
02 (82 cnpr T g T TOW
I'(1+¢) 1 1w 1 ,pu* n?
I = A CwE LT L o0
Q2 (82 e L2 2nL2+6+()
P4e) (1 1 p20° 1 ,p20> o
I, o 1 O
02 (82+8nL2P2+2nL2P2+6+ %

Q2 Q2 7.[2
i lnP2—|— 3 +0MWN) ) .

1
I=0+ 1, +1-+1, = B (ln

e (Cancellations of divergences implies remarkable relations
among H, Jand S

e [actorization can be obtained in Soft-Collinear Effective
Theory (SCET)

e SOft function is given by Wilson line matrix element

*from TB, Broggio Ferroglia '15; result is for scalar loop integral instead of form factor



Soft-collinear factorization: n jet case

Sen 1983; Kidonakis, Oderda, Sterman 1998

Hard function A depends on
arge momentum transfers s;;
petween |ets

S
Soft function S depends
212
on scales A;; = p;p”
ij

Jet functions Ji = J; (p2)
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Factorization

Off-shell Green’s function factorize as

/
5((8h 0 [T /(29 IM({s).) = fnie

B G ).
IR

Soft function § and on-shell amplitude ‘M
depend on colors of all particles!

14

on-shell amplitude

=2D; - Dj



Factorization

Off-shell Green’s function factorize as

on-shell amplitude

/
({8}, [T 29 1M({s}.) = fuie
\ N\
Li=ln— Sij = ::2]91' " Pj
—ps
Bij = In (_Sij) ,ILZ = L; + Lj — In ,u2

(—p?)(—p?) —Sij

Soft function § and on-shell amplitude ‘M
depend on colors of all particles!

14



Renormalization

Soft and jet functions are operators in SCET.
Renormalize:

S8}, 1) HJ “ ) |IM({s}, u) = finite

Renormalized, finite amplitude

Mn({s}, 1)) = lim Z7 (e, {s}, 1) [Mn(e, {s}))
1B, Neubert ‘09
This renormalized amplitude defines a finite S-
matrix for massless theories. Corresponds to
subtracting asymptotic soft+collinear int’s.

Hannesdottir and Schwartz ‘19
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Renormalization

Renormalization Group (RG) equation

d
dln p

Mn({s}, 1)) =T}, p) [Mn(ip}, 1))

Anomalous dimension I' determines IR singularities.
Independence of 4 Imposes constraint

D({s}, ) = D8}, m) + D Ti(Lip) 1.

Note: 1B, Neubert '09; Gardi, Magnea ‘09

e J'. contains logarithms of associated scales

e J'and Iy are matrices in color space

16



Dipole form

he following form is consistent with factorization

ToT? 1
['({s},p) = Z TJ Yeusp(Qs) In
(2,9)

Using color conservation

BEVETIED DL AR Bk ) 3¢
J (i) i i
one can rewrite the hard logarithms as soft+jet using

8 —ln (=sij) 17 ’
1] —

(—p2)(—p2) —Sij

Up to 2 loops above dipole form is correct. IR
singularities agree with Catani '98 and gives H?xgs.

17



Additional terms beyond 2 loops’?

1.) Extra terms must be the same when
expressed in In(sj) or Bjto be compatible with
factorization.

— functions of conformal cross ratios

Bijkt = Bij + Pri — Bik — Bj = In (—8ij)(—5k)
(—sik)(—S,1)

. . Gardi, Magnea ‘09
independent of collinear scales. °

2.) Non-abelian exponentiation: only
connected color structures.

18



Non-abelian exponentiation

<

In massive QED, the soft function exponentiates

S = exp(g) — exp(%S(l))

2

In QCD, simple exponentiation does not hold, but only
connected webs contribute to the anomalous
dimension. (2 legs: Gatheral '83, Frenkel and Taylor
'84. n legs: Gardi, Smillie and White 11, ’13)

19



Connected webs up to 4 loops

Show that we only need color connected webs that
are symmetrized In their attachments to legs i,j k...

/ CNNANNNS = symmetnzahon
attachment

D;; = TT ]k — Zfab TaTbT Tijki = = fode fbee T TkaTl

T

DY, = d¥ T T T T, Tijhim = if Y f*9 f99 (TP Ty TET Ty, )

20



Replica trick

Stat. phys. see Mezard, Parisi, Vorasoro '87; Wilson lines: Laenen et al. '08 Gardi et al. ‘10

Compute color structure of the soft exponent

~ N—
SzlnSzlimS !

N—O0

oy working with N copies of QCD and extracting
the terms which scale as the first power of V.
after replica ordering.

