Loop Quantum Gravity and the Continuum
An invitation to Quantum Gravity

Wolfgang Wieland
Perimeter Institute , Waterloo (ON, Canada)
FAKT Workshop 2020, Semmering (Austria, EU)

28-02-2020

Outline

1

Introduction and Motivation

2

Quantum gravity = quantum geometry

3

Quasi-local observables

4

Outlook and Conclusion

2 / 27

Introduction and Motivation

Gravity as geometry
Lesson of special relativity (1905): space and time are uniﬁed:
ds2 = −c2 dt2 + dx2 + dy 2 + dz 2 .

General curvilinear coordinates (as seen by accelerated observers):
ds2 = gµν (x)dxµ dxν .

O
O′

Metric components gµν (x) represent
local measurements of time, velocity,
acceleration, length and angles.
Einstein equations (1915) unfreeze the 10
independent metric components gµν (x).
Rµν [g] −

time

star

n

1
8πG
gµν R[g] = 3 Tµν [g, ϕ]
2
c

Spacetime bends in the vicinity of energy
and matter.
Test particles fall along geodesics
(trajectories that maximise boredom).
Clocks run faster on the Semmering than
on Ballhausplatz.
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Black holes and singularities
Singularity theorems [Penrose, Hawking]: Under very general assumptions on
matter ﬁelds singularities are unavoidable: there are regions of spacetime, where
geometry ends at ﬁnite distance (curvature/energy densities diverge). Theory
breaks down inside black holes and at the initial big bang singularity.
singularity ??

event horizon
O′

Schwarzschild radius: escape velocity =
speed of light. rS = 2GM/c2 , for earth:
rS ≈ 9 cm, for our sun: rS ≈ 3 km.
If matter is squeezed below rS , further
gravitational collapse unavoidable
singularity forms.

time

star

O
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Black holes are unstable

don’t trust GR here!

still a singularity?
Hawking radiation

event horizon

star

General relativity: very dense matter is
unstable. BHs form.
QFT in curved spacetime: BH are unstable
as well [Hawking]: vacuum state at early
times
particle production at late times.
Quantum ﬁeld in thermal state at
TH = ~c3 /(8πGk)M −1 .
Black holes emit thermal radiation
evaporate
we need a quantum theory
of gravity to describe ﬁnal stages of BH
evolution.
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What is the physical scale of the problem?
Quantum mechanics resolved the classical instability of matter: there are
no orbits below the Bohr radius rB = ~2 /(me e2 ). With (G, ~, c) 6= 0 there is
another dimensionful constant `P . LQG scenario: `P plays the same role for
the stability of geometry as rB for the stability of matter.
Consider a particle of mass m.
To measure its position with precision ∆x we need an energy
E ≈ ~c/∆x
We are outside of QG regime as long ∆x exceeds the Schwarzschild
radius, otherwise the measurement creates a BH
∆x &

2GE
2~G 1
≈ 3
c4
c ∆x

Quantum gravity becomes important once we violate this inequality.
p
∆x ≈ `P = 8π~G/c3 ≈ 8 · 10−35 m
ρP =

c5
≈ 1079 × nuclear density
(8πG)2 ~

Planck scale is a curvature scale: Curvature radius ∼ Planck length.
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Approaches to QG
Semi-classical gravity — reasonable only for sharply peaked
semiclassical states.
Rµν [g] −

1
8πGobs
ren
hΨ|T̂µν
|Ψi
gµν R[g] + Λobs gµν =
2
c4

Perturbative QG — perturbatively non-renormalisable, also
conceptually unappealing: background invariance thrown away
and perturbative expansion breaks down around singularities, which
is precisely the regime where we need QG.
gµν = o gµν + hµν
Non-perturbative approaches: Asymptotic safety, LQG, AdS/CFT,
string theory (connections?).
More radical ideas: Insights of GR (physics without a background,
geometry = gravity) and QM (nature is intrinsically probabilistic) are
misleading. Examples: Penrose’s gravitational induced objective
collapse of the wavefunction, causal sets, Hořava – Lifshitz gravity,
Verlinde’s entropic gravity.
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Quantum geometry = Quantum geometry

Basic variables: orthonormal frames, Ashtekar variables

Orthonormal frame Ei a for the
inverse spatial metric ! gravity
analogue of Yang – Mills electric
ﬁeld.

