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Froggatt-Nielsen (FN) mechanism with a 𝑍𝑁 flavor symmetry focused.

∵ 𝑈 1 FN is anomalous typically.
Such models are less discussed.



Flavor mass hierarchy in the Standard Model
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Flavor mass hierarchy = Yukawa hierarchy

• Yukawa coupling 𝑦𝑖𝑗 gives mass of an elementary particle via 
spontaneous electroweak symmetry breaking:

𝓛yukawa = 𝑦𝑖𝑗 𝑈𝑖𝑄𝑗𝐻 → 𝑦𝑖𝑗 𝐻 𝑈𝑖𝑄𝑗 ≡ 𝑚𝑖𝑗𝑈𝑖𝑄𝑗

𝐻 ≠ 0

𝑚𝑖𝑗 = 𝑦𝑖𝑗 𝐻 : mass of a particle.

𝑚𝑗

𝑚𝑖
=
𝑦𝑗

𝑦𝑖
≪ 1Hierarchy: 



Hierarchal Yukawa obtained 
by the Froggatt-Nielsen (FN) mechanism

• FN mechanism can explain hierarchy with natural parameter choices

𝓛yukawa =
𝑆

Λ

𝑛𝑖𝑗

𝑈𝑖𝑄𝑗𝐻, Λ: cutoff scale,

[Froggatt-Nielsen]

𝐻

𝑄 𝑈
𝑆 𝑆 𝑆 𝑆 𝑆 𝑆

𝑦𝑖𝑗 =
〈𝑆〉

Λ

𝑛𝑖𝑗

𝑛𝑖𝑗 > 0.

The more 𝑆 in 𝑦𝑖𝑗, 

the smaller Yukawa for 
𝑆

Λ
< 1.



Is FN mechanism controlled by 𝑈 1 FN? 

• Yukawa coupling is invariant under a 𝑈 1 FN:

𝓛yukawa =
𝑆

Λ

𝑛𝑖𝑗

𝑈𝑖𝑄𝑗𝐻

𝑈 1 FN: 𝑈𝑖 → 𝑒i𝜃𝑛𝑈𝑖 𝑈𝑖 , 𝑄𝑗 → 𝑒i𝜃𝑛𝑄𝑗𝑄𝑗 , 𝐻 → 𝑒i𝜃𝑛𝐻𝐻, 𝑆 → 𝑒i𝜃𝑛𝑆𝑆;

𝑛𝑈𝑖 + 𝑛𝑄𝑗 + 𝑛𝐻 + 𝑛𝑖𝑗 ⋅ 𝑛𝑆 = 0.

• Chiral 𝑈 1 FN can be anomalous → 𝑍𝑁 flavor symmetry!

Cf. DW problem of QCD axion, discrete gauge symmetry in string model
[Sikivie], [Berasaluce-Gonzalez et al]: See backup.



SUSY FN mechanism with 𝑍4 instead of U(1)

• Model: MSSM with R-parity + singlet flavon 𝑆

• 𝑍4 invariance modulo 4 with 𝑆 → 𝑒i𝜋/2𝑆, ΦMSSM → 𝑒i𝜋𝑛Φ/2ΦMSSM:

4

4



SUSY FN mechanism with 𝑍4 instead of U(1)

• Model: MSSM with R-parity + singlet flavon 𝑆

• Yukawa coupling structure given by :

𝑌𝑖𝑗 = 𝑐𝑖𝑗 𝜖
𝜂𝑖𝑗 , 𝜖 ≔

𝑆

Λ

Assumption:
𝑁𝑅 has charge 2

𝑐𝑖𝑗 = 𝑂(1).

4
4



1st difference between 𝑍𝑁 and 𝑈(1)

• For 𝑍4 𝜖
𝑁−1 = 𝜖3 is the smallest Yukawa; model variety is limited  

𝜖3 ∼
𝑚𝑢

𝑚𝑡
= 7.5 × 10−6 → 𝜖 ∼ 0.02.

∵ 𝜖𝑁 coupling exists ↔ 𝑂 1 coupling exists.

• Realistic flavor structure with 𝑘 = 0,1 (𝑑, 𝑒) & 𝑙 = 0,1,2,3 (𝜈)

;

𝑘 𝑘

𝑘 𝑘 𝑙



2nd difference between 𝑍𝑁 and 𝑈(1)

• Vanishing anomaly between 𝑍4 and the SM/gravity

+ 𝑍4 invariance for realistic hierarchy (modulo 4):𝑍4 charge

𝑆𝑈 3 𝐶

𝑆𝑈 2 𝐿

𝑈 1 𝑌

gravity

𝑆𝑈 3 𝐶

𝑆𝑈 2 𝐿

𝑈 1 𝑌

gravity

𝑘 = 0 ↔ 𝑚 = 1
𝑘 = 1 ↔ 𝑚 = 2

𝑚𝑏

𝑚𝑡
∼
𝑚𝜏

𝑚𝑡
∼ 𝜖𝑘cot𝛽 𝑊 ∋

𝑆

Λ

𝑚

Λ 𝐻𝑢𝐻𝑑 .
Flavon-Higgs

mixing 

2𝜋

4
𝓐𝐹 ෨𝐹

↓

𝑆 =
2𝜋

4
𝑘 ⋅ 𝓐

24 choices



2nd difference between 𝑍𝑁 and 𝑈(1)