I =] NF C*D° TT?
N(N —1

:i@vm I < J ( )FCanTiaTib,
N(N -1

I>J ( )chﬁﬁmﬂ

T

Replika ordering along Wilson line!
21



Replica trick

Proof that only connected structures arise: Gardi, Smillie and White '13, see also Vladimirov 14, ’15

Compute color structure of the soft exponent

~ SN 1
S_IHS_J{}LHO N

oy working with N copies of QCD and extracting
the terms which scale as the first power of V.
after replica ordering.

coefficient of N7

=J: FC'D"T{T
1

[<J: —§FCGDbﬂa1;b,
1

I>J: —§Fcancz;bz;a.

T 1 .
# D = 5 F Can [T;;a7 TZ”] _ % Ffa,bc Can T;C
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Symmetrization of lines

We want to symmetrize the attachments, e.qg.
Tijw = [ fr TATITET, =t Ty = [ (DT,

Can eliminate antisymmetric parts using group
identity [T, T?) =i f**T¢ . Leads to identities

CA CA
Liik = —TLijit = —Liiki = Likii = Tiijre — e Tiik Tijki = Ljii = > Tiik
T = T = Cip O C3
iijg — — Lijig — 7;@7'3' + ? ij 9 ijji — _T 7 Tmz — T CRZ- 1

02
Tz‘z‘z‘j — ij — _AD )

A Liiji = —1ijii = 0

23



Construction of I'

e \Write down all possible terms with connected
webs, attaching to different numbers of legs.

o (Coefficient functions are functions of cusp logs
or conformal cross ratios

e [wo Independent cross ratios for 4 legs
e [ve Independent conformal cross ratios

e (Cusp terms must obey soft-collinear
factorization constraint!

o | ater: additional constraints on coefficient
functions from collinear Iimit.

24




4-loop anomalous dimension

TeT? 2
I'({s},p) = Z 5 L Yeusp (@s) 1n -
+ flas) Z Tasen Z Tiiki F(Bijik, Biklj; s)

(Z7j7k) (/1'7.]7k:7l)

2 2
R Y R Y
Y000 X (Ol 20 Lt 3 Dl L]
(8,4) (4.5,k)

+ Z Z ngk:l Bzﬂk /szljp 043 + Z T]kl/[j Hy (/Bljlk szlj, QS)

R (3,5,k.0) (i,7,k,0)
= Z T]klm H2 Bz]kl /Bljmk /B’I,k,‘?’YLj 3 ﬁyzml, leng Ozs) + (’)( )

(i,5,k,l,m)

Simplified compared to TB Neubert 09, Ahrens, Neubert and
Vernazza '12. Earlier papers concluded that higher Casimir cusp
terms were excluded by factorization in collinear limit — true
individually, but certain linear combinations are allowed!

25



Ingredients

r{sh) = 3 BB (o) I 37 (a1

(4,7)
+ f(as) Z Vo == Z Tiikt F(Bijir, Bikiz; ots)

(Z7..7’k) (Z?..77k7l)

2 2
+Zg 043 [Z foj]%—Qfow)ln - + Zngk In M..]
(4,5)

- Z Z Dwkl GR ﬁ’wlk?BZklﬁO‘S -+ Z nglz Hl(@zglk 5zkz37043)

(4,7,k,1) (i,5,k,0)
™ Z ﬁjklm HQ(BUM? Bijmka B’ikmja Bjimla lemz'; as) + O(CM?) .
(i,4,k,l,m)

Henn, Smirnov, Smirnov, Steinhauser '16, Henn, Smirnov, Smirnov, Steinhauser,
Lee 16, Davies, Vogt, B. Ruijl, T. Ueda and Vermaseren ’16; Moch, Ruijl, Ueda,
Vermaseren and Vogt '17 ’18; Grozin ’18; Lee, Smirnov, Smirnov and
Steinhauser 17 ’19; Henn, Peraro, Stahlhofen and Wasser 19, von Manteuffel

kﬂOWﬂ to 4 |OOpS and Schabinger ’19; Bruser, Grozin, Henn and Stahlhofen ‘19, Henn,
Korchemsky and Mistlberger 19

known to 3 loops f, F: Almelid, Duhr and Gardi ‘16

Vladimirov ‘17 claims only even structures

unknown, 4 loops |
should arise: H; and H, zero?