SL(2, C) covariant derivative (parallel transport):
Da ΨA = ∂a ΨA +

1 A
σ Bi Aia ΨB .
2i

sl(2, C)-valued magnetic ﬁeld ! curvature of spacetime.
1 abc
1
 [Db , Dc ]ΨA = σ ABi B ia ΨB .
2
2i
Canonical Poisson brackets for Ashtekar variables (Ei a , Aia ):
{Ei a (x), Aj b (y)} = 8πiGδji δba δ (3) (x, y).
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Constraints simplify: polynomials in the ﬁelds
Difference to Yang – Mills: much larger gauge group Diff(M),
Hamiltonian is a sum of constraints + boundary term at inﬁnity,
Gi = Da Ei a = 0
ib

(generators of SL(2, C) gauge transformations)

c

Ha = abc B Ei = 0
H = 12 εijk abc Bi a Ej b Ek c = 0

)
generators of coordinate transformations

Dirac program: States vectors are wave-functionals Ψ[q] of the
conﬁguration variable q = A. Particularly simple such functional is a
Wilson loop (modern version of a Faraday line),
h
 Z
i
Ψα,j [A] = Trj Pexp −
A .
α

In loop gravity, the entire state space is constructed by successively
exciting such gravitational Wilson loops out of a vacuum that
represents no space at all.
*[Ashtekar, Smolin, Rovelli, Lewandowski ...]
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Quantum geometry

The loops may intersect and a complete basis in the resulting Hilbert space is
labelled by graphs Γ coloured with spins ~ and intertwiners ~ι.

Ψ=

X

ΨΓ,~,~ι Γ, ~,~ι

Γ,~
,~
ι

Area, angles and volume turn into operators with discrete spectra — no
geometry beyond the Planck scale. Eigenvalues of area operator discrete!
8πγG~ p
Aj =
j(j + 1), 2j ∈ N0 .
c3
Area and angles between surfaces can not be diagonalised
simultaneously — quantum geometry is “fuzzy”.
Spectra depend on new coupling constant γ similar to θ-angle in QCD.
Spin networks are not embedded in a background geometry, they form
quantum space itself. No lattice spacing.
*C. Rovelli and L. Smolin, Discreteness of area and volume in quantum gravity, Nucl. Phys. B 442 (1995), arXiv:gr-qc/9411005.
*A. Ashtekar and L. Lewandowski, Quantum theory of geometry I.: Area operators, Class. Quant. Gravity. 14 (1997), arXiv:gr-qc/9602046.
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Sounds great... but...

LQG demonstrates that space itself may have a discrete structure at the
quantum level (quantum geometry = quantum gravity).
Yet this also raises most diﬃcult challenges and questions:
What survives of the LQG discreteness in the continuum limit?
We do not measure microscopic spins and intertwiners at LIGO,
realistic observables are multipoles of the gravitational ﬁeld, mass,
energy, angular momentum etc.
The simplest such gravitational observables are mass and angular
momentum, which are charge integrals over a two sphere at inﬁnity.
We thus need a description to translate microscopic spins and
intertwiners to macro-observables.
?

Γ, ~,~ι ←→ M, J, . . .
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Observables and gauge symmetries
There are no local observables in GR ! coordinate transformations are
gauge transformations.
Recall electromagnetism: the (vector) potential A is not an observable.
Gauge transformations are A → Ã = A − ∇λ. The magnetic ﬁeld
B = ∇ × A is an observable.

General covariance/equivalence principle: general non-linear coordinate
transformations (transformations into accelerated frames) xµ → x̃µ (x) are
unphysical gauge transformations of GR (generated by constraints).

