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3D covariant parton model

We work with a ‘naive’ 3D parton model, which is 
based on covariant kinematics and rotational 
symmetry of parton momenta in nucleon rest frame 
- for details see published papers

It appears that main potential is implication of 
some old and new sum rules and relations among 
PDF’s and TMDs.

Illustration…



Sum rules
Obtained structure functions for m→0
obey the known sum rules:

In this talk m→0 is assumed.

[P.Z. Phys.Rev.D65, 054040(2002)] 



1. Assuming SU(6), we obtained relations

f1(x)  ↔ g1q(x), g2q(x)

[P.Z. Phys.Rev. D67, 014019(2003)].

2. helicity ↔ transversity
[A.Efremov, O.Teryaev and P.Z.,  Phys.Rev.D70, 054018(2004)]

Relations among PDF’s

E155 experiment



3. helicity  ↔ transversity ↔ pretzelosity
[A.Efremov, P.Schweitzer, O.Teryaev and P.Z.; arXiv:0812.3246]

4. TMDs and relations among them…
[A.Efremov, P.Schweitzer, O.Teryaev and P.Z. Phys.Rev.D80, 014021(2009)]

…some further implications will be presented in this talk



Images of quark intrinsic motion

Image 1: quark OAM

Total angular momentum consists of j=l+s.
In relativistic case l,s are not conserved separately, only j is 
conserved. So, we can have pure states of j (j2,jz) only, which are 
represented by the bispinor spherical waves:

[P.Z. Eur.Phys.J. C52, 121 (2007)]



j=1/2



Spin and orbital motion

In chiral limit:



Spin and orbital motion from PDF’s

H. Avakian,A. V. Efremov,P. Schweitzer and F. Yuan
arXiv:1001.5467[hep-ph]

J. She, J. Zhu and B. Q. Ma 
Phys. Rev. D 79 (2009) 054008.

Our model:



1. wavefunctions (bispinor spherical waves) & operators

2. probabilistic distributions & structure functions (in our model)

Two pictures:

Also in our model OAM can be 
identified with pretzelosity! 



Application of the model for calculation TMDs

Definition in terms of light-front correlators:

For details see our 
quoted TMDs paper
and citations therein

In this talk we shall discuss f1 (x,pT) and g1 (x,pT) 



Image 2: integrated unpolarized distribution function

Input: probability Gq(p)
Nucleon rest frame: 
rotational symmetry, one variable
(pP/M in covariant version)

Integral represents mapping:
(one variable → one variable)

Due to special form of integral  
there exists inverse mapping:



Solution:

For proof and related results see
PZ, Eur.Phys.J. C52, 121 (2007)

Gq(p),  f1
q(x) - are equivalent 

descriptions

Input for f1
q:

MRST LO at 4 GeV2



Our results are well compatible with analysis based on some other 
approaches: 

1. Covariant parton model 
Jackson, Ross, Roberts; Phys.Lett. B 226, 159(1979):

<(kT/M)2> ≈0.025    <kT/M> ≈0.15 

2. Statistical models 
- very good description of structure functions in a broad kinematical 
region

Bhalerao, Kelkar, Ram; Phys.Lett. B476, 285 (2000): 
Temperature is fixed to T=0.06 GeV

Bourrely, Soffer, Buccela; Phys.Lett. B648, 39 (2007): 
Model implies T ≈ 0.1 GeV

Remark:  Temperature  corresponding to transition from hadronic 
matter to QGP is estimated to T ≈0.17 GeV – by QCD on lattice



Image 3: unintegrated unpolarized distribution function

1. step: δ – function allows integration 

set of variables: p1, pT, x – only 2 independent, 
x depends also on pT.

Solution – just one root for p1 :

δ – function term is simplified: 

we need roots: 

starting point: 



Integration:

2. step: definition of f1
q (x,pT):

Remark:

f1
q (x,pT) depends on x, pT via one variable. It is due to fact, that 

one variable in Gq(p) reflects rotational symmetry in the rest 
frame. In this way x, pT are not independent variables. Obviously 
both functions give equivalent description. 



3. step: final result f1
q (x,pT):

Since we know that

and

New rule also follows from 
covariance + rotational symmetry…

…one can check:



Is it really possible to get f1(x,pT) from f1(x) ?

Remarks:
all functions depend also on Q2. Due to equivalence e.g. 

evolution f1
q(x,pT,Q2) can be obtained by evolution f1

q(x,Q2).

due to rotational symmetry all functions involve equivalent 
information

on very general level, rotational symmetry is connected with the 
fact, that spin of nucleon J=1/2. Deformation of this symmetry 
would imply, that nucleon spin functions depend not only on x,Q2

but also on qS. 



Numerical results: f1
q (x,pT)

Input for f1 (x)
MRST LO at 4 GeV2

pT/M

q(x)
0.10
0.13
0.20

x

0.15
0.18
0.22
0.30



x

0.15
0.18
0.22
0.30

Numerical results – logarithmic  scale

Gaussian shape – is supported by phenomenology
<pT

2> depends on x



The procedure is more complicated than for the unpolarized case, 
for details see arXiv:0912.3380[hep-ph] & Phys.Rev.D80, 014021(2009)

Results:

Image 4: unintegrated polarized distribution function



Numerical results: g1
q (x,pT)

x
0.10
0.15
0.18
0.22
0.30

pT/M

g1q(x)
0.10
0.13
0.20

Input for g1 :
LSS LO at 4 GeV2



Comment #1

In general g1q (x,pT) change sign. 
It is due to the factor:

The situation is similar to the g2 (x) case:

For both expessions it holds:

great x is related to positive p1
small x is related to negative p1

both expressions have 
opposite signs for great and small x



Comment #2

(inspired by discussion with 
Jaques Soffer & Claude Bourrely)

x
0.15
0.18
0.22
0.30

Input on f1 (x) and g1 (x)
from statistical model:



Comment #3

Can we measure all these TMDs curves?

The curves are related to the initial momentum of quarks, 
but one can measure only products of hadronization (jets).
The reconstruction back to quark initial momentum may not 
be very precise task, one should expect rather some 
smeared TMDs...?

?



Summary & conclusion

We discussed some aspects of quark motion inside nucleon within the 
3D covariant parton model:

OAM can be identified with the pretzelosity distribution also in this model
We studied polarized and unpolarized TMDs a showed relations to their 
unitegrated couterparts
With the use of these relations we calculated parton distribution functions f1 (x,pT)
and g1 (x,pT)
Requirement of relativistic covariance + rotational symmetry represents 
powerful tool for revealing new relations among distribution functions, including 
(1D)PDFs ↔ (3D)TMDs relations.



Thank  you !



3D covariant parton model

e-e-

General framework



Structure functions

Input:
3D distribution
functions in the 

proton rest frame
(starting 
representation)

Result:

structure 
functions

(x=Bjorken xB !)



F1, F2 - manifestly covariant form:



g1, g2 - manifestly covariant form:



Comments
In the limit of usual approach assuming p = xP, (i.e. 
intrinsic motion is completely supressed)  one gets 
known relations between the structure and distribution 
functions:

We work with a ‘naive’ 3D parton model, which is based 
on covariant kinematics (and not infinite momentum 
frame). Main potential: implication of some old and new 
sum rules and relations among PDF’s and TMDs.
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