T hree-loop coefticients

Computed by Almelid, Duhr, Gardi *16. Can also be
bootstrapped Almelid, Duhr, Gardi, MclLeod, White ‘17

Fla,m00) = 2F (e, ) (7)) + O(ad).
Flo) = 16 (G +266) (22) + 0

Flx,y)=L(1—2)— L(2) 2= (1-2)(1-2) =y

L(z) = Li10101(2) + 2¢2 [Loo1(2) + L10o(2)]

Brown’s single-valued harmonic polylogarithms

27



Four-loop cusp terms

e Dipole four-loop coefticient

17672(5 | 20944¢5 3608¢; 25047 . 00274 4420072 | 84278
9 27 9 2835 45 243 81

448725 46208C;  4192¢s 1767t 2032072 48274
Tr | C2 - - -
oy F[ A( 9 7 9 35 | 243 81
128, 7424 1767 44072 68132 1184¢; 1144\ _,
= 3205 — - — 640G + — | C
-I-CACF( 5 TGt g 13206 — ——— 4+ —5 )t 3 G+ —5 F

27 135 243 i 81

8960 2247 121672 3692 2560 647* 9568 512 256
G 224 12167 ) o (206 o HE:

22 33
T - T
Ty F[CA( 9 AT 27 81)”1" F

e Higher casimir terms

4 O 5
. . =) () +06d),

QF(QS) = TFrny ( A

3272 64(3 17605 49670 s\ 4

A 2 S 5
Qg ) = — + + — — 192 (—) + O«
9 ( ) ( 3 3 3 945 Cg A7 ( 8)

12872 2563 1280C5) (ozs

Henn, Smirnov, Smirnov, Steinhauser 16, Henn, Smirnov, Smirnov, Steinhauser, Lee *16, Davies, Vogt, B. Ruijl, T. Ueda and
Vermaseren '16; Moch, Ruijl, Ueda, Vermaseren and Vogt 17 ’18; Grozin ’18; Lee, Smirnov, Smirnov and Steinhauser 17 ’19;
Henn, Peraro, Stahlhofen and Wasser '19, von Manteuffel and Schabinger ’19; Bruser, Grozin, Henn and Stahlhofen ‘19, Henn,
Korchemsky and Mistlberger '19; Huber, Manteuffel, Panzer, Schabinger, Yang ‘19

28



Ingredients

€; -1 p i
F<{§}7:u) = Z TJ7cusp(as> In - + Z y (Ozs) 1
(4,7)
+ flos) Y Tagn+ Y Toiw F(Bijik, Binigs )
(Zh]?k) (,L?]?k:?l)
lu2 NQ
+3 g% (a) [Z (DF,;+2DE ) )mn——+ » Dff,In ]

R (4,7)

+ Z Z ngl GR(ﬁz‘jzk,@iklj;Oés) + Z ’Ejkli Hl(ﬁiﬂk;ﬁiklj;%)

R (i,5,k,l) (4,3,k,1)

T Z Tijim Ha2(Bijit, Bigmkr Bikmys Bjimis Bjtmi; ts) + O(a?) :

(i?j7k7l’m)

e The full three-loop result is known
¢ |R singularities of all 3-loop amplitudes are known
e All logarithmic pieces are known to four loops
e All IR singularities at 4-loops, except 1/€ are known

e Resummation to N3LL for n-jet processes
29



Consistency with collinear limits

e \When two partons become collinear, an n-point
amplitude Mnreduces to an (n-1)-parton amplitude

times a splitting function: Berends, Giele '89; Mangano, Parke 91
Kosower '99; Catani, de Florian, Rodrigo ‘03

|Mn({p1,p2,p3, e 7p71})> — SP({pl,ZE}) |Mn—1({P7 p3, - .. 7Pn})> + ...

.. 1 ..
. —> )71+2
2 .

FSP({plap2}7 :u) — F({pla s 7pn}7 ,u) - F({Pa ps ... 7pn}7 ’u)‘Tp—>T1—|—T2

1B, Neubert ‘09
e I'sp must be independent of momenta and colors of

partons 3, ..., N
30



Consistency with collinear limits

e The fact that I'sp must be independent of the colors and
momenta of the remaining particles imposes strong
constraint on I.

e 09, ‘12 papers concluded that the coefficients of the
higher-multiplicity terms should vanish in the collinear limit.

e Deriving the 3-loop result Almelid, Duhr and Gardi ‘16
realized that this is not true: different terms can conspire In
the limit to be compatible!

lim F(w,0;a,) = f(as)

W—>— 00 )

e Similarly, the higher Casimir coefficients must obey
lim G*(w,0;a,) = —gR(OéS)

W— — 00 §)

31



Result for I'sp

' *
—valuating

FSp({p17p2}7 :u) — F({plv s 7pn}7 :u) o F<{Pa p3. .. 7pn}7 'LL)‘TP—>T1+T2

IN the collinear limit, one obtains

FSp({pl,p2}> t)

i)
= {%usp(as) T -T5 + Z 29 Q) [Spﬁzz T Q(Dﬁm T D1222)] } [ln +In 2(1 — Z)]
R

—S12

= Yousp{&s) [CRl Inz 4+ Cg, In(1 — Z)} +71(04 ) +72(@s) - WP(O‘S)

C%
—6f () ( Tii22 + — T1 T2> + Z 29" ( [Dﬁn In z + Dby, In(1 — z)} + O(a?).