This has dramatic consequences: The numerical value φ(x), gµν (x), . . . of the
ﬁelds φ, gµν , . . . at a particular value xµ of the spacetime coordinates is pure
gauge (unphysical).
Two possible solutions/strategies: (i. relationalism) Anchor ﬁelds at other
ﬁelds — choose four matter ﬁelds ϕI as material frames of reference (physical rods

and clocks). Then, g µν x(ϕ) ∂µ φI ∂ν φJ is an observable. (ii. quasi-local approach)
Treat the gravitational ﬁeld in a ﬁnite region as a Hamiltonian system. Anchor the
observables at the boundary rather than points in the bulk (quasi-local
holography).
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Quasi-local observables in loop gravity

Set up: quasi-local approach

No local observables in GR. Quasi-local approach: treat the gravitational
ﬁeld in a ﬁnite region as a Hamiltonian system. Observables in that region
turn into two-surface integrals at the boundary
understand boundaries in
quantum gravity. In particular boundaries that are light-like.
ℓA
C1

Loop gravity boundary charges:
Σ1

Quantum three-geometry described by spin
networks. If they hit a boundary, a surface
charge is excited (namely a spinor).
N

C0

h
 Z
i
Ψα,j [A] = Trj Pexp −
A .
α

1: Left: We study three-dimensional euclidean gravity in an infinitely tall cylinder
×Σ. Its boundary is
the two-dimensional
world-tube
B ≃ R×S 1 . gravity
The hypersurface
New
result: The
loop quantum
boundary spinors encode
sects this boundary in a circular line C ≃ S 1 , which is assumed to have a finite
gravitational
edge
modes
on
(light
like)
boundaries.
Right: In three-dimensional loop quantum gravity, the quantum
states
Ψ of
ry are constructed from two-dimensional (planar) spin networks, which are built
avitational Wilson lines. These Wilson lines may hit the boundary, where they
a spinor-valued
operator
ξ A . The
purpose
the paper
is to
these Class. Quantum Grav. 34 (2017), arXiv:1704.07391.
*ww, surface
New boundary
variables
for classical
andofquantum
gravity
onstudy
a null surface,
vity boundary
from the perspective
of the
classical
field[...],
theory.
*ww,spinors
Fock representation
of gravitational
boundary
modes
Ann. Henri Poincaré 18 (2017), arXiv:1706.00479.
*ww, Conformal boundary conditions, loop gravity and the continuum, JHEP (2018), arXiv:1804.08643.
*Jeevan Chandra Namburi and ww, Deformed Heisenberg charges in three-dimensional gravity, under review (JHEP), arXiv:1912.09514.

tion and equations of motion
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Bulk plus boundary phase space

The symplectic structure picks up a corner term from the null boundary
 Z

I
i γ+i 1
ΘΣ (δ) = −
Ei a δAia −
d2 x ηA δ`A + cc.
8πG γ
2 Σ
C
Poisson brackets at the two-dimensional corner

B (2)
πA (z), `B (z 0 ) C = δA
δ (z, z 0 ).
Where we introduced the canonical (spinor-valued) momentum
πA =

i γ+i
ηA .
8πG γ

γ ∈ R is a free parameter (similar to ϑ-angle in QCD).
*ww, New boundary variables for classical and quantum gravity on a null surface, Class. Quantum Grav. 34 (2017), arXiv:1704.07391.
*ww, Fock representation of gravitational boundary modes [...], Ann. Henri Poincaré 18 (2017), arXiv:1706.00479.
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Area operator

The cross-sectional oriented area is
Area[C] = −8πG

iγ
γ+i

I

d2 x πA `A .

C

For the area to be real-valued (charge neutral), we have to satisfy the
reality conditions,
K − γL = 0.
Generators of complexiﬁed U (1)C transformations
1
πA `A + cc. (generator of U(1) transformations),
2i
1
K = − πA `A + cc. (dilatations of the light like direction).
2

L=−
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Quantisation of the gravitational boundary modes

Strategy: Find creation and annihilation operators and quantise them
in the continuum (without spin networks).
This requires two additional structures:
Fiducial hermitian metric: δAA0 = σAA0 α nα ,
Fiducial area element: d2 Ω = Ω2 (ϑ, ϕ)d2 x.
Gravitational Landau operators
i
0
i
1 h
aA = √ Ω δ AA `¯A0 − π A ,
Ω
2
h
i
0
1
i
bA = √ Ω `A + δ AA π̄ A0 .
Ω
2
Poisson brackets
 A

B (2)
a (z), a∗B (z 0 ) = bA (z), b∗B (z 0 ) = iδA
δ (z, z 0 ).
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Fock quantisation of the area at the boundary
Fock vacuum in the continuum
∀z ∈ C : aA (z) {d2 Ω, nα }, 0 = 0,

bA (z) {d2 Ω, nα }, 0 = 0.