• Vanishing anomaly between 𝑍4 and the SM/gravity

+ 𝑍4 invariance for realistic hierarchy (modulo 4):𝑍4 charge

𝑆𝑈 3 𝐶

𝑆𝑈 2 𝐿

𝑈 1 𝑌

gravity

𝑆𝑈 3 𝐶

𝑆𝑈 2 𝐿

𝑈 1 𝑌

gravity

𝑘 = 1 ↔ 𝑚 = 2

𝑚𝑏

𝑚𝑡
∼
𝑚𝜏

𝑚𝑡
∼ 𝜖 cot𝛽 𝑊 ∋

𝑆2

Λ
𝐻𝑢𝐻𝑑 . Flavon-Higgs

mixing 

2𝜋

4
𝓐𝐹 ෨𝐹

↓

𝑆 =
2𝜋

4
𝑘 ⋅ 𝓐

12 choices
See parameter space for k=1 (m=2) 
in backup.

Vacuum stability kills
𝑘 = 0 𝑚 = 1 .

(the potential minimal 
= the EW vacuum)



12 choices of charge assignments 
consistent with anomalies

If 𝑈 1 𝑌 is embedded into 𝑈(12𝑛),
no 𝑍4 − 𝑈 1 𝑌

2 anomaly exists. 



A numerical example for observables

Neutrino 
& PMNS:

Cutoff scale



A numerical example for couplings/𝑁𝑅 masses



Suppressed flavon coupling to the SM fermion

• Coupling of flavon 𝑆 = 𝜎 + i𝑎 to the SM fermions 𝑓

𝓛 ∼ መ𝜆𝑓𝑆 ҧ𝑓𝑅𝑓𝐿

suppressed by Γ𝑖𝑗 =
〈𝐻〉

𝑆
𝜂𝑖𝑗𝑌𝑖𝑗 from 𝑊 =

𝑆

Λ

𝜂𝑖𝑗
𝐻Φ𝑖Φ𝑗

and alignment in diagonalizing fermion mass (off-diagonal element).

• Flavino: heavier than 𝑎/higgsino DM, and coupled to the MSSM via Γ𝑖𝑗.

𝑆 𝑆 𝑆



Energy scales in a model

𝜇higgsino ∼ 𝜖 𝑆 ∼ 1 TeV (LSP assumed)

𝑆 ∼ 10 TeV ∼ 𝑚SUSY

Λ ∼
𝑆

𝜖
∼ 1 PeV

Flavor :

𝜖3 ∼
𝑚𝑢

𝑚𝑡
→ 𝜖 ∼ 0.02.

𝑚 ሚ𝑆 ∼ 𝜖 𝑆
𝑚𝜎 ∼ 𝜖 𝑆

𝑚𝑎 ∼ 100 GeV

(Heavy SUSY assumed)



Flavon constraint on model with 𝑍4 symmetry

・ Colored region excluded by:
Red: 𝐾 − ഥ𝐾
Yellow:𝜇 → 𝑒 with Gold
Brown: tachyonic flavon 𝜎

・ (Right) testable:

1. 𝜇 → 𝑒 with Alminium: 
6 × 10−17 < Br < 7 × 10−13

2. 𝑡 → 𝑐𝑎 at 100TeV collider

𝑚𝜎 = 𝑚𝑡

𝑊 ∼ 𝑐𝑚
𝑆2

Λ
𝐻𝑢𝐻𝑑; larger 𝑐𝑚 = larger 𝑆 coupling to the fermions via scalar mixing.

〈𝑆
〉

〈𝑆
〉



Summary

• FN mechanism with 𝑍𝑁 flavor symmetry considered.

FN flavor symmetry can be discrete rather than continuous.

• A viable model constructed for 𝑍4 flavor symmetry. 

(The Kähler potential can be included in the model. See backup or paper.)

Hierarchy bound: 𝜖3, discrete anomaly constraints, vacuum stability.

• Suppressed flavon coupling to the SM fermions.

Model consistent with current experiments & testable in future. 



Back up



Ex: Discrete symmetry from 𝑈(1) via Anomaly

• QCD axion with a global U(1)_PQ symmetry:

𝑁
𝑎

𝑓
𝐺𝜇𝜈 ෨𝐺

𝜇𝜈 or 𝑉 𝑎 ∼ cos 𝑁
𝑎

𝑓

𝑈 1 PQ → 𝑍𝑁: 𝛿𝑎 =
2𝜋

𝑁
𝑓.

• In string theory, 𝑍𝑁 gauge symmetry from a U(1) gauge symmetry:

𝓛 = 𝑒−i𝜙𝓞𝑁 + 𝜙𝐹𝜇𝜈 ෨𝐹
𝜇𝜈 + 𝑓2 𝜕𝜇𝜙 − 𝑁𝐴𝜇

2
+ chiral fermions

𝑈 1 : 𝛿𝜙 = 𝑁𝛼 𝑥 , 𝛿𝓞𝑁= i𝑁𝛼 𝑥 𝓞𝑁 → 𝑍𝑁: same with 𝛼 𝑥 =
2𝜋

𝑁
.

𝜙: string theoretic axion, 𝓞𝑁: an operator with charge N



Vacuum stability for 𝑚 = 2 (𝑘 = 1)

This case can be stable, 
is different from m=1 (k=0).



Possible Kähler potential corrections