Log terms known to 4 loops! ( f, yi only to 3 loops)

* a painful exercise in color algebral!
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Does it work"

Yes! Recent computation of 3-loop four-gluon
amplitude in pure YM theory verified that IR
singularities agree with general result. Jin, Luo ‘19

33
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Precision measurements at the LHC

S 15 ATLAS ' (s=8TeV,203fb" g
(310—1_ 66GeV<r_r.1:116C%eV lyl<2.4 ?;
=Q_|—1 02 Eg ?;
107 =
ge. 10-4 E ee-channel L E
g = = —¥— uu-channel .0' =
10 . = —¢— Combined ®e E
10° = Statistical uncertainty .0. =
10" == [l Total uncertainty OE
10°% . i
- | i
T’? 1.0 17— .|i' . _tam —
Cl.= ] ' lraly ‘ .:'- - ]
i 1§_=§:J"" :EEJL,H;W ﬁ‘ ! — Sub-percent accuracy
O|R | | ,
©0.99™ 2NDF=43/43 ﬁ + 1 over large range of energies and
O S P ] many orders of cross section!
03_ —2—| | -
1 10 10° ,
ol [GeV] «— transverse momentum of the lepton pair
ATLAS, Eur. Phys. J. C 76 (2016) 291 T

A huge challenge for theory!
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We have derived our factorization formula using off-
shell Green’s functions, but the factorization

do = tr[I—In : HJ@Sn]
i=1

arises for many physical cross sections. J and § are

observable dependent, but H Is square of on-shell
amplitudes.

<A

ete— — 2 jets /,W,H production

36



EVW boson production at small gr

RG evolution

<

RG can be used to resum large
Mp logarithms a* Inm(g7/0).

37



Ingredients for resummation

Log. approx.  “Yeusp ' H,J S
LL 1-loop tree-level tree-level
NLL 2-loop 1-loop  tree-level

NNLL 3-loop 2-loop 1-loop
NNNLL 4-loop 3-loop 2-loop

NNNLL has parametrically the same accuracy as NNLO
fixed order!

NNNLL resummations have been performed in the past,
but were missing 4-100p Vcusp.

® Now in place, also for n-jet processes

38



[GeV~1]

1 do

o dqr

Transverse momentum spectrum

ol T o e At NNNLL, one reaches an
i pp-o>Z+X->01"+X
| - | accuracy of a few per cent

o.o4‘ \ NILANTO ® 4_|Oop. CUSp haS
NLL | numerically only very small

o.oo0 — | \ S eﬁeCt

e At higher gr one matches

» to fixed-order result.
o \ e e e Here: NNLO = O(a?), but

ratio to NNNLL

. O(a,3) is known.
CuTe
TB, Neubert,Wilhelm ‘12, e CuTe only produces
+ LUbbert, ‘16 iInclusive spectrum.

39



CuTeR =

pp->Z+X-r"+X

0.15

pp->W"+Z
NNLL+NLO

1 do
o dg*

NNLL+NLO
ATLAS

[pb/GeV]

do
dpt

1
E
|

50 100 150 200

e u_ 4
| 0 00 \\\\\\\\\\\\\\\\\\\
1 1 1
0.050 0.100 0.500 1

Have implemented gr resummation in an event-based
framework 1B, Hager 1904.08325.

e Reweight tree-level event files from MG5_aMC@NLO

e Arbitrary (quark-induced) electroweak boson processes
(W,Z, WZ, ZZ, ...) at NNLL + O(as)