Imposition of the reality conditions:

1 †
a (z)aA (z) − b†A (z)bA (z) ,
2 A

1
K̂(z) =
aA (z)bA (z) − hc. ,
2i


K̂(z) − γ L̂(z) Ψphys = 0.
L̂(z) =

K̂ is a squeeze operator, L̂ plays the role of intrinsic spin.
Physical states exhibit quantization of (oriented) area
Z
 † A

\
Area
aA a − b†A bA Ψphys .
ε [C]Ψphys = 4πγG
C

Possible measurement outcomes for cross-sectional area
8πγ ~G
aj =
j, 2j ∈ Z.
c3
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Conclusion and Outlook

Summary

Loop quantum gravity: Realisation of quantum gravity as a theory of
quantum geometry: in LQG, areas, angles and volumes turn into self-adjoint
operators. Corresponding eigenvalues have a discrete spectrum. Quantum
states of gravity do not live on a ﬁxed background manifold, they describe
quantised geometry itself.

Quasi-local observables and quantum geometry of null surfaces. In
LQG, the quantum states of geometry are built from gravitational Wilson lines
for the spin connection. If these Wilson lines hit a boundary, they excite a
surface charge, namely a spinor. Conventional Fock quantisation of
gravitational edge modes yields discrete area spectrum without ever
introducing spin networks or discretizations of space. Highly non-trivial result
demonstrating robustness of LQG in different representations. When applied
to three dimensions, new connection between CFTs and gravity [ww].
Key message: We now have two representations for loop gravity
discreteness of space, (i) discrete spin network representation and (ii)
boundary Fock representation. Goals ahead: Understand algebra of
observables (multipoles of quasi-local energy), scattering amplitudes,
distributional gravitational waves in this framework.
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Supplementary material: Quantum cosmology,
quantum black holes

Quantum cosmology
Quantise only the heavy degrees of freedom (center of mass in QM).
Average comoving volume
R
Σt

v(t) =

R
√
√
d3 x det hab
d3 x det hab
Σt
R
=
Vo
d3 x
Σt

Hubble parameter
H(t) =

1 v̇(t)
3 v(t)

Canonical Poisson brackets (from full GR)

4πG
H, v = −
Vo
Symmetry reduction+GR+minimally coupled scalar ﬁed
Z 1 

S=
dt pv v̇ + pφ φ̇ − N C(v, pv , φ, pφ )
0

Hamiltonian constraint
C=

2
i
3 h 8πG 1 pφ
!
− H 2 Vo v = 0
2
8πG 3 2 (Vo v)
24 / 27

Singularity resolution
Quantum disreteness of geometric observables resolves classical singularity.
Effective equations: H 2 = 8πG/3 ρ(1 − ρ/ρcrit ) with ρcrit ∼ ρP
Quantum effects dominate when curvature ∼ `P −2 .
P
Quantum states |Ψφ i = v∈R Ψ(v, φ)|vi.

Scalar ﬁeld φ serves as internal relational time variable (coordinate time t
drops out of Wheeler – De Witt equation).

Plots: [Agullo, Gupt, Singh, Ashtekar, Nelson]
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Potentially observable consequences
According to LQC, metric perturbations can propagate from a previously
collapsing universe into an expanding branch.
When such perturbations pass through the bounce, their quantum state is
altered, but this alteration is insigniﬁcant unless the wavelength of the
perturbation is of the order of the curvature scale at the bounce ∼ 1/`P 2 .
This leaves a chararactristic imprint in the CMB for low multipoles in the sky,
which is precisely where PLANCK and WMAP have observed (large scale)
anomalies. The statistical signiﬁcance of these anomalies is low (due to
cosmic variance), but in principle we could test loop gravity with future
experiments.

[Agullo, Ashtekar, Nelson, arXiv:gr-qc/1302.0254]
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Using LQC for modelling the interior of a black hole

[Rovelli, Haggard et al.]

[Ashtekar, Olmedo, Singh, et al.]

[Hawking]
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