e (Can impose experimental cuts on leptonic final states and

compute related variables such as ¢
40




1805.00/36 1905.0561 71

- i = =
_ NNLOJET®SCET pp—H+=0jet my=125 GeV Vs =13 TeV 015 - RadISH+NNLOJET
i ' Al
14t NNLO LOeNLL EZ==3  NLOeNNLL Z=2 NNLOeN3LL E=2a 137TeV, pp = Z(—> £ £7) + X
: 15F 1 0 < |me| < 2.5, p{ > 25 GeV
[ : 0.10
1.2¢F ] 66 GeV< My < 116 GeV
> 1F PDF4LHC15 ; N NNPDF3.1 (NNLO)
1] ! Scale®Profile Q (.08 - - . .
S [ variation of 66 3 uncertainties with ugr, wr, Q variations
%0.8 1 combinations — ] |%J
[ e TSSO -
S06Ff | R T R R RRRIRRIIRIRI 2 0.06 == e o~
5 | 0.9 BRI IEBIRRIRIRIIX IR, - #552 N°LL+NNLO
0.4 [} 0.8 POSSEETT et t0t0%0%0%0% IS 0.04 - NNLL-+NL
) X XKLL : t Pythia8_AZ
0.2 | e ° 10 20 30 40 ] /
eSS 0.02
| O T T T T T T T T
@,k TR
R I -SSR 0.00 1 ———
® | SRR TTR RRGREE K ELLLIRRELLRRIELLRELLRIELS 1.2
O 1 BRI RS S S S KKK KKK \
T RSB RRIRRRIRLRILRRIILLLRKISEREIIRKL, N\
2, o B R S S LRSS, SN
Z 0.9 R R R R R R R R e SRH TR RIS N\
S e NN
L g B# 00 020 e e 2020 0 0 002020 0 20202020 20 20202020 2020202020 20202020 %0 2020 %% %% 1.0 N
0.8 005050 5L S5EERKS SRR SO
S RLRRRKKS SOSRREREHN A
0.7 SR : :
[ 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
0.8 T T T T LI I T T T T T T LI
pr [GeV]
1 1(Z) 100
PT

State of the art is now NSLL + O(a3) (here called NNLO) matching

e |V, Z H using RadlSH Bizon, Chen, Gehrmann-De Ridder,
Glover, Huss, Monni, Re, Rottoli, Torrielli Walker ’18 '19

e /Husing SCET Chen, Gehrmann, Glover, Alexander Huss,
Li, Neill, Schulze, Stewart, Zhu ‘18

41



(1/ods/dp?) / (1/odZ/dpt")

Ratio to Py8 Ratio to Py8

Ratio to Py8

Ratio of Z and W spectrum

2.0

RadISH4+NNLOJET

1.8 13 TeV, pp =+ Z, Wt (— Z*E*,Z++Ug)+X..‘

NNPDF3.1 (NNLO)
1.6 -

1.4

1905.05171

1.2

m NNLO

e N3LL4+NNLO
mem= NNLL-+NLO

0.6 — ¢  Pythia8_AZ
1.2 !
WUr, Wr variations correlated
9% T T T T T T I
1.1 — N
1.0 SSRGS S S UL sl aees aiiss e e’ v u s Sl duishe 0 0 ¢ 0 0 00
0.9 - . ..
wr variations uncorrelated
9% Y T T T T T T I
RN -
10 _\
N
0.9 — .
/ WE, g variations uncorrelated
0.8 = T
1 19 100
pP1

W-spectrum is important for Mw
measurement. Analysis needs
extremely precise predictions

e [Experiments use measured /-
spectrum to tune Pythia

e Pythiais then used to predict
W/Z ratio

A better understanding of the
uncertainties would be important

e (Ongoing effort to compare and
benchmark results of different
resummation codes.
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Towards NNNNLL

By now even some ingredients for resummation lbeyonad
NSLL have become available

e 3-loop dijet hard functions Baikov, Chetyrkin, Smirnov,
Smirnov Steinhauser 10, Lee, Smirnov, Smirnov '10,
Gehrmann, Glover, Huber, Ikizlerli, Studerus ’10, ...

e 3-loop jet functions: quark Bruser, Liu, Stahlhofen '18;
gluon Banerjee, Dhani, Ravindran 18

e 3-loop soft function for gr Li and Zhu for EEC, Moult,
/hu 18, for heavy-to-light decays Bruser, Liu,
Stahlhofen ‘19

e double-real for 3-loop quark beam function Melnikov,
Rietkerk, Tancredi, Wever ‘18
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Summary

Have discussed the structure of IR singularities of amplitudes
with massless particles

e Nheavily constrained by

e goft-collinear factorization, collinear limits, non-abelian
exponentiation

® regge limit Del Duca, Claude Duhr, Einan Gardi, Lorenzo Magnea, White
'11; Caron-Huot, Gardi, Reichel, Vernazza 17

e determined by an anomalous dimension I

e known to three loops, logarithmic part to 4 loops

e I'is an important ingredient to resummation of n-jet
processes

e NS3LL + NNLO for weak boson gr spectral
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Extra slides



4-loop Z-factor